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In [7] Roy produced natural derivation systems, including demonstration
of soundness and completeness, for each of the logics described in the first
edition of Priest, An Introduction to Non-Classical Logic [3]. The first edi-
tion of Priest’s book is Part I of the second edition. Eventually, we hope to
complete the project, providing natural derivation systems for the quanti-
fied versions in Part II. In the meantime, this document simply extends the
previous paper to account for additions and changes in the first part of the
new edition.

Thus, as before, we offer an alternative or supplement to the semantic
tableaux of his text. Some of the derivation systems may also be of interest
in their own right. They are all Fitch-style systems on the model of [1, 6],
and many other places. Though a classical system is presented for chapter
1, prior acquaintance with some such system is assumed. Associated goal-
directed derivation strategies are discussed extensively in [6, chapter 6].

Except that some chapters are collapsed, there are sections for each
chapter in the first part of Priest’s book, with an additional section on four-
valued relevant logic. In each case, (i) the language is briefly described and
key semantic definitions stated, (ii) the derivation system is presented with
a few examples given, and (iii) soundness and completeness are proved.

*Thanks to all!
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1 Classical Logic: CL (ch. 1)

1.1 Language / Semantic Notions

LCL The LANGUAGE consists of propositional parameters pg,p1... com-
bined in the usual way with the operators, =, A, V, D, and =. So
each propositional parameter is a FORMULA; if A and B are formulas,
so are =A, (AANB), (AV B), (AD B) and (A = B).

ICL An INTERPRETATION is a function v which assigns to each proposi-
tional parameter either 1 (true) or 0 (false).

TCL For complex expressions,

(=) v(=A) =1if v(A) =0, and 0 otherwise.

(N) v(ANB) =11if v(A) =1 and v(B) = 1, and 0 otherwise.
(V) v(AV B)=1if v(A) =1 or v(B) = 1, and 0 otherwise.
(D) v(AD B)=1if v(A) =0 or v(B) = 1, and 0 otherwise.
(=) v(A=B) =1if v(A) = v(B), and 0 otherwise.

For a set I' of formulas, v(I') =1 iff v(A) =1 for each A € T'; then,

VCL T |, A iff there is no CL interpretation v such that v(I') = 1 and
v(A) =0.

1.2 Natural Derivations: NCL

NCL is just the sentential portion of the system ND from [6, chapter 6].
Refer to that source for examples and further discussion (compare, e.g., [1]).
Every line of a derivation is a premise, an assumption, or justified from
previous lines by a rule. The rules include introduction and exploitation
rules for each operator, and reiteration. In the parenthetical “exit strategy”
for assumptions, ‘¢’ indicates a contradiction is to be sought, ‘g’ a goal at
the bottom of the scope line.

R (reiteration) —I (negation intro) —E (negation exploit)
a|P a| | P A (¢, 1I) a| |-P A (¢, —E)
P R
‘ Q Q
bl | -Q bl | -Q
-P a-b -1 P a-b -E



AI (conjunction intro) AE (conjunction exploit)  AE (conjunction exploit)

a|P alPNQ alPNQ
bl @Q
P a NE Q a NE
PAQ  ab Al
VI (disjunction intro) VI (disjunction intro) VE (disjunction exploit)
a|P a|P alPVvVQ@Q
b| | P A (g, a VE)
PVvVQ a VI QVP a VI
c| | R
DI (conditional intro) DE (conditional exploit)
d A VE
al | P A(g, o)  alPoQ < (9, @ VE)
b|P
R
bl1e b DE e R b-c,d-e VE
a,b-c,d-e
PDQ a-b DI Q &0 2 T
=I (biconditional intro) =E (biconditional exploit) =E (biconditional exploit)
al |P A (g, =I) a|P=Q alP=Q
b| P bl Q
b
@ Q a,b =E P a,b =E
c| @ A (g, =I)
d| | P
P=Q a-b,c-d =1

NCL T k., A iff there is an NCL derivation of A from the members of I'.

As derived rules, we accept the following “ordinary” and “two-way”
rules. The “two-way” rules are usually presented as replacement rules. Inso-
far as we will not have much call to use them that way, in order to streamline
demonstrations of soundness, we treat them just as ordinary rules which
work in either direction — where it is trivial that the rules are in fact derived
in this sense from the rules of NCL.

Ordinary Derived Rules

modus tollens negated biconditional disjunctive syllogism
MT|P>Q NB|P=Q |P=Q DS|PvQ |PvQ
-P -Q -P Q P



Two-way Derived Rules

DN P <> —=P double negation

Com PAQ <> QAP commutation
PVQ@ <«> QVP

Assoc PA(QAR) av (PANQ)AR association
PV(QVR) < (PVQ)VR

Idem P a> PAP idempotence
P <> PVP

Impl PD>Q <> -PVQ implication

-PD>Q <> PVQ

CDeM -(PD>Q) < PA-Q Conditional De Morgan
—(PD>-Q) ar PAQ

Trans P>Q <ar -Q D P transposition

DeM ~(PAQ) <> =PV -Q De Morgan
-(PVQ) <> =PA-Q

Exp PO>(QDR) <« (PAQ)DR exportation

Equiv P=Q <> (PDQ)A(QDP) equivalence

P=Q <> (PAQ)V (=P A-Q)

Dist PA(QVR) < (PAQ)V (PAR) distribution
PV(QAR) a> (PVQ)A(PVR)

Examples. Here are derivations to demonstrate the first form of Impl
(among the relatively difficult of derivations for the derived rules).



“PVQhea PDQ PDQka " PVQ

11-PVQ P 1/1PDQ P
2| | =P A (g, 1 VE) 21 |- (=PVQ) A (C, —|E)
3 P A (g, OI) 3 P A (¢, —I)
4 -Q A (C7 ﬁE) 4 Q 1,3 DE
5 P  9R 5/ |-PVQ 4 vI
6 P 3R 6| |-(-PVvQ) 2R
e 671 ; ﬁi VQ ?3?1
P -7 ol -
8 Q3T 9| | ~(=PVQ) 2R
9/ @ A (9,1 VE) 10|-PVQ 2-9 -E
10]||P A (g9, DI)
1] Q 9R
12/ |P>Q  10-11 DI
13|P>Q 1,2-8,9-12 VE

1.3 Soundness and Completeness

The following are standard arguments. Cases that are omitted are like ones
worked, and so left to the reader.

THEOREM 1.1 NCL is sound: IfT' by, A thenT |5, A.

L11 T CIlMand ', P, then " 5, P.

Suppose I' C I and I' 5, P, but I" }4, P. From the latter, by
VCL, there is some v such that v(I") = 1 but v(P) = 0. But since
v(I"y=1and T CI", v(T') = 1; so v is a CL interpretation such that
v(I') = 1 but v(P) = 0; so by VCL, I }4, P. This is impossible;
reject the assumption: if ' C IV and I' |, P, then I |5, P.

Main result: For each line in a derivation let A; be the formula on line ¢ and
set I'; equal to the set of all premises and assumptions whose scope includes
line 7. Suppose I' i, A. Then there is a derivation of A from premises in
I' where A appears under the scope of the premises alone. By induction on
line number of this derivation, we show that for each line ¢ of this derivation,
I'; 5, Ai. The case when A; = A is the desired result.

Basis: A is a premise or an assumption. Then I'; = {A;}; so v(I'1) = 1 iff
v(A1) = 1; so there is no v such that v(I'y) = 1 but v(A4;) = 0. So by
VCL, T'1 &, Ai.



Assp:
Show:

(20)

(OE)

For any i,1 <i < k,T; |, Ai.

Fk ):CL Ak

A} is either a premise, an assumption, or arises from previous lines
by R, DI, DE, AL, AE, =1, —=E, VI, VE, =I or =E. If A is a premise
or an assumption, then as in the basis, I'y |5, Ag. So suppose Ay
arises by one of the rules.

If Ay arises by DI, then the picture is like this,

P
Jl|Q
kEIPDQ

where j < k and Ay is P D Q. By assumption, I'; =, @Q; and by
the nature of access, I'; C I', U {P}; so by L1.1, 'y U{P} =, Q.
Suppose I'y 5, P D @; then by VCL, there is some v such that
v(T'x) = 1 but v(P D Q) = 0; from the latter, by TCL(D), v(P) =1
and v(Q) = 0; so v(I'y) = 1 and v(P) = 1; so v(I'y U {P}) = 1;
so by VCL, v(Q) = 1. This is impossible; reject the assumption:
'y &, P D @, which is to say, T'x |5, Ak

If Ay arises by DE, then the picture is like this,

i|PoQ
1P

klQ

where 4,j < k and Ay is Q. By assumption, I'; 5, P D @ and
I'; =, P; but by the nature of access, I'; C I'y and I'; C I'y; so
by L1.1, Ty 5, P D Q and I'y, |, P. Suppose I'y F4, @; then
by VCL, there is some v such that v(I'y) = 1 but v(Q) = 0; since
v(I'y) =1, by VCL, v(P D @) = 1 and v(P) = 1; from the former,
by TCL(D), v(P) =0 or v(Q) = 1; so v(Q) = 1. This is impossible;
reject the assumption: I'y, =, @, which is to say, I'y =, Ak.



(=D)

(VE)

If Ay arises by —I, then the picture is like this,

P
il |Q
i@
k|-P

where 4,j < k and Ay, is ~P. By assumption, I'; &, Q and I'; |5,
—Q; but by the nature of access, I'; C 'y, U{P} and I'; C I'y U{P}; so
by L1.1, Ty U{P} 5, Q and 'y U{P} =, —Q. Suppose I'y, 4, —P;
then by VCL, there is some v such that v(I'y) = 1 but v(=P) = 0;
from the latter, by TCL(-), v(P) = 1; so v(I'y) = 1 and v(P) = 1,
so v(I'y U{P}) = 1; so by VCL, v(Q) = 1 and v(—=Q) = 1; from
the latter, by TCL(=), v(Q) = 0. This is impossible; reject the
assumption: I'y |5, —P, which is to say, I'y =, Ak

If A, arises by VI, then the picture is like this,
jlP or jlP
k|PVQ k|lQVP

where j < k and Ay is PV Q or @ V P. Consider the first case.
By assumption, I'; =, P; but by the nature of access, I'; C I'y; so
by L1.1, I'y |, P. Suppose I'y, &, PV Q; then by VCL, there is
some v such that v(I'y) = 1 but v(P V Q) = 0; since v(I'y) = 1, by
VCL, v(P) = 1; but since v(P V Q) =0, by TCL(V), v(P) =0 and
v(Q) = 0. This is impossible; reject the assumption: I'y =, PV Q,
which is to say, 'y =, Ak. And similarly when Ay is Q V P.

If Ay arises by VE, then the picture is like this,

h|PVQ
P




where h,i,j < k and Ay is R. By assumption, I'y, =, PVQ, T &, R
and I'; |5, R; but by the nature of access, I', C 'y, I'; C I'y, U {P}
and I'; C T, U{Q};s0o by L1.1, T} =, PV Q, I'y U{P} |, R and
I'n U{Q} &, R. Suppose I'y t4, R; then by VCL, there is some
v such that v(I'y) = 1 but v(R) = 0. Since v(I'y) = 1, by VCL,
v(PV Q) =1; so by TCL(V), v(P) =1 or v(Q) = 1. Suppose,
for the moment, that v(P) = 1; then v(I'y) = 1 and v(P) = 1; so
v([x U{P}) = 1; so by VCL, v(R) = 1; this is impossible; reject the
assumption: v(P) # 1; so v(Q) = 1; so v(I'y) = 1 and v(Q) = 1; so
v([x U{Q}) = 1; so by VCL, v(R) = 1; this is impossible; reject the
assumption: I'y |5, R, which is to say, I'y 5, Ag.

For any i, I'; |5, Ai.

THEOREM 1.2 NCL is complete: if I' =, A then T bk, A.

CoN T is CONSISTENT iff there is no A such that I' , A and I k5, —A.

L1.2 If T't4,, —P, then I'U {P} is consistent.

Suppose I' F4, =P but I' U { P} is inconsistent. Then there is some
A such that ' U{P} b, A and I' U {P} k., —A. But then we can

argue,
1|

2| | P A (¢ -I)

3| 1A from I U { P}
4| [-A from I" U { P}
5|—-P 2-4 -1

So I' , —P. But this is impossible; reject the assumption: if
I' iep P, then I' U { P} is consistent.

L1.3 There is an enumeration of all the formulas, A1, As ...

Proof by construction in the usual way.'

Max I is MAXIMAL iff for any A either I' b, A or I' b, —A.

1For this, and extended discussion of the larger argument, see e.g. [6, §11.2].



C(1)

L1.4

L1.5

L1.6

We construct a IV from T' as follows. Set Qp = I'. By L1.3, there
is an enumeration, Ay, Ay ... of all the formulas; for any A; in this
series set,

Q=01 if Q1 |_NCL -A;

O =Q 1 U{A} if Q1 Ko, A
then

I"= UiZO Q;

IV is maximal.

Suppose I is not maximal. Then there is some A; such that I t4,,
A; and T 1A, —A;. Whatever i may be, each member of ;_; is in
I'V: soif Q;_1 Fver, 7A; then I’ Fver, —Ai; but I’ Vaer, 745 80 Qi1 e
—A;; so by construction, Q; = Q;_1 U {A;}; so by construction, A; €
I'; so I” by, A;. This is impossible; reject the assumption: I is
maximal.

If I is consistent, then each €2; is consistent.

Suppose I' is consistent.

Basis: g =T and T is consistent; so )y is consistent.

Assp: For any i,0 <1 < k, {; is consistent.

Show: §, is consistent.
Q. is either Q1 or Q1 U {Ax}. Suppose the former; by
assumption, $2x_1 is consistent; so ) is consistent. Suppose
the latter; then by construction, Q;_1 tA,, —Agk; so by L1.2,
Qx_1 U{Ag} is consistent; so Q) is consistent.

For any i, ); is consistent.

If T is consistent, then I'/ is consistent.

Suppose I is consistent, but I' is not; from the latter, there is some P
such that I'" b, P and I I, —P. Consider derivations D1 and D2
of these results and the premises A; ... A; of these derivations. Where
Aj is the last of these premises in the enumeration of formulas, by
the construction of I, each of A;...A; must be a member of §;; so
D1 and D2 are derivations from €);; so €); is not consistent. But since
' is consistent, by L1.5, €; is consistent. This is impossible; reject
the assumption: if I" is consistent then I is consistent.

We construct a CL interpretation v based on I' as follows. For any
parameter p, set v(p) = 1 iff IV b, p.

10



L1.7 If T is consistent then for any A, v(A) =1 iff IV H

NCL

A.

Suppose I' is consistent. By L1.4, I is maximal; by L1.6, I is
consistent. Now by induction on the number of operators in A,

Basis: 1If A has no operators, then it is a parameter p and by con-
struction, v(p) = 1 iff IV b, p. So v(4) =1 iff I b, A.

Assp: For any i, 0 < ¢ < k, if A has i operators, then v(A) = 1 iff

Iy, A
Show: If A has k operators, then v(A) = 1 iff I b, A.

If A has k operators, then it is of the form =P, P D Q, PAQ,
PVvQ or P=( where P and (Q have < k operators.

(=) Ais =P. (i) Suppose v(A) = 1; then v(=P) = 1; so by
TCL(—-), v(P) = 0; so by assumption, I'' tA,, P; so by maxi-
mality, I b, =P, where this is to say, ['' I, A. (ii) Suppose
I Hyp A; then T By, —P; so by consistency, IV 1A, P; so by
assumption, v(P) = 0; so by TCL(=), v(=P) = 1, where this
is to say, v(A) = 1. Sov(4) =1 iff I b, A.

NCL

(D) Ais P D Q. (i) Suppose v(4) = 1 but I'' t4,, A; then
v(P D Q) =1but I'"tA, P D Q. From the latter, by
maximality, I by, —(P D Q); from this it follows, by simple
derivations, that I i, P and I" b, —@; so by consistency,
I ther @; so by assumption, v(P) = 1 and v(Q) = 0; so
by TCL(D), v(P D Q) = 0. This is impossible; reject the
assumption: if v(A) =1 then I , A.
(ii) Suppose I'" k, A but v(A) = 0; then IV H,, P D Q
but v(P D @) = 0. From the latter, by TCL(D), v(P) =1
and v(Q) = 0; so by assumption, I b, P and I' t4, Q;
but since IV by, P D Q and I b, P, by (DE), I'" by, Q-
This is impossible; reject the assumption: if IV bk, A, then
v(A) =1. Sov(A) =1iff Ik, A.

>

(N)
(V)
(=)

For any A, v(A) =1iff IV H, A.

L1.8 If I" is consistent, then v(I") = 1.

11



Suppose I' is consistent and A € I'; then by construction, A € I'; so
I Hyp, A; so since T is consistent, by L1.7, v(A) = 1. And similarly
forany A €T. Sov(T") = 1.

Main result: Suppose I' |5, A but I' 4, A. By (DN), if I' i, =—A, then
I' byer A; so T HA,, =—A; so by L1.2, I'U {—=A} is consistent; so by L1.8,
there is a v constructed as above such that v(I'U{=A}) = 1; so v(—=A4) = 1;
so by TCL(=), v(A) = 0; so v(I') = 1 and v(A4) = 0; so by VCL, T }4, A.
This is impossible; reject the assumption: if ' |5, A, then I' b, A.

2 Normal Modal Logics: Ko, K, (ch. 2,3)

2.1 Language / Semantic Notions

LKS) Allow Kg) to be either Ka or Kf,, depending on context, where for
both Ko and K, systems, the VOCABULARY consists of propositional
parameters po, p1 ... with the operators, -, A, V, D, and =; along
with 0 and ¢ for Ka systems; but with [F], (F), [P], and (P) for K,
systems. Each propositional parameter is a FORMULA; if A and B
are formulas, so are =A, (AA B), (AV B), (A D B), (A= B), 0A,
0A, [FIA, (M A, [PIA, and (P)A.

IKS) For any of these systems except Kv, an INTERPRETATION is a triple
(W, R,v) where W is a set of worlds, R is a subset of W2 = W x W,
and v is a function such that for any w € W and p, v,(p) = 1 or
vy(p) = 0. For z,y,z € W, where « is empty or indicates some
combination of the following constraints,

i For any z, there is a y such that xRy extendability

p for all z, xRx reflexivity

o for all z,y, if xRy then yRx symmetry

T for all x,y, 2, if t Ry and yRz then xRz transitivity

n'  For any x, there is a y such that yRx backward extendibility

0 If xRy then for some z, xRz and zRy denseness

%) If xRy and xRz then yRz or y = z or zRy forward convergence

B8 If yRx and zRx then yRz or y = z or zRy backward convergence
(W,R,v) is a Kg ) interpretation when R meets the constraints from

.

TK For complex expressions,

12



—

vy(—A) =1 if v,(A) =0, and 0 otherwise.

(=) vl

(A) vy(AAB)=1if v,(A) =1 and v, (B) = 1, and 0 otherwise.
(V) vw(AV B) =1if v,y(A) =1 or v, (B) =1, and 0 otherwise.
(D) vw(A D B)=11if v,(A) =0 or v,(B) =1, and 0 otherwise.
(=) vw(A=B)=1if v,(A) = vy(B), and 0 otherwise.

For K,

(0) vy (0A) =1 if some x € W such that wRz has v, (A) = 1, and
0 otherwise.

(0) vy(OA) =1if all z € W such that wRz have v;(A) =1, and 0

otherwise.
For K,
([F1) vy ([FIA) = 1 iff all 2 € W such that wRx have v, (A4) =
([P]) vy (P1A) =1 iff all x € W such that zRw have v,(A) =
((F) vy ((FYA) = 1 iff some 2z € W such that wRx has Ux(A) =1.
((P)) vy ((P)A) = 1 iff some x € W such that xRw has v, (A) = 1.

For a set I' of formulas, v, (") = 1 iff v,,(A) = 1 for each A € T'; then,

VK 1 ):K(t) A iff there is no K& interpretation (W, R, v) and w € W such
that vw(F) =1 and v,(A) = 0.

System Kwv. For Kuv either accept the constraint, (v) for all z, y, xRy.
Then let everything work as before. Otherwise simplify the semantics: An
interpretation is just (W,v). For TK(O) and TK(¢) substitute,

TK (0)y vy(0A) =1 iff for some z € W, v,(A) = 1.
(0)y vw(OA) =1iff for all z € W, v,(A4) = 1.

then,

VKuv T' 5, A iff there is no Kv interpretation (W,v) and w € W such
that v, (I') = 1 and v, (A) = 0.

13



2.2 Natural Derivations: NKg)

Where s is any integer, let A; be a SUBSCRIPTED FORMULA. For subscripts
s and t allow also expressions of the sort, s.t. As in Priest, intuitively,
subscripts indicate worlds, where A; is true or false at world s, and s.t
just in case world s has access to world ¢. Derivation rules apply to these
expressions. Rules for =, A, V, D, and = are like ones from before, but with
consistent subscripts. Rules for 0, ¢, [F], (F), [P], and (P) are new.”

R | P;s 1| | Ps -E||-F;
P Q¢ Q1
"Qt “Qt
- P, P
AL| P, AE [ (P AQ)s AE | (P AQ)s
Qs
Ps QS
(PAQ)s
VI | P;s VI | P;s VE [ (PVQ)s
P
(PVQ)s (QV P)s B
R;
oI | P DE|(PDQ)s
Ps %Qs
Qs
(P>Q)s @ R
R;
= kPS =E|(P=Q)s =E|(P=Q)s
Pa QS
@ Qs P,
%QS
P
(P=Q)s

2There is no uniformity about how to do natural deduction in modal logic. Most avoid
subscripts altogether. Another option uses subscripts of the sort .5 ...k (cf. prefixes on
tableaux in [2]); the result is elegant, but not so flexible as this account inspired by Priest,
and we will need the flexibility, as we approach increasingly complex systems.

14



For K,

ol| |s.t oE | 0PFs oI | P OE | 0P
s.t s.t s.t
P,
P, ¢
P O P,
OPs
where ¢t does not appear in Qu
any undischarged premise
or assumption Qu
where t does not appear in
any undischarged premise
or assumption and is not u
For K¢,
FI| |s.t [FIE | [F1Ps (I | P (FE | P,
s.t s.t s.t
P,
b j2 PP t
t (F B
(F1P,
where t does not appear in Qu
any undischarged premise
or assumption Qu
where t does not appear in
any undischarged premise
or assumption and is not u
PII| |s.t [PIE | [P1P; (P)I| Ps (PYE | (P)P;
s.t s.t s.t
P,
P P P)P, S
(PP
s
[P1P,
where s does not appear in Qu
any undischarged premise
or assumption Qu

These are the rules of NK(). Other systems NK

where s does not appear in
any undischarged premise
or assumption and is not u

add from the follow-

ing, for access manipulation, according to constraints in a. Where A(7) is
any expression in which i appears, and A(j) is the same expression with j
substituted for 1,

AMpny | |s.t AMp AMo | s.t
P,
P, 5.8 t.s

where t does not appear in any
undischarged premise or assump-
tion and is not u

15



AMT | 5.t AMy' | |s.t AMS | s.t
t.u s.a
a.t
P,
S.u
P,
where s does not appear in any Q
. . u
undischarged premise or assump-
tion and is not w Qu
where a does not appear in any
undischarged premise or assump-
tion and is not u
=E | s=1t t=s AMoy |r.s AMZg | s.r
A(s) A(s) Tt t.r
s.t s.t
At) Alt) B B
Qu Qu
s=t s=1
Qu Qu
t.s t.s
Qu Qu
Q’M Qu

AMp has no premise. In these systems, every subscript is 0, appears in
a premise, or appears in the t-place of an accessible assumption for oI, ¢E,
[FII, (ME, [PII, (P)E, AMn, AM»n’, AM§, AMyp, or AMS. Where I is a set of
unsubscripted formulas, let I'g be those same formulas, each with subscript
0. Then,

NKY 1 r

D) A iff there is an NK ((f ) derivation of Ag from the members of
Ty,

Derived rules carry over from NCL as one would expect, with subscripts
constant throughout. Thus, e.g.,

MT | (P > Q). Impl (P>Q), 4> (~PVQ)s
-Qs (=P D>Q)s <> (PVQ)s
_‘PS

Allow also the additional rule for modal negation and tense modal negation,
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MN oPs <> —0—P; -0Ps <> 0P

OPs <> —O-Ps —0Ps <> 0P
TMN [F1Ps <> —(F)—Ps -FIPs <> (F)—Ps
(FYPs <> —[FI—Ps —(FYPs <> [F1=Ps
[PIP; <> —(P)=Ps S[P1Ps <> (P)—Ps
(PYPs <> —[P1-Ps —(PYPs <> [Pl-Ps

System NKv. For NKwv, eliminate expressions of the sort s.t and rules
for access manipulation. Let T be an arbitrary tautology (say, p D p). Then
for oI, OE, ¢I and OE, substitute,

olv | | Te oEv | oPs olv | P OEv | 0P
Py
P, P,
Pt t s
DPS Qu
where t does not appear in Q
any undischarged premise w
or assumption where t does not appear in

any undischarged premise
or assumption and is not u

Examples. Here are derivations to exhibit left-hand forms of the rule for
modal negation as derived in NK (and so any NK«).

=02 P by OP OP by —0-P
1| —0—Fy P 110F P
2( 101 A (g, o) 2| | o-Py A (¢, )
3l |-p A (¢, -E) 301 o1 A (g, 2 0E)
4 | [o=py 2,3 oI ok
5 -0 Py 1R 5 0Py A (C, —|I)
6| | Py 3-5 -E 6 P, 4R
7 DPO 2-6 ol 7 Pl 173 ok

8| | |=o=Py 57l

9| [—o-Py 2,3-8 0E

10| | o—Fy 2R

11| —0—=FPy 2-10 -1

17



0P by OP

—_
=]

1

© 0 O Ot e W N

:EI—|P0
:<>P0

0.1
Py

0Py
0P
-P
D—‘P()
ﬁI:IﬁP()
0Py

P

A (C7 _‘E)
A (g, o)
A (C7 “I)
3,4 ol
2R

4-6 -1
3-7 ol
1R

2-9 -k

OP by ~O-P

1

0 g O Ut e W N

o Py

0.1
P

D"Po

—|P]_
Py
—\D—\PO

ﬁ[]ﬁpo

And some derivations in some of the other other systems,

P, OP D 0P

1

S T e W N

0Py
0.1

P,
0Py
Py
(OP > oP)o

Fvre P D 0OP

S U W N

Py
0.1

1.0

oP;

0o Py
(P D>ooP)o

A (g, DI)
A (g9, AMn)
1,2 OE

2,3 ol

2-4 AMn
1-5 DI

A (g, D)
A (g, aI)
2 AMo
1,3 oI
2.4 ol
1-5 oI

18

vk, OP D P

—_

=W N

0Py
0.0
Py
(DP B} P)o

e OP D ooP

1

0 3 O Tk W N

EIP()
0.1
1.2

0.2
P
oPy
ooFPy
(oP D ooP)o

A (g, 1 0E)

A (C7 _'I)
2,4 OE
3R

4-6 -1
1,2-7 0K

A (g, DI)
AMp

1,2 OE
1-3 DI

A (g, D)
A (g, oI
A (g, oI
2,3 AMT
1,4 oE
3-5 ol
2-6 0l
1-7 DI



Fvior OP D O0OP

1| |oFR A (g, D)
2| | 0.1 A (g, 1 0E)
3 =
4 0.2 A (g, ol
5 2.0 4 AMo
6 2.1 5,2 AMt
7 0P, 3,6 ¢l
8 00 P 4-7 ol
9| [ooP, 1,2-8 oE
10| (0P D OoP)o 1-9 oI
[PIIPIA b, [P1A
1| [PIP1Ao P
2] ]1.0 A (g, [PI)
3 1.2 A (g, AMS)
4 2.0
5 [P1A; 1,4 [PIE
6 A 5,3 [PIE
71| A 2,3-6 AM6
8| [P1Ao 2-7 P11
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Fviw OP D 0O0P

1

N O U W N

© o o Ot =W N =

—
o

_ = =
W N =

== =
S Ut

—
-3

N = =
O © oo
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22
23
24
25
26
27

0Py
Py
Ta
o
00 Py

0o Py
(0P D O0P)g

(F) Ao
(F)Bo
[FI(A D [F1A)o
[FI(B D [FIB)o

0.1
Ay

(A D [F14),
(F14,
0.2
B

(B D [FIB)2
[F1B2
1.2

Az
(AAB)2
(FY(A A B)o

1=2
Az

(AN B)2
(FY(A A B)o

2.1

B

(AAB)
(FY(AA B)o
(FY(A A B)o
(F)(A A B)o
(FY(AA B)o

A (g, DI)
A (g, 1 0E)
A (g, OD)

2 01

3-4 ol
1,2-5 oE
1-6 DI

P
P
P
P
A (g, IIE)

3,5 [FIE
7,6 DE
A (g, 2F)E)

2,9 [FIE
11,10 OE
A (g, 5,9 AMep)

8,13 [FIE
10,14 Al
9,15 (M1

A (g, 5,9 AMop)
6,17 =E

18,10 Al
9,19 (M1

A (g, 5,9 AMy)

12,21 [FIE
6,22 AI

5,23 ()1
5,9,13-16,17-20,21-24 AM¢
2,9-25 (ME

1,5-26 (HE



2.3 Soundness and Completeness

Preliminaries (excluding NKv): Begin with generalized notions of valid-
ity. For a model (W, R,v), let m be a map from subscripts into W. Say
(W, R, v}, is (W, R,v) with map m. Then, where I is a set of expressions of
our language for derivations, vy, (I') = 1 iff for each A5 € T, vy, () (A) = 1, for
each s.t € T', (m(s), m(t)) € R, and for each s =t € T', m(s) = m(t). Now
expand notions of validity to include subscripted formulas, and alternate
expressions as indicated in double brackets.

VKY* 1 ):;(t) As [s.t / s =t] iff there is no K interpretation (W,R,v)m
such that () = 1 but vy, (A) = 0 [(m(s), m(t)) € R/ m(s) #

NKY* T = o As [st /s = t] iff there is an NEY derivation of A,

[s.t/ 5= t] from the members of T

These notions reduce to the standard ones when all the members of I' and
A have subscript 0 (and so do not include expressions of the sort s.t or

s = t). This is obvious for NK*. In the other case, there is a (W, R,v)m,
that makes all the members of I'g true and Ay false just in case there is a
world in (W, R,v) that makes the unsubscripted members of I' true and A
false. For the following, cases omitted are like ones worked, and so left to
the reader.

THEOREM 2.1 NK(J) is sound: If '+

) A then T ):K@ A.

L21 T CIMand T ):;g) Py [s.t /s =], then T’ ):;g) P [st/s=t].
Suppose I' C IV and T ):;:ﬁf) Py [s.t /s =t], but T I#;(ﬁ P [sit/)s=

t]. From the latter, by VKS)*, there is some K&t) interpretation
(W, R, v)m such that v, (I) = 1 but vy, (P) = 0 [(m(s),m(t)) &
R/ m(s) # m(t)]. But since v,(I'") = 1 and ' C I, v, (T) = 1;
50 vm(I') = 1 but vm (g (P) = 0 [(m(s),m(t)) & R /m(s) # m(t)];
so by VKg)*, r [7&;(;) P; [s.t /s = t]. This is impossible; reject the
assumption: if I' C IV and T Fw Ps [st/s =1], then I Fiw Ps

[s.t/s=t1].
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Main result: For each line in a derivation let P; be the expression on line 4
and I'; be the set of all premises and assumptions whose scope includes 1ine
i. We set out to show “generalized” soundness: if I' -* e P then I' 7 K(t>

As above, this reduces to the standard result when P and all the members
of I' are formulas with subscript 0. Suppose I" l—; » P. Then there is a

derivation of P from premises in I where P appears ({mder the scope of the
premises alone. By induction on line number of this derivation, we show
that for each line 4 of this derivation, I'; l:;:(“ P;. The case when P; = P is

the desired result.

Basis: Py is a premise or an assumption Ag [s.t /s =t]. Then I'y = {As}
[{s-t} / {s = t}]; so for any (W, R, v)m, vm(I'1) = 1 iff v,5(4) =1
[(m(s),m(t)) € R/ m(s) = m(t)]; so there is no (W, R,v),, such
that vy, (I'1) = 1 but vy (A) = 0 [(m(s), m(t)) & R/ m(s) # m(t)].
So by VKO 1y l:;(;) Ag [s.t /s = t], where this is just to say,

I )::(ﬂ P1.
Assp: For any i,1 <1i < k,T; |:;(t) Pi

Show: T, ):I’:(t) P.

P is either a premise, an assumption, or arises from previous lines
by R, DI, DE, AL, AE, -1, =E, VI, VE, =I, =E, or, depending on
the system,0l, [FII, [PII, OE, [FIE, [PIE, oI, (A, (P)I, 0E, (HE, (P)E,
AMpn, AMr/, AMp, AMo, AMt, AMJ§, =E, AMyp, or AMB. If Py is
a premise or an assumption, then as in the basis, I'y ):;(t) Pr. So

suppose P arises by one of the rules.

(DE) If Py arises by DE, then the picture is like this,

i|(AD B)s
J|As

k| Bs

where i,j < k and Py is Bs. By assumption, I'; )::m (A D B)s and
I |:;(t) Ag; but by the nature of access, I'; C I'y and I'; € T}; so
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by L2.1, T'y |:;(t) (A D B)s and Ty, ):;(t) Ag. Suppose I'y, bé;(t) By

then by VKg)*, there is some K&t) interpretation (W, R,v),, such
that v, (['x) = 1 but vy, (B) = 0; since vy, (I'x) = 1, by VKS)*,
Up(s)(A D B) = 1 and vy,(5)(A) = 1; from the former, by TK(D),
Upn(s)(A) = 0 0 () (B) = 1; 80 V) (B) = 1. This is impossible;
reject the assumption: I’y ):;g) Bs, which is to say, 'y ):;g) Py

(—I) If Py arises by —I, then the picture is like this,

As
i| | Bt
J| | Bt
k|—As

where i,j < k and Pp is —A;. By assumption, I'; l:;m B; and
I'; ):;u) —By; but by the nature of access, I'; C I'y U {As}aand I'; C
'y U{As}; so by L2.1, T'y U {As} ):;‘g) B; and T'y, U {4} ):;:Sf) —B;.
Suppose 'y [#;(OE) —Ag; then by VKg)*, there is a Kc(f) interpretation
(W, R, )y such that vy, (['y) = 1 but vy, (=4) = 0; so by TK(—),
Um(s)(A) = 1; 50 vy () = 1 and vy, (5)(A) = 1; 80 v (T U{As}) = 1;

so by VKEf)*, U (t)(B) = 1 and v,y (=B) = 1; from the latter, by
TK(=), v (B) = 0. This is impossible; reject the assumption:
'y ’:;(t) —Ag, which is to say, T'j |:;(t) Pr.

(—E)
(VI)

(VE) If Py, arises by VE, then the picture is like this,
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h|(AV B)s
A,

1 Ct
;BS

J| | Ct

k| Cy

where h,i,j < k and P is C;. By assumption, I'y ):;(t) (AV B)s,
Iy ):K(t) C; and T ':K(t) Cy; but by the nature of access, I'y, C T,
T CFkU{A }and I'; C Ty U{Bs}; so by L2.1, 'y, ):K(t) (AV B)s,
Iy U {As} ’;K(t Cy and T'y, U {Bs} ’;K(t) Ci. Suppose Iy I#K(w Ct;
then by VKg)*, there is some Kg) interpretation (W, R, v),, such
that v,(T}) = 1 but vy, (C) = 0. Since vy (Ty) = 1, by VKY*,
Up(s)(AV B) = 15 s0 by TK(V), vy (A) = 1 or vy (B) = 1.
Suppose, for the moment, that vy, (A) = 1; then v, () = 1 and
U (s)(A) = 15 80 v ([ U{As}) = 1; so by VKg)*, V(1) (C) = 1; this
is impossible; reject the assumption: vy,(5)(A) # 15 50 vpe)(B) = 1;
80 U (L) = 1 and vy, () (B) = 1; 80 vy ([x U{Bs}) = 1; so by VKO,
Um()(C) = 1; this is impossible; reject the assumption: T' ):;(t) Cy,
which is to say, I'j ):;g) P. :

If Py, arises by oI, then the picture is like this,
s.t

J||Ae

k|DAs

where j < k, t does not appear in any member of I'y, (in any undis-
charged premise or assumption), and Py is 0As. By assumption,
I ):;(t) Ay; but by the nature of access, I'; C I'y U {s.t}; so by

L2.1, Ty U {s.t} ):;(t) Ay. Suppose T'g b&;(t) 0Ag; then by VK((P*,
there is a K interpretation (W, R, v),, such that v,,(I'y) = 1 but
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(IFII)
([PIT)

Upn(s)(OA) = 0; so by TK(D), there is some w € W such that m(s) Rw
and v, (A) = 0. Now consider a map m/' like m except that m/(t) =
w, and consider (W, R,v),,; since ¢ does not appear in I, it re-
mains that v,/ (C'x) = 1; and since m/(t) = w and m/(s) = m(s),
(m/(5),m'(t)) € R; 50 v (T, U {5.8}) = 1; 50 by VK", v, (A4) =
1. But m/(t) = w; so v,(A) = 1. This is impossible; reject the
assumption: I'y, }:;(kgp 0OA,, which is to say, I'y, ):;g) P

If Py, arises by [PII, then the picture is like this,

s.t

J||As
k| [P1A;:

where j < k, s does not appear in any member of 'y, (in any undis-
charged premise or assumption), and Py is [P]A;. By assumption,
I'; }:;(t) Ag; but by the nature of access, I'; C I'y, U {s.t}; so by

L2.1, Ty U {s.t} ):;(t) A,. Suppose T'; bé;m [P]A;; then by VK(J)*,

there is a K\ interpretation (W, R, v),, such that v,,(I'y) = 1 but
U (IPIA) = 0; so by TK([P]), there is some w € W such that
wRm(t) and v,(A) = 0. Now consider a map m’ like m except
that m/(s) = w, and consider (W, R,v),,; since s does not ap-
pear in Iy, it remains that v, ('y) = 1; and since m/(s) = w and
m’(t) = m(t), (m'(s), () € R; 50 vy (TU{s.t}) = 1; so by VK",
Uy (s)(A) = 1. But m/(s) = w; so v, (A) = 1. This is impossible;
reject the assumption: T’y ):K(t) P]A;, which is to say, T'y, ):K(t) P

If P arises by OE, then the picture is like this,

1| 0OAs
jlst

k| A

where i,j < k and Pp is A;. By assumption, T'; ):;(t> 0As and
r; ):;(t) s.t; but by the nature of access, I'; C T’ and I'j € I'y;
so by aL2.1, | |::(t> 0As and T |::(t> s.t. Suppose T’ bé:(t) Ay;
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(FIE
(IPIE

)
)

then by VKg)*, there is some Kgf) interpretation (W, R,v),, such
that vy, (Fy) = 1 but vy, (A) = 0; since v, (I'y) = 1, by VKg)*,
Up(s)(0A) = 1 and (m(s),m(t)) € R; from the first of these, by
TK(D), any w such that m(s)Rw has vy, (A) = 15 50 vy (A) = 1.
This is impossible; reject the assumption: I'j ):;(t) A;, which is to

say, L' ):;(t) P

If Py, arises by [PIE, then the picture is like this,

1| [P1A;
jlst

k|As

where 7,5 < k and Py is As. By assumption, I'; 'Z;(t) [PI1A; and
I ):;‘(t) s.t; but by the nature of access, I'y C I'y and I'; C T;
so by L2.1, T’ |::g> [P1A; and T, |:;g) s.t. Suppose I'j, F%%) Ag;
then by VKg)*, there is some Kgf) interpretation (W, R,v),, such
that v, (Fy) = 1 but v, (A) = 0; since v, (I'y) = 1, by VKg)*,
Uty ([PIA) = 1 and (m(s),m(t)) € R; from the first of these, by
TK([P]), any w such that wRm(t) has vy, (A) = 1; 50 vy (A4) = 1.
This is impossible; reject the assumption: ' ):;‘(t) A, which is to

say, Fk ):;(t) CPk

If Py arises by OE, then the picture is like this,

i|0As
Ay
s.t

J| | Bu
k| Bu

where i, j < k, t does not appear in any member of I'y (in any undis-
charged premise or assumption) and is not u, and Py is B,. By
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assumption, I'; lZK(t) 0Ag and T'; }:K(t) B,; but by the nature of ac-
cess, I'; C T', and I C I‘kU{At,st} so by L2.1, I'g h{(t) 0A,

and T'y U {4, s.t} ):K(t) B,. Suppose Iy, I;&K(t) w; then by VKS)*,

there is a K\ interpretation (W, R, v), such that v,,(Tx) = 1 but
Um(u)(B) = 0; since v, (I'y) = 1, by VKg)*, Um(s)(0A) = 1; so by
TK(0), there is some w € W such that m(s)Rw and v, (A) = 1.
Now consider a map m’ like m except that m/(t) = w, and con-
sider (W, R,v),,,/; since t does not appear in I'y, it remains that
Uy (T'y) = 1; and since m/(s) = m(s) and m/(t) = w, vy (A) =1
and (m/(s),m'(t)) € R; so vy (T U {As,s.t}) = 1; so by VKO,
Uy (u)(B) = 1. But since t # u, m'(u) = m(u); s0 vVp)(B) = 1.
This is impossible; reject the assumption: I'y )::g) B,, which is to

say, Fk ):;(t) fpk

If P arises by (P)E, then the picture is like this,

1| (PYA;
s.t
A,

7| | Bu
k| Bu

where i,j < k, s does not appear in any member of 'y (in any
undischarged premise or assumption) and is not u, and Py is B,,.
By assumption, I'; ):K(t) P)A; and T ):K(t) By; but by the nature of

access, I'; C Ty and I'; C T'pU{s.t, As}; so by L2.1, T ):K(t) YA; and
IpU{s.t, As} FK(t) B,,. Suppose I';, %K(t) .; then by VK&) , there is

a K interpretation (W, R, v),, such that v,,(I'y) = 1 but Um(u)(B) =

0; since vy, (I'y) = 1, by VK*, U ((PYA) = 1; so by TK((P})), there
is some w € W such that wRm(t) and v,(A) = 1. Now consider a
map m’ like m except that m/(s) = w, and consider (W, R, v),;
since s does not appear in I'y, it remains that v,/ (I'x) = 1; and since
m'(t) = m(t) and m'(s) = w, vy (A) = 1 and (m/(s),m'(t)) € R;
$0 Uy (T U {s.t, As}) = 1; so by VKS)*, Uy (w)(B) = 1. But since
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s # u, m'(u) = m(u); 50 Vy(yy(B) = 1. This is impossible; reject the
assumption: I'y, |:;(t> B, which is to say, I'y, ):;‘(t) P.

(AMpn) If Py arises by AMpn, then the picture is like this,

s.t
J| | Au
k| Ay

where j < k, t does not appear in any member of 'y (in any undis-
charged premise or assumption) and is not u, and Py is A,. Where
this rule is included in NK Ef), K Ej ) includes condition n. By assump-
tion, I'; |:;(t> Ay; but by the nature of access, I'; C I'y U {s.t}; so

by L2.1, I'y U {s.t} ):;(t) Ay. Suppose 'y I#;‘(t) Ay; then by VKg)*,

there is a K interpretation (W, R, v),, such that v,,(I'y) = 1 but
Up(u)(A) = 0. By condition 7, there is a w € W such that m(s)Rw;
consider a map m’ like m except that m/(t) = w, and consider
(W, R, v),s; since t does not appear in I'y, it remains that v, (I'y) =
1; and since m/(s) = m(s) and m/(t) = w, (m/(s),m'(t)) € R; so
U (T U {s.t}) = 1; so by VKg)*, V() (A) = 1. But since t # wu,
m'(u) = m(u); 80 V) (A) = 1. This is impossible; reject the as-
sumption: T'g )::g) A,, which is to say, I'y |:;S> Pr.

(AMn")

(AMp) If Py, arises by AMp, then the picture is like this,

k|s.s

where Py, is s.s. Where this rule is in NK ff), K g ) includes condition
p. Suppose T’ bé;(t> s.s; then by VKS)*
tation (W, R,v)masuch that vy, (I'y) = 1 but (m(s),m(s)) ¢ R. But
by condition p, for any z € W, (z,x) € R; so (m(s),m(s)) € R. This
is impossible; reject the assumption: I'j |:;(at> s.s, which is to say,

Tk =5 Pr

(AMo) If Py arises by AMo, then the picture is like this,

, there is some K((f) interpre-
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jlst
k|t.s

where 7 < k and Py is t.s. Where this rule is in NKS), Kg) i
cludes condition o. By assumption, I'; =¥ ) s.t; but by the nature

of access, I'j C I'y; so by L2.1, ' ):K(t) s.t. Suppose I'y, %K(t) t.s;

then by VKL(I) , there is some Ké) interpretation (W, R, v),, such
that vy, (I'x) = 1 but (m(t),m(s)) € R; since vy, (I'x) = 1, by VK*,
(m(s), m(t)) € R; and by condition o, for any (z,y) € R, (y,z) € R;
so (m(t),m(s)) € R. This is impossible; reject the assumption:
Iy %, t.s, which is to say, Iy ):;(t) P.

(AMT) If Py, arises by AM7, then the picture is like this,

i|s.t
jltu

k|su

where 4,7 < k and Py is s.u. Where this rule is in NKg), Kg)
includes condition 7. By assumption, I'; =7, ) st and T'; =¥ ) t.u;

but by the nature of access, I'; C I'y and I‘ C T'g; so by L2.1,
Iy |:K(t) s.t and T'y 'ZK(t> t.u. Suppose I'y béKm s.u; then by vKY* ,

there is some K" interpretation (W, R, v), such that v,,(I'y) = 1 but

(m(s),m(u)) € R; since vm(Ty) = 1, by VK", (m(s),m(t)) € R
and (m(t),m(u)) € R; and by condition 7, for any (x,y), (y,z) €
R, (z,z) € R; so (m(s),m(u)) € R. This is impossible; reject the
assumption: I' |:;(t> s.u, which is to say, T' |:;(t> Pr.

(AMY) If Py arises by AMJ, then the picture is like this,

i |s.t
s.a
a.t

J| | Au
k| A,

where 4,7 < k, a does not appear in any member of I'y (in any
undischarged premise or assumption) and is not u, and Py is A,.
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Where this rule is included in NK Ej) , K Sf) includes condition §. By
assumption, I'; ):;(t) s.t and I'; ):;(t) A,; but by the nature of access,

I € Ty and Ty ag 'y U {s.a, a.%}; so by L2.1, T ):;(t) s.t and
I'yU{s.a,a.t} \:;‘(t) A,. Suppose I';, bé;(t) Ay; then by VKg)*, there is

a k! interpretation (W, R, v),, such that v, (I'x) = 1 but v,y (A4) =
0; since vy, (I'y) = 1, by VK*, (m(s),m(t)) € R; and by condition
0, if (z,y) € R then for some z, (z,z) € R and (z,y) € R; so
there is a w € W such that m(s)Rw and wRm(t); consider a map
m’ like m except that m’(a) = w, and consider (W, R, v),,; since
a does not appear in I'y, it remains that v, (I'y) = 1; and since
m'(s) = m(s), m'(a) = w, and m/(t) = m(t), (m'(s),m'(a)) € R
and (m/(a),m/(t)) € R; so vy (T U {s.a,a.t}) = 1; so by VKO,
V() (A) = 1. But since a # u, m'(u) = m(u); 50 vy, (A) = 1.
This is impossible; reject the assumption: I'y )::g) Ay, which is to

say, Fk ):;;(t) ka.

(=E) If Py arises by =E, then the picture is like this,

i | s=t i | t=s
i | AGs) or j | AGs)
k| A®) k| A1)

where i,j < k and Py is A(t) in both cases. By assumption, T'; Efgp
s=t/t=sand Iy ):;g) A(s); but by the nature of access, I'; C T'y,
and I'; C I'y; so by L2.1, 'y, ):sz) s=t/t=sand Ty ):;g) A(s). In
both cases, A(s) is of the sort, A,, u = v or w.v where one u or v is
s. Suppose A(s) is As and T’y b&;g) Ay; then by VKS)*, there is some
K interpretation (W, R, v),, such that vy, (L) = 1 but v, (A) =
0; since vy, (I'y) = 1, by VKg)*, m(s) = m(t) / m(t) = m(s) and
vm(s)(A) = 1; but since m(s) = m(t) / m(t) = m(s), Um(t)(A) =1.
This is impossible; reject the assumption: I'y }:;g) Ay, which is to
say, I'j, ):;&t) Pr. And similarly in the other cases.

(AMyp) If Py arises by AMyp, then the picture is like this,
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flrs

glrt
s.t

h| | Ay
s=1

| | Ay
t.s

J| | Au

k| Ay

where f,g,h,i,j < k and Py is A,. Where this rule is included
in NK(of)7 K includes condition ¢. By assumption, I'f ):;‘g) 7.8,
Iy |:;(t) r.t, Ty |:;(t) Ay, Ty )::(t) Ay, and T )::m Ay; but by
the nature of access, I'y C Ty, I'y C I'y, T'yy € Ty U {s.t}, I'; C
I'yU{s =t},and I'; C T'yU{t.s}; so by L2.1, T ):K(t) r.s, I'g ):K(t) r.t,
'y U {s.t} ):Km Ay, T U{s =t} ':K(t u, and FkU{ts} ):a)
Suppose ' FAK@) «; then by VK( ) , there is a K((x) interpretation
(W, R, v), such that vy, (L) = 1 but vy,(,)(A) = 0; since v, (I'y) = 1,
by VK*, (m(r),m(s)) € R and (m(r),m(t)) € R; and by condi-
tion ¢, if (z,y) € R and (z,z) € R then either (y,z) € R, y = z,
r (z,y) € R; so either (i) m(s)Rm(t), (ii) m(s) = m(t), or (iii)
m(t)Rm(s). Suppose (i) m(s)Rm(t); then v, (T'x U {s.t}) = 1; so by
VKD, v Up(u)(A) = 1. Suppose (ii) m(s) = m(t); then v, (Fy U {s =
t}) = 1; so by VK(t)* Umu)(A) = 1. Suppose (iii) m(t)Rm(s);
then vy, (I'x U {t.s}) = 1; so by VK*, Umu)(4) = 1. In any case,
Umu)(A) = 1. This is impossible; reject the original assumption:
Iy |:;(t) Ay, which is to say, I'y, ’:;(t) Pr.

For any i, T'; |:;‘(t) P

The argument for NKwv is similar (simpler) and so omitted.
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THEOREM 2.2 NK< is complete: if T ):K(t) A then T+ A.

LD
Suppose T’ |: Aj; then Ty E* e Ap; we show that I'g F* ol Ag. Again,
this reduces to the standard notion. The method of our proof has advan-
tages (especially for the quantificational case) over standard approaches to
completeness for modal logic. Roughly, we construct a single set which is
maximal and consistent relative to subscripted formulas, and use this to
specify the model. The resultant proof is thus kept structurally parallel to
the classical case. For the following, fix on some particular constraint(s) a
Then definitions of consistency etc. are relative to it.

*

CoN T is CONSISTENT iff there is no Ay such that I' F* e Ag and T FNK(t)
- As. :

L2.2 If sis 0 or appears in I', and I" b i) - P, then T U{Ps} is consistent.

Suppose s is 0 or appears in I" and T’ H*K(t) —P; but I' U {P,} is
inconsistent. Then there is some A; such that ' U {P,} F* i) A and
Fu{P} F* ) —A;. But then we can argue,

1T

2| | Ps A (¢, 1I)

3| | As from I' U { P}
4| | A from ' U {Ps}
51 —Ps 2-4 =1

where the assumption is allowed insofar as s is either 0 or appears in
I''solH* e = P;. But this is impossible; reject the assumption: if s

is 0 or introduced in T and T b e —Pg, then I' U {Ps} is consistent.

L2.3 There is an enumeration of all the subscripted formulas, P1 Ps...

Proof by construction: Order non-subscripted formulas A, B, C'...
in the usual way. Then form a grid with formulas A, B, C'... ordered
across the top, and subscripts 1, 2, 3... down the side.

A - B Cy ...
e e

Az Bz 02

Lo

A3 B 3 CS
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MAX

SGT

Order the members of the resultant grid, A1, By, As ... moving along
the arrows from the upper left corner, down and to the right.”

In addition, there is an enumeration of these formulas with access
relations s.t, with pairs of the sort s.t / u.v, and with expressions of
the sort s =t¢.

Proof by construction.
I' is S-MAXIMAL iff for any Ag either I l—;Kg) Agsor I I—;Kg) -A,.

I' is a SCAPEGOAT set iff for every formula of the form —0A, if T "J:;gt)

—0A; then there is some ¢ such that T’ '_I:K(t) stand I I—J:K(t) —A; and
similarly for every formula of the form ﬂ[ﬁ}As; but for ev(éry formula

of the form —[P]A,, if I’ I—;K(t> —[P]Ag then there is some ¢ such that
T '_;Kﬁf) t.sand T '_;Kg) -A;.
I' is a SCAPEGOAT set for AMS iff for any access relation s.t, if T’ '_;;é”

s.t, then there is a u such that I'=* ./ s.u and I' =* ;) u.t.
N. (&3 N. «

I is a SCAPEGOAT set for AMey iff for any access relation r.s / r.t,
if T l—;ﬂ;) r.s and I’ I—;Kg) r.t, then T’ '_;KSP s.t, I l—;Kg) s =1t, or
r '_;th) t.s.

Similarly for AMg.

For I' with unsubscripted formulas and the corresponding I'y, we con-
struct I as follows. Set Qy = I'g. By L2.3, there is an enumeration,
P1, Py ... of all the subscripted formulas, together with all the access
relations s.t if 4 is in Kg) , along with pairs s.t / u.v and expressions
s = tif p or B are in Kg); let £y be this enumeration. Then for
the first expression P in &;_ ;1 such that all its subscripts are 0 or
introduced in £;_1, let &; be like &;_1 but without P, and set,

3 As for rational numbers; see, e.g., [6, §2.1.1].
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L2.4

L2.5

(i) Q =Q_1 if Q;_1 U{P} is inconsistent
Qi = 0,1 U{P} if ;1 U{P} is consistent
and
(ii) Q; = Qs if P is not of the form —0OAj,
—[FlA4,, —[PIA, s.t, r.s / rt,
or s.r /tr
(iii)  Q; = Q U{su,—P,} if P is of the form —OA; or
—[F1A,
(iv)  Q; =Qp U{u.s,~P,} if P is of the form —[PIA,
(v)  Q; =Q»U{su,ut} if Pis of the form s.t
(vi)  Q; = Q4 U{s.t} it P is of the form r.s / r.t or
s/t and Q;« U{s.t} is con-
sistent;
otherwise
0, =QU{s=t} if P is of the form r.s / r.t or
s/t and Q< U {s =t} is
consistent;
otherwise
Q;, = Q- U{t.s} if P is of the form r.s / r.t or
s.or/tr
-where u is the first subscript not introduced in §2;«
then

I = Ui>0 Q;

Note that there is always sure to be a subscript u not in ;+ insofar
as there are infinitely many subscripts, and at any stage only finitely
many formulas are added — the only subscripts in the initial ¢ being
0. Suppose s is introduced in I"; then there is some €; in which it is
first introduced; and any formula P; in the original enumeration that
has subscript s is sure to be “considered” for inclusion at a subsequent
stage.

For any s included in I, T is s-maximal.

Suppose s is included in I but I"” is not s-maximal. Then there is

some Ag such that I” ;;é“ Ag and TV b‘;}ét) —As. For any i, each
member of €;_1 is in I"; so if Q;_1 l_]:ka(t) —-A, then I I:K(t> —As;
but I V;K(“ —Ag; so ;1 b‘;ﬁt) —Ag; so since s is included in T,

there is a stage in the construction that sets Q;+ = ;1 U {As}; so
by construction, A5 € IV; so I I—; e As. This is impossible; reject

the assumption: IV is s-maximal.

If T’y is consistent, then each €; is consistent.
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Suppose I'y is consistent.

Basis:
Assp:
Show:

(i)
(iii)

Qo =Ty and I'y is consistent; so )y is consistent.

For any 4,0 <7 < k, ; is consistent.

). is consistent.

Q. is either (i) Qg_1, (i) Qe+ = Qg1 U {'.P}, (iii) Qg+ U
{su,—P,}, (iv) Qg U {u.s,~P,}, (v) Q= U {s.u,u.t}, (vi)
Qg U {s.t} or Q= U {s =t} or Qp~ U {t.s}.

Suppose . is Qx_1. By assumption, €2;_q is consistent; so {2
is consistent.

Suppose Qy, is Qg+ = Qp_1U{P}. Then by construction, ;U
{P} is consistent; so {2 is consistent.

Suppose Qy, is Qg+ U {s.u, =P, }. In this case, as above, Q- is
consistent and by construction, -0OP; € Qg+« or —[FIP; € Qpx.

Suppose £ is inconsistent. Then there are A, and —A, such
that Qe U{su, ~Pu} ) Ay and Qg Ufs.u, 2P} ) =4,

NED Nk
So, for the first case, reason as follows,
1| Qp~
2| |su A (g, OI)
3| |-P. A (c, —E)
4 A, from Qg+ U {s.u,—~P,}
5 -A, from Q= U {s.u, ~Py,}
6| | Pu 3-5 -E
7| 0Ps 2-6 ol

where, by construction, u is not in Qp«. So Qpx }—;K? 0Ps; but
—0OPs € Qp; 80 Qpx l_N*Kfj) —0OPs; so {0« is inconsistent. This
is impossible; reject the assumption: €0 is consistent. And
similarly if —[FIPs € Qp~.

Suppose Qy, is Qi+ U {u.s,=P,}. In this case, as above, Q.
is comsistent and by construction, —[P]P; € Q. Suppose
is inconsistent. Then there are A, and —A, such that Qp« U
{u.s,~P,} I—;‘Kg> A, and Qi U{u.s,—P,} I—;Kg) —A,. Soreason
as follows,
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1| Qpx

2| |u.s A (g, (PI)

3 —-P, A (¢, —E)

4 A, from Q= U{u.s,=P,}
5 —A, from Qg+ U {u.s, Py}
6| | Py 3-5 -E

7 | [P1Ps 2-6 (P11

where, by construction, u is not in Qgx. So Qp« l—;K(t) [P] Pg;
but —[PIP; € Qp+; s0 Qe+ I—;K(t) =[P]Ps; so Qpx is inconsistent.
This is impossible; reject theaassumption: Q. is consistent.

Suppose Q is Qi+ U {s.u,u.t}. In this case, as above, Q-
is comsistent and by construction, s.t € Qg«. Suppose € is
inconsistent. Then there are A, and —A, such that Qp« U
{s.u,u.t} I—;Kg) Ay, and Qpx U {s.u, u.t} I—;‘Kg) —A,. So reason

as follows,
1| Qe
2| s.t from 2+
3] |su A (g, AMYS)
4| |ut A (g, AMS)
5 —(AN-A)y A (¢, -E)
6 Ay from Q= U {s.u,u.t}
7 -A, from Q= U {s.u,u.t}
8| (AA-A) 5-7 —E
9| (AN-A)w 2, 3-8 AM§
10| Aw 9 ANE
11| Ay 9 AE

where, by construction, w is not in Qg+« and w is not w. So
Qe l—;Kg) Ay and Qs '_;Kff) —Ay; 80 Qp+ is inconsistent. This

is impossible; reject the assumption: €2 is consistent.

Suppose Q is Q= U{s.t} or Q= U{s =t} or Qi+ U{t.s}. In any
case, as above, (i« is consistent and by construction, r.s/r.t €
Qi+ or s.r [ t.r € Qg«. In the first case, by construction,
Qg+ U {s.t} is consistent; so € is consistent. In the second
case, by construction again, Qi+ U {s =t} is consistent; so
is consistent. If the third case, then Q- U {s.t} is inconsistent
and Qg+ U {s =t} is inconsistent. Suppose €2, is inconsistent.
Then there are A,, = Ay, By, =By, Cy, and —C), such that

Qg U {s.t} l—;Kg) A, and Qi+ U {s.t} I_N*K((;) = Ay, QU U {s =
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L2.6

t} I—;Kg) B, and QU {s =t} I—;Kg)

Cy and Qg+ U {t.s} '_J:KEP —(Cy. So reason as follows,

=By, and Qg U{t.s} l_;;&)

1] Qg+

2|r.s from Q=

3|rt from Q=

4] |s.t A (g, AMy)

5 (D A=D)s A (¢, —E)

6 Ay from Q= U {s.t}

7 —Ay from Q= U {s.t}

8| | (DA-D), 5-7 —-E

9| |s=t A (g, AMy)
10 ﬁ(D N ﬁD)z A (C, ﬁE)
11 B, from Q= U {s =t}
12 -B, from Q= U {s =t}
13| | (D A =D), 10-12 —E
14| | t.s A (g, AMy)
15/ | [~(DA-D). A (c, -E)
16 Cuw from Q= U {t.s}
17 —Cw from Q= U {t.s}
18| [ (D A D), 15-17 —E
19| (D A =D), 2,3,4-8,9-13,14-18 AM¢
20| Dy 19 AE
21| -D, 19 AE

So Qpx l_*K(t) D, and Q-+ l_*K(t) —D,. Similar reasoning follows

NI NI
for s.r / t.r € Qp« with the rule AMS; so Qg+ is inconsistent.

This is impossible; reject the assumption: {2 is consistent.

For any i, ); is consistent.

If Ty is consistent, then I" is consistent.

Suppose I is consistent, but I is not; from the latter, there is some
P, such that I }—; e P, and I ; e —P;. Consider derivations D1
and D2 of these results, and the premises P;...P; of these deriva-
tions. By construction, there is an {2 with each of these premises as
a member; so D1 and D2 are derivations from €2j; so € is not con-

sistent. But since I'g is consistent, by L2.5, ) is consistent. This
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L2.7

is impossible; reject the assumption: if I'g is consistent then IV is
consistent.

If Ty is consistent, then I is a scapegoat set.
Suppose Iy is consistent and I F; » "OPs. By L2.6, I" is consistent;

and by the constraints on subscripts, s is included in T”. Since I is
consistent, I" lf; » T0Ps; so there is a stage in the construction

«

process where Q;+ = Q;_1 U {—-0P,} and Q; = Q;« U {s.t,~FP;}; so by
construction, s.t € IV and =P, € T; so I F* () st and I = o "D

(Similarly for [F] and [P].) So I" is a scapegoat set.

For AMJ. Suppose Iy is consistent and I I—;‘KS) s.t. By L2.6, T is

consistent; and by the constraints on subscripts, s and ¢ are intro-
duced in I". Since I" l—; y s.t, T has just the same consequences
as IV U {s.t}; so I U {s.t} is consistent, and for any €Q;, Q; U {s.t}
is consistent. So there is a stage in the construction process where
Qe = Qi1 U {s.t} and Q; = Q= U {s.u,u.t}; so by construction,
s.u,u.t € T; so there is a u such that T '_J:IKKSP s.u and IV l—;Kg) u.t.
So I is a scapegoat set for AMJ.

For AM¢. Suppose Iy is consistent, I I—;‘Kg) r.s, and I" }_]:TKK(J) r.t.

By L2.6, I' is consistent; and by the constraints on subscripts, r,
s, and t are introduced in I"”. Since I" F* o 75 and I’ F* o Tt I

o1

has just the same consequences as I'" U {r.s / r.t}; so IV U {r.s / r.t}
is consistent, and for any €Q;, Q; U {r.s / r.t} is consistent. So there
is a stage in the construction process where Q;+ = Q;_1 U {r.s / .t}
and Q; = Q= U {s.t}, Q = Q= U{s = t}, or ; = Q= U {t.s}; so
by construction, s.t € IV, s =t € IV, or t.s € I"; so I I—;}ét) s.t,
I’ l_;KEP s=t,or I I—; 0 t.s. So I is a scapegoat set for AM«;.

Similarly for AMS.

We construct an interpretation I = (W, R, v) based on I'" as follows.
Let W have a member w; corresponding to each subscript s included
in IV, except that if I I—;Kg) s =t, then wg = w; (we might do this, in
the usual way, by beginning with equivalence classes on subscripts).

Then set (wg, wy) € R iff T I—;Kg) s.t and vy, (p) = 1 iff T I—;Kg) Ds-
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L2.8 If Ty is consistent then for (W, R,v) constructed as above, and for
any s included in I, v, (A) =1iff I +* , A

NED S

Suppose I'g is consistent and s is included in IV. By L2.4, IV is s-
maximal. By L2.6 and L2.7, T is consistent and a scapegoat set.
Now by induction on the number of operators in Ag,

Basis:

Assp:

Show:

If A; has no operators, then it is a parameter p; and by
construction, vy, (p) = 1 iff TV I—;}&) Ds. S0 Uy, (A) = 1 iff

I Fr o As.

For any i, 0 < i < k, if As has i operators, then v, (A) = 1 iff
I H* e As.

N. «
If As has k operators, then v, (A) =1 iff TV I—;Kg) A,.
If A, has k operators, then it is of the form =P, (P D Q)s,
(PAQ)s, (PVQ)s, (P=Q)s, OPs, 0P, [FIPs, (F) P, [P1Ps, or
(P)Ps; where P and @Q have < k operators.
As is =Ps. (i) Suppose vy, (A) = 1; then vy, (—P) = 1; so
by TK(=), vy, (P) = 0; so by assumption, I b‘;[&) Ps; so by
s-maximality, T '_1:; 0 —P,, where this is to say, I" l—; e As.
(ii) Suppose I I—; e Ag; then IV I—; 0 —P;; so by consistency,
I ;Kg) Ps; so by assumption, vy, (P) = 0; so by TK(—),
Uy, (mP) = 1, where this is to say, vy, (A4) = 1. So vy, (4) =1
Y Ay
Agis (P D Q)s. (i) Suppose vy, (A) =1 but I “ o As; then
Uy, (P D Q) =1 but I ;zé” (P D Q)s. From the latter,
by s-maximality, I I—; o) —(P D Q)s; from this it follows,
by simple derivations, that I I—; 0 P, and T” l_; 0 —Qs; s0
by consistency, I |7‘; e Qs; so by assumption, vy, (P) = 1
and v,,(Q) = 0; so b%f TK(D), vy, (P D Q) = 0. This is
impossible; reject the assumption: if vy, (4) = 1 then I I—; 0
A, :
(ii) Suppose I I—;Kg> As but vy, (A) = 0; then T I—J:';Kg) (P>
Q)s but v, (P D Q) = 0. From the latter, by TK(D),
Vw,(P) = 1 and v,,(Q) = 0; so by assumption, I” l_zjxﬁﬁ P,

and I V;ﬂﬁ Qs; but since I }_;zdj) (P> Q)s and IV I—;Kg) P,
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by (DE), I I—* e Qs. This is impossible; reject the assump-
tion: if TV I—* b As, then vy, (A) = 1. So vy, (A) = 1 iff

i)
I Fr o As.

As is OPs. (i) Suppose vy, (A) = 1 but TV *K(t) Asg; then
Uy, (OP) = 1 but T’ *K(t) OF;. From the latter, by s-maxi-
mality, I F* e —0OP;; so, since IV is a scapegoat set, there

is some t such that I I—*K(t s.t and TV H* i) =F;; from the

first, by construction, (ws,wt) € R; and from the second, by
consistency, I e P;; so by assumption, vy, (P) = 0; but

wsRwy; so by TK( ), Vu, (OP) = 0. This is impossible; reject

the assumption: if v, (A) =1, then I' - K@) As.
(ii) Suppose I" l_*K(t) As but v, (A) = 0; then I l_*K(” oPs

but vy, (OP) = 0. From the latter, by TK(0), there is some
wy € W osuch that wsRw; and v, (P) = 0; so by assumption,
I z:;ét) P;; but since ws,Rw;, by construction, I I—;K(t) s.t; SO
by (DE) I H* rl® P,. This is impossible; reject the assumption:

if I, As then vy, (A) = 1. So vy, (A) =1iff TV F* , As.

NED i)

Ag is [PIP;. (i) Suppose vy, (A) = 1 but IV ;1&> Ag; then

vy, (IPIP) = 1 but T’ ]’v" () [PIPs. From the latter, by s-maxi-

mality, I + K(t) —[P]Ps; so, since I is a scapegoat set, there

is some t such that I '_*K(t) t.s and TV * ol —P;; from the

first, by construction, (wt,ws) € R; and from the second, by
consistency, I o) P;; so by assumption, vy, (P) = 0; but
wiRwg; so by TK([P}), Uw, ([PIP) = 0. This is impossible;
reject the assumption: if vy, (A4) = 1, then TV '_*K“) As.

(ii) Suppose I l_*K<t) As but vy, (A) = 0; then T l—*Km [P1 P

but vy, ([PIP) = 0. From the latter, by TK([P]), there is some
wy € W osuch that wRws and vy, (P) = 0; so by assumption,
I’ }7‘;}&) P;; but since w; Rws, by construction, I I—;‘Kg) t.s;
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so by ([PIE), T +* e P,. This is impossible; reject the as-

sumption: if IV F rld) As then v, (A) = 1. So vy, (A) = 1 iff

' o As

(0) Ag is 0Ps. (i) Suppose vy, (A) = 1; then v, (0P) = 1; so by
TK(0), there is some w; € W such that wsRw; and vy, (P) =
1; so by assumption, IV +* ) P;; but since wsRwy, by con-

struction, I I_*K(t) s.t; so by (<>I) I’ l_*K(t) OPs; so TV * ) As.
(ii)Suppose I l—*K(t) Ag; then TV l_*K(t) 0Ps; so by (MN),

I’ l_*K(t) —0-P;; so, since I is a scapegoat set, there is some
t such that I F*Km s.t and IY F*K(t —=P; so by (DN),
I '_*K“) P;; so by assumption, th(P) = 1; but I }—*K(t) s.t;

so by construction, wsRwy; so by TK(0), vy, (0P) = 1; so
U, (A) = 1. So vy, (A) =1 IV K(t) As.

((P)) As is (P)Ps. (i) Suppose vy, (A) = 1; then v, ((P)P) = 1;
so by TK((P)), there is some w; € W such that w;Rws and
v, (P) = 1; so by assumption, I"/ F;K(t P;; but since w; Rws,

by construction, I" '_*K(“ t.s; so by (< pP)I), I’ l_*K(t) (P)Ps; so

' A
(ii)Suppose I I—*K(,) Ag; then T l_*K(t) (P)Ps; so by (TMN),

I/ * ) =[P]=Ps; so, since I is a scapegoat set, there is some

¢ such that I l_*K(t) t.s and I” I—K(t) —=P; so by (DN),

I’ '_*Km Py; so by assumption, th(P) =1; but I }—*K(t) t.s:
so by construction, w;Rws; so by TK((P)), vy, (0P) = 1; so

Vo (A) = 1. So vy, (A) =1 iff TV l_*K(t) As.

For any As, vy, (4) = 1iff TV H*

) As:

L2.9 If T'y is consistent, then (W, R, v) constructed as above is a K((f) in-
terpretation.

In each case, we need to show that the interpretation meets the con-
dition(s) a.. Suppose I'g is consistent.

(n) Suppose « includes condition n and ws € W. Then, by con-
struction, s is a subscript in I'; so by reasoning as follows,
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1T

21 |st A (g, AMn)

31| Te T is a tautology
4] 10T, 2,3 ¢l

50T, 2-4 AMn
6|-0-Ts, 5 MN

I’ '_1:;6“ —O0-Tg; but by L2.7, IV is a scapegoat set; so there
is a t such that I” '_J:K(t) s.t; so by construction, (ws, w;) € R

(%

and 7 is satisfied.

(p) Suppose « includes condition p and ws € W. Then by con-
struction, s is a subscript in I'; so by (AMp), TV F* , s.s; so
NED)

by construction, (ws,ws) € R and p is satisfied.

(o) Suppose « includes condition o and (ws,wy) € R. Then by
construction, I I—;Kg> s.t so by (AMo), TV I—;Kg) t.s; so by
construction, (wy, ws) € R and o is satisfied.

(1) Suppose « includes condition 7 and (ws,wy), (we, wy) € R.

Then by construction, I I—;Kg) s.t and T” l_;Kfﬁ t.u; so by

(AMr7), TV F* () $-u; so by construction, (ws,wy) € R and 7
is satisfied.

(6) Suppose « includes condition ¢ and (ws,w;) € R; then by
construction, I" I—; D) s.t; so, since I is a AMJ scapegoat

«

set, there is a u such that I” I—;‘Km s.u and TV I—;}ét) u.t; so

by construction, (ws,w,) € R and (wy,w) € R. So AMJ is
satisfied.

(¢) Suppose «a includes condition ¢ and (wy,ws), (w,,w) € R;
then by construction, IV +* ,, r.s and IV F* , r.t; so, since
NED NESD)

I is a AMyp scapegoat set, I H* o st I’ H @ s =t or
I '_;;N) t.s; so by construction, (ws,w;) € R, ws = wy, or

(wg, ws) € R. So AMy is satisfied.
(8)

MAP For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.

L2.10 If T'y is consistent, then v, () = 1.
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Suppose Iy is consistent and Ay € I'g; then by construction, Ay € I";
so I }—;ﬂw Ap; so since Iy is consistent, by L2.8, v,,(4) = 1. And

similarly for any Ay € I'g. But m(0) = wop; so vy, (To) = 1.

Main result: Suppose I’ ):K(t) A but T’ b/K(t) A. Then Ty FK(t) Ag but
Fo VNK(t 0- By (DN) if FQ B K<t) —|—|A0, then FO = K(t) Ao, SO FO VNK’(t
——Ap; so by L2.2, I'o U {—Ap} is consistent; so by L2.9 and L2.10, there

is a K" interpretation (W, R, v),, constructed as above such that v,,(T'g U
{=40}) = 1; 50 vy (0)(mA) = 1; 50 by TK(7), Vm(0)(A) = 0; 80 vy (To) = 1
and v,y (A) = 0; so by VKa*, I'g I;é;(t) Ag. This is impossible; reject the
assumption: if T’ |:K(t> A, then T l_NK<t) A

The argument for NKv is similar, and so omitted.

3 Non-Normal Modal Logics: Na, La (ch. 4)

3.1 Language / Semantic Notions

LXa Allow X to be either N or L, depending on context, where for both
Na and La, the basic language is the same as for Ka. The vo-
CABULARY comnsists of propositional parameters pg,pi ... with the
operators, =, A, V, D, =, O and ¢. Each propositional parameter is
a FORMULA; if A and B are formulas, so are =A, (A A B), (AV B),
(A D B), (A= B),0A and 0A. In addition, we introduce (A 3 B)
as an abbreviation for 0O(A D B).

IXa An INTERPRETATION is (W, N, R,v) where N C W. N is the set of
normal worlds. Constraints on access are as for K«. Thus, where «
is empty or indicates some combination of the following constraints,

n For any z, there is a y such that xRy extendability
p for all z, xRz reflexivity

o for all x,y, if Ry then yRx symmetry

T for all x,y, 2, if xRy and yRz then zRz transitivity

(W,N, R,v) is an X« interpretation when R meets the constraints
from a.

INa Furthermore, an Na interpretation, specifically, is one in which v is
a function such that for any w € W and p, v,(p) = 1 or v,(p) = 0,
as usual, but for any w ¢ N and P of the form DA, v, (P) = 0; and
for any w ¢ N and P of the form 0A, v,(P) = 1.
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ILa However, an Lo interpretation, specifically, is one in which v is a
function such that for any w € W and p, v,(p) = 1 or vy,(p) =0, as
usual, but for any w ¢ N and P of the form 0A or 0A, v,(P) =1 or
vy (P) = 0 (Truth values for modal formulas are arbitrarily assigned
at non-normal worlds).

TX then applies for expressions not assigned a value directly.

TX For complex expressions,

(=) vw(—A) =11if v,(A) =0, and 0 otherwise.
vy(ANAB) =1if v,(A) =1 and v,(B) = 1, and 0 otherwise.

)

) v

) vw(A\/ B) =11if v,(A) =1 or v, (B) =1, and 0 otherwise.
) vw(A

) vl

) v

U < >

Uy B) =1 if v,(A) =0 or v, (B) = 1, and 0 otherwise.
w(A=B)=1if v,(A) = v,(B), and 0 otherwise.

w(0A) =1 (w € N) if some x € W such that wRz has v;(A) =
1, and 0 otherwise.

vy(0A) =1 (w € N) if all z € W such that wRx have v, (A4) =
1, and 0 otherwise.

<

(
(
(
(

%

—~ —~
O
~—

For a set I' of formulas, v, (") = 1 iff v,,(A) = 1 for each A € T'; then,

VXa T' |, A iff there is no X« interpretation (W, N, R,v) and w € N
such that v, (I') = 1 and v,(A) = 0.

3.2 Natural Derivations: NNa, NL«

All the rules are as in NK « except that, for NN, whenever a subscript s.t
is introduced for Ol or 0K, either s is 0 or there is an additional premise of
the sort 0DAs or —0Ay; and, for NLa, whenever s.t is introduced for oI, OE,
01, or OE, s is just 0. The resulting change on these rules is small.

NN«
OIna s.t OENa | OPs
s.t
Py
P
obs
where s is 0 or appears in some accessible Qu
OAg or =0Ag; and t does not appear in any
undischarged premise or assumption Qu

where s is 0 or appears in some accessible
OAs or m0Ag; and t does not appear in any
undischarged premise or assumption and is
not u
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NL«

DILa s.t DELOL DPS
s.t
P, P
t
0P where s is 0

where s is 0; and ¢t does not appear in any
undischarged premise or assumption

Olia | Py OELq | 0Ps
s.t s.t
P
0P
where s is 0
Qu
Qu

where s is 0; and t does not appear in any
undischarged premise or assumption and is
not u

Derived rules carry over from NK«. Note that MN remains as well (but
restricted to subscript 0 in the L systems). In addition, the following are
derived rules for 31 and 3E in NKa, NN« and NLa.

P s.t
P,

Qt
(P Q) e

constraints on s and t as for the correspond-
ing NL, NN or NK UI rule.

Examples. We exhibit the new restrictions by considering derivations to
show one part of MN, that 0P, H,, "0—Fs. In the case where s # 0, the
derivation on the left violates the NN restriction on OE in its last line.

1|0Ps P 1|0Ps P
21 |s.t A (g, 1 0E) 2| |O-Ps A (¢, 1I)
3 %Pt 3 s.t A (g,1 0E)
4 Elﬁps A (C7 ﬁI) 4 Pt
5 -P; 2.4 0E 5 0P A (C, —\I)
R 3R 6 - P, 3,5 OE
7| | —O0-Ps 4-6 -1 7 P, 4R
8 | O Ps 1,2-7 0E ] —O-P. 5.7 I
9| | ~O0-Ps 2,1,3-8 0E
10| | O—Ps 2R
11 | ~O0—Ps 2-10 =1
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Supposing s is 0, each derivation is fine in NN and NL. However, if s is
other than 0, on the left, (8) is automatically bad in NL and violates the
NN restriction on ¢E, insofar as there is no accessible 0P, or —=0Ps. On the
right, the derivation works in NN even when s # 0, insofar as we make the
assumption for —I prior to that for 0E. Note that, in this case, we cite the
line with 0A; for 0E. Insofar as s # 0, the derivation would not do for NL.

3.3 Soundness and Completeness

Preliminaries: Begin with generalized notions of validity. For a model
(W,N, R,v), let m be a map from subscripts into W such that m(0) is
some member of N. Say (W, N, R,v),, is (W, N, R,v) with map m. Then,
where I is a set of expressions of our language for derivations, vy, (I') = 1 iff
for each As € T, vy (5)(A) = 1, and for each s.t € T', (m(s), m(t)) € R. Now
expand notions of validity to include subscripted formulas, and alternate
expressions as indicated in double brackets.

VXao* T |l As [s.t] iff there is no X« interpretation (W, N, R, v),, such
that v, (I') = 1 but vy, (A) = 0 [(m(s), m(t)) € R].

NXa* T' Ky, As [s.t] iff there is an NX« derivation of Ag [s.t] from the
members of I'.

These notions reduce to the standard ones when all the members of I'" and
A have subscript 0 (and so do not include expressions of the sort s.t). This
is obvious for NXa*. In the other case, there is a (W, N, R, v),, and w € N
that makes all the members of I'g true and Ay false just in case there is a
world in NV that makes the unsubscripted members of I' true and A false.
For the following, cases omitted are like ones worked, and so left to the
reader.

THEOREM 3.1 NX« is sound: IfT' bk, A then T =, A.

L3.1 IT CIVand ' =}, Ps [s.t], then IV |=¢, Ps [s.].
Reasoning parallel to that for L2.1 of NKa.

Main result: For each line in a derivation let P; be the expression on line ¢
and I'; be the set of all premises and assumptions whose scope includes line
i. We set out to show “generalized” soundness: if I' kP then I' 5} P.
Suppose I' i, P. Then there is a derivation of P from premises in I" where
P appears under the scope of the premises alone. By induction on line
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number of this derivation, we show that for each line i of this derivation,

L =

Basis:

Assp:
Show:

(=D)

P;. The case when P; = P is the desired result.

P1 is a premise or an assumption A [s.t]. Then I'y = {As} [{s.t}];
so for any (W, N, R, v)pm, vm(T'1) = 1iff v, (A) = 1 [(m(s),m(t)) €
RJ; so there is no (W, N, R, v}, such that v,(I'1) = 1 but vy, (A) =
0 [(m(s),m(t)) ¢ R]. So by VXa*, T'1 =, As [s-t], where this is
just to say, I'1 &5, P1.

For any i,1 <i < k,T'; =5, Pi.

I )%zka Pr.

P, is either a premise, an assumption, or arises from previous lines
by R, DI, DE, AL, AE, -1, —=E, VI, VE, =I, =E, oly,, 0E, ¢I, 0En,,
oly,, oEr,, ¢I,, ¢Er, or, depending on the system, AMn, AMp,
AMo or AMr. If Pp is a premise or an assumption, then as in the
basis, I'y, &5, Pk. So suppose Py arises by one of the rules.

If Py, arises by DE, then the picture is like this,

i|(AD B)s
J|As
k| Bs

where i,j < k and Py is Bs. By assumption, I'; = (A D B)s and
I'; =i, As; but by the nature of access, I' C I'y, and I'; C T'; so
by L3.1, I'y =i, (A D B)s and I'y, =, As. Suppose I'y B~ Bs;
then by VXa*, there is some X« interpretation (W, N, R, v),, such
that v, (Fg) = 1 but vy, (B) = 0; since v, (I'y) = 1, by VXa*,
Up(s)(A D B) = 1 and vp,(5)(A) = 1; from the former, by TX(D),
V() (A) = 0 01 ) (B) = 1; 80 ) (B) = 1. This is impossible;
reject the assumption: 'y =¥ Bs, which is to say, I'y &, Pk.

If Py arises by —I, then the picture is like this,

46



As

i| | Bt
J| | Bt
k “AS

where 7,j < k and Py, is ~A,. By assumption, I'; =f, B; and I'; =],
—By; but by the nature of access, I'; C I'y U{As} and I'; C T, U{A};
soby L3.1, 'y U{As} =5, By and 'y U{A;} =i, —B;. Suppose I'y, &5
—A,; then by VXa*, there is an X« interpretation (W, N, R, v), such
that v, (I'x) = 1 but vy, (mA) = 0; so by TX(), vpe)(4) = 1
s0 v (L) = 1 and vy,5)(A) = 15 s0 v (T U {As}) = 15 so by
VXa*, Uy (B) = 1 and vy, ;) (= B) = 1; from the latter, by TX(-),
Um()(B) = 0. This is impossible; reject the assumption: Ty =, =4,
which is to say, I'y =5, Pr.

(—E)

—

VI)

<

(
(=1
(=E

E)

(Olnq) If Py arises by Olnq, then the picture is like this,

s.t
J| | Ae
k|0OAs

where j < k, s is 0 or introduced in some accessible OFPs or 0P, t
does not appear in any member of Iy (in any undischarged premise
or assumption), and Py is 0A,. By assumption, I'; |=i, A¢; but by
the nature of access, I'; C I'; U {s.t}; so by L3.1, I'y U {s.t} =i, A;.
Suppose T'y, &5 0Ag; then by VXa*, there is an X« interpretation,
specifically an N« interpretation, (W, N, R, v),, such that v,,(I'y) = 1
but v,y (0A) = 0. If s is 0, then m(s) € N; if s is introduced in
some OP; on accessible line j, then by assumption, I'; =}, OFs; but
by the nature of access, I'; C I'y; so by L3.1, I'y |=f, 0OPs; so by
VXa*, vy (0P) = 1; so, since (W, N, R,v)m, is an Na interpreta-
tion, m(s) € N; if s is introduced in some —0Ps on an accessible line
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J, then by assumption, I'; =f, —0PF;; but by the nature of access,
['; € T'y; s0 by L3.1, T'y, =¢, ~0Ps; s0 by VXa™, v,(5)(=0P) = 1; so
by TX (=), Vm(s)(0P) = 0; so, since (W, N, R,v),, is an N interpre-
tation, m(s) € N; in any case, then, m(s) € N. So by TX(0O), there
is some w € W such that m(s)Rw and v,(A) = 0. Now consider a
map m’ like m except that m/(t) = w, and consider (W, N, R, v),,;
since ¢t does not appear in I'y, it remains that v, (I'y) = 1; and since
m/(t) = w and m/(s) = m(s), (m/(s),m'(t)) € R; 80 vy (T U{s.t}) =
1; so by VXa*, vy (A4) = 1. But m/(t) = w; so vy,(A) = 1. This
is impossible; reject the assumption: T'y & DA, which is to say,
T H‘a P.

(OE) If Py arises by OE, then the picture is like this,

1| 0As
7lst

k| A

where i,j < k and Py, is A¢. By assumption, I'; |=f, 0As and T'; =,
s.t; but by the nature of access, I'; C I'y and I'; C I'y; so by L3.1,
'y =5 DAs and Ty =5, s.t. Suppose T'y & Ay then by VXa*,
there is some X« interpretation, specifically an Na interpretation,
(W, N, R, v)y, such that vy, (T') = 1 but vy,,4)(A) = 0; since vy, (T'y) =
1, by VXa*, vy, (0A) = 1 and (m(s),m(t)) € R; from the first of
these, since (W, N, R, v),, is an N« interpretation, m(s) € N, and so,
by TX(0), any w such that m(s)Rw has vy, (A) = 15 80 vy (A) = 1.
This is impossible; reject the assumption: I'y, =5 Ay, which is to say,
I )%:fa Py

(oI)
(OENnq) If Py arises by 0Eng, then the picture is like this,
1| 0As

Ay
s.t

7| | Bu
k| Bu

where i, j < k, s is 0 or introduced in some accessible 0P or =0 P, t
does not appear in any member of 'y, (in any undischarged premise or
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assumption) and is not u, and Py is B,,. By assumption, I'; 5%, 0As
and I'; ! By; but by the nature of access, I'; C I'y and I'; C
'y U{As s.t}; so by L3.1, Ty =8, 0As and T'y, U {A4, 5.t} =, Bu.
Suppose 'y }&%, By; then by VXa*, there is an X« interpretation,
specifically an N interpretation, (W, N, R, v), such that v,,(I'y) = 1
but v, (B) = 0. If s is 0, then m(s) € N; if s is introduced in
some OPs on accessible line h, then by assumption, I';, = OP;; but
by the nature of access, I';, C I'y; so by L3.1, I'y i, 0OPFs; so by
VXa*, vps)(0P) = 1; so, since (W, N, R,v), is an Na interpreta-
tion, m(s) € N; if s is introduced in some —0P; on an accessible line
h, then by assumption, I', = —0Ps; but by the nature of access,
[p € Tg; s0 by L3.1, Ty, =, =0Ps; so by VXa™, vy, (=0P) = 1; so
by TX(=), Up(s)(0P) = 0; so, since (W, N, R,v), is an N interpre-
tation, m(s) € N; in any case, then, m(s) € N. Since v,,(I'y) = 1,
by VXa*, vy (04) = 1; so, since m(s) € N, by TX(¢), there is
some w € W such that m(s)Rw and v,(A) = 1. Now consider a
map m’ like m except that m/(t) = w, and consider (W, N, R, v),,/;
since ¢t does not appear in 'k, it remains that v, (I'y) = 1; and since
m'(s) = m(s) and m/(t) = w, vy (A) = 1 and (m'(s),m'(t)) € R;
80 Vpy (T U {A¢, 5.t}) = 15 so by VXa™, v,y (B) = 1. But since
t # u, m'(u) = m(u); 0 Vp(y)(B) = 1. This is impossible; reject the
assumption: I'y =i B, which is to say, I'y =, Pr.

(OlLq) If Py arises by Olzq, then the picture is like this,

s.t
J| | A
k| DAs

where j < k, s is 0, t does not appear in any member of 'y (in any
undischarged premise or assumption), and Py is 0As. By assumption,
I'; =i, As but by the nature of access, I'; C I'y U {s.t}; so by
L3.1, Ty U {s.t} i A Suppose I'y [&i 0OAg; then by VXa*,
there is an X« interpretation (W, N, R,v),, such that v,,(I'y) = 1
but vy, (0A) = 0. Since s is 0, m(s) € N. So by TX(O), there
is some w € W such that m(s)Rw and v,(A) = 0. Now consider a
map m’ like m except that m/(t) = w, and consider (W, N, R, v),;
since ¢t does not appear in I'y, it remains that v, (I'y) = 1; and since
m/(t) = w and m/(s) = m(s), (m/(s),m'(t)) € R; so v,y (T U{s.t}) =
1; so by VXa*, vy (A) = 1. But m'(t) = w; so vy(A) = 1. This
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is impossible; reject the assumption: T'y & DA, which is to say,
Iy = P

(OELq) If Py arises by OEr,, then the picture is like this,

1| 0As
7lst

k| A

where i,j < k, s is 0, and Py, is A;. By assumption, I'; =F DA, and
I'; =i, s.t; but by the nature of access, I'; C I'y, and I'; C I'y; so by
L3.1, T =i, 0Asand IT'y, =, s.t. Suppose I'y, &5, Ay; then by VXa*,
there is some X« interpretation (W, R,v),, such that v, (I'y) = 1
but v,y (A) = 0; since v (L) = 1, by VXa*, v, (0A) = 1 and
(m(s), m(t)) € R; from the first of these, since s is 0 and so m(s) € N,
by TX(0), any w such that m(s) Rw has vy, (A) = 15 80 vy (A) = 1.
This is impossible; reject the assumption: I'y =5 A, which is to say,
T ’%;ka P.

(OILQ)
(0ELq) If Py arises by 0Er4, then the picture is like this,
i| 0As

Ay
s.t

J| | Bu
k| Bu

where 4,7 < k, s is 0, t does not appear in any member of I'j (in
any undischarged premise or assumption) and is not u, and Py is B,,.
By assumption, I'; =}, 0As and T'; |=¢, B,; but by the nature of
access, I'; € I'y and I'; C I'y U {4y, s.t}; so by L3.1, I'y, =5, 0As
and T'y U {As, st} =i, By. Suppose I'y [&: By then by VXa*,
there is an X« interpretation (W, N, R, v),, such that v,,(I'y) = 1
but vy, (B) = 0. Since s is 0, m(s) € N. Since vy, (') = 1,
by VXa*, vy, (0A4) = 1; so, since m(s) € N, by TX(¢), there is
some w € W such that m(s)Rw and v, (A) = 1. Now consider a
map m’ like m except that m/(t) = w, and consider (W, N, R, v),,;
since ¢t does not appear in 'k, it remains that v, (I'y) = 1; and since
m'(s) = m(s) and m'(t) = w, vy )(A) = 1 and (m/(s),m'(t)) € R;
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80 Vpy (T'y U {Ay, 5.t}) = 1; so by VXa™*, v,y (B) = 1. But since
t # u, m'(u) = m(u); 80 vy (B) = 1. This is impossible; reject the
assumption: I'y ! B, which is to say, 'y =, Pr.

(AMpn) If Py arises by AMpn, then the picture is like this,

s.t
J| | Au
k| Ay

where j < k, t does not appear in any member of I'y, (in any undis-
charged premise or assumption) and is not u, and Py is A,. Where
this rule is included in NX«a, X« includes condition n. By assump-
tion, I'; !, Ay; but by the nature of access, I'; C I'y U {s.t}; so
by L3.1, Ty U {s.t} =i A,. Suppose I'y }&: Ay; then by VXa*,
there is an X« interpretation (W, N, R, v),, such that v,,(I'y) = 1
but vm(u)(A) = 0. By condition 7, there is a w € W such that
m(s)Rw; consider a map m' like m except that m’(t) = w, and con-
sider (W, N, R,v),,,/; since t does not appear in I'y, it remains that
U (Tx) = 1; and since m/(s) = m(s) and m/(t) = w, (m/(s),m/(t)) €
R; 50 vy (T U {s:t}) = 15 so by VXa*, vy, (A) = 1. But since
t # u, m'(u) = m(u); S0 Vy(y)(A) = 1. This is impossible; reject the
assumption: I'y =i Ay, which is to say, I'y =5, Pr.

(AMp)
(AMo)
(AM7) If P arises by AM7, then the picture is like this,

i|s.t
jltu

k|su

where i, j < k and Py, is s.u. Where this rule is in NXa, X« includes
condition 7. By assumption, I'; |} s.t and I'; =} t.u; but by
the nature of access, I C T'y, and I'; C I'y; so by L3.1, I'y, =,
s.t and Ty |, t.u. Suppose Ty }&f s.u; then by VXa*, there is
some X« interpretation (W, N, R,v),, such that v, (I'y) = 1 but
(m(s),m(u)) ¢ R; since vy, (I'y) = 1, by VXa*, (m(s),m(t)) € R
and (m(t),m(u)) € R; and by condition 7, for any (z,y), (y,2) €
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R, (z,z) € R; so (m(s),m(u)) € R. This is impossible; reject the
assumption: I'y ! s.u, which is to say, I'y & Pg.

For any i, I'; =5, Ps.

THEOREM 3.2 NXa is complete: if I' |5, A then T F, A.

Suppose I' |, A; then Iy =, Ap; we show that I'g K, Ap. Again, this
reduces to the standard notion. For the following, fix on some particular
constraint(s) a. Then definitions of consistency etc. are relative to it.

CoN TI' is CONSISTENT iff there is no A such that I' , As and I' .,
—As.

L3.2 If s is 0 or appears in I', and I' {4, =P, then I' U {Ps} is consistent.

Suppose s is 0 or appears in I' and T" t4, —Ps but I' U {Ps} is
inconsistent. Then there is some A; such that I' U {Ps} K, A: and
I'U{Ps} K, —A:. But then we can argue,

1T

2| | Ps A (¢, 1I)

3| | As from I' U { P}
4| | A from ' U {Ps}
51 —Ps 2-4 =1

where the assumption is allowed insofar as s is either 0 or appears in

I'; so I' Ky, ~Ps. But this is impossible; reject the assumption: if s

is 0 or introduced in I" and I" t4, —Ps, then I' U { P} is consistent.

L3.3 There is an enumeration of all the subscripted formulas, P1 Ps...

Proof by construction as for L.2.3 of NKa.
Max I'is s-MAXIMAL iff for any Ay either I' K, As or I' Ky, —As.

SGTNq I'is an Na SCAPEGOAT set iff for every formula of the form (0P A
—0A)s, if I' Ky, (OPA—0OA), then there is some ¢ such that I' 5, s.¢
and I' Iy, —A;.

SGTr I'is an La SCAPEGOAT set iff for every formula of the form —0OAy, if
I' . "0Ap then there is some ¢ such that I' =y, 0.t and I' b, —A;.
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C(I")Nq For T’ with unsubscripted formulas and the corresponding Ty, we

construct I as follows. Set Qy = I'g. By L3.3, there is an enumera-
tion, P1,Po ... of all the subscripted formulas; let £y be this enumer-
ation. Then for the first Ag in &;_1 such that s is 0 or included in
Q;_1, let &; be like &;_1 but without Ay, and set,

(1) Qi = Qi—l if Qi—l l_I\TNa _\AS
Qi = Q1 U{As} if Q1 K. D As

and

(i) Q= Q- if As is not of the form (0Q A —~OP;)

(iii)  Q; = Q» U{s.t,~P;} if A is of the form (0Q A —~OP),
-where t is the first subscript not included in €2;«

then

C(I") Lo For T' with unsubscripted formulas and the corresponding Ty, we

L3.4

construct IV as follows. Set Qy = I'g. By L3.3, there is an enumera-
tion, P1, Py ... of all the subscripted formulas; let £y be this enumer-
ation. Then for the first Ag in &;_1 such that s is 0 or included in
Q;_1, let &; be like &;_1 but without Ay, and set,
(1) Qi = Qi,1 if Qi,1 '_I:TkLa _|AS
Qe = Q1 U{A} i Qg 2 —A,
and
(ii) Q; = Qy» if A, is not of the form —0OF,
(iii)  Q; = Qi+ U{0.t,~P} if A is of the form —OF,
-where t is the first subscript not included in £2;+
then
I =Uiso

Note that there is always sure to be a subscript ¢ not in ;« insofar
as there are infinitely many subscripts, and at any stage only finitely
many formulas are added — the only subscripts in the initial {2y being
0. Suppose s is introduced in I"; then there is some §2; in which it is
first introduced; and any formula P; in the original enumeration that
has subscript s is sure to be “considered” for inclusion at a subsequent
stage.

For any s included in IV, T is s-maximal.

Suppose s is included in TV but I"” is not s-maximal. Then there is
some Ay such that IV H4, A, and TV tA, —A,. For any i, each
member of ;1 is in I'; so if Q;—1 B}, A, then TV Bf, —Ag; but
IV B, —As; so Qi1 KA, —As; so since s is included in IV, there
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is a stage in the construction that sets Qi+ = Q;_1 U {As}; so by
construction, As € I'; so I'" K, As. This is impossible; reject the
assumption: I' is s-maximal.

L3.5n. If I'g is consistent, then each §2; is consistent.

Suppose I'y is consistent.

Basis: Qg =T'g and I'g is consistent; so )y is consistent.
Assp: For any i,0 <14 < k, {; is consistent.
Show: €y, is consistent.
Q is either (1) Qp_1, or (i) Qg = Qg1 U {As} or (iii) Qg+ U
{S.t, _'Pt}~
(i) Suppose Q is Q_1. By assumption, ;1 is consistent; so
is consistent.
(ii) Suppose Qi is Qpx = Q1 U{As}. Then by construction, s is
0 or in Q_1 and Qx_1 Fy, —As; so by L3.2, Q1 U {As} is
consistent; so {2 is consistent.
(iii) Suppose Qf is Qp« U {s.t,—FP;}. In this case, as above, Qp, is
consistent and by construction, (0Q A -0OP)s € Qg+. Suppose
Q. is inconsistent. Then there are A, and —A, such that
Qg U {s.t, 7P} Fine Au and Qp« U {s.t, 2P} Fiy, —Au. So
reason as follows,

1| Qg

2 (DQ A —|DP)$ from Q=

3| 0Qs 2 AE

41 |s.t A (g, Olna)

5 -P; A (C, _|E)

6 A, from Qg+ U {s.t, =P}
7 A, from Qp= U {s.t, 7P}
8| | P 5-7 -E

9| 0Ps 3,4-8 Olna

where, by construction, ¢ is not in Qg«. So Qg+ Hiy, OFs; but
(OQ N —OP)s € Qp+; so with (AE), Qg+ Hiy, "0OPs; so Q- is
inconsistent. This is impossible; reject the assumption: 2y is
consistent.

For any ¢, §; is consistent.
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L3.5;, If Ty is consistent, then each §2; is consistent.

Suppose I'y is consistent.

Basis: Qg = 'y and I’y is consistent; so {2 is consistent.
Assp: For any i,0 <1 < k, {; is consistent.
Show: €, is consistent.
QO is either (i) Qp_1, or (ii) Qg+ = Qg1 U {As} or (iii) Qp+ U
{0.t,~P}.
(i) Suppose Qy is Qx_1. By assumption, Q1 is consistent; so {2
is consistent.
(ii) Suppose Qy is Qg+ = Qi1 U{As}. Then by construction, s is
0 orin Q1 and Qg1 KA, —As; so by L3.2, Q1 U{As} is
consistent; so {2 is consistent.
(iii) Suppose Qi is Qi+ U {0.t,—F;}. In this case, as above, Q.
is consistent and by construction, -0F) € Qi+. Suppose

is inconsistent. Then there are A, and —A,, such that Qp+ U
{0.t,= P} K, Ay and Qg U{0.t, - P} Ky, = Ay, So reason as

follows,

1| Qg+

2 0.t A (g, DILa)

3 _\Pt A (C, _|E)

4 A, from Q= U {0.t, =P}
5 -A, from Qp+ U {0.t,—P:}
6| | P 3-5 —E

7|0Ps 2-6 Ol

where, by construction, ¢ is not in Q«. So Qi+ H;,, OPFs; but
—0FPy € Qpx; so Qe+ H,, "0F; so Q- is inconsistent. This is
impossible; reject the assumption: {2 is consistent.

For any i, ); is consistent.

L3.6 If T’y is consistent, then I is consistent.

Suppose I’y is consistent, but I is not; from the latter, there is some
P, such that I B, Ps and IV 1, —Ps. Consider derivations D1 and
D2 of these results, and the premises P; ... P; of these derivations. By
construction, there is an {2 with each of these premises as a member;
so D1 and D2 are derivations from €2;; so ) is not consistent. But
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since ['g is consistent, by L3.5, € is consistent. This is impossible;
reject the assumption: if I'y is consistent then I" is consistent.

L3.7no If Ty is consistent, then I is an N« scapegoat set.

Suppose Ty is consistent and I" K, (0Q A -OP)s. By L3.6, I is
consistent; and by the constraints on subscripts, s is included in I".
Since I" is consistent, I 1A, —(0Q A —0OP)s; so there is a stage in
the construction process where Q;+ = Q;_1 U {(0Q A -OP)s} and
Q; = Q= U{s.t,~P;}; so by construction, s.t € I and =P, € T"; so
I, st and TV i, =P So I is an Na scapegoat set.

NNo

L3.75o If T is consistent, then I' is an La scapegoat set.

Suppose Ty is consistent and I ¥, —0OFy. By L3.6, I is consistent;
and subscript 0 is included in TV. Since I'" is consistent, I 14, ——0Py;
so there is a stage in the construction process where Q;+ = ;1 U
{-0Py} and Q; = Q;» U{0.t,~P:}; so by construction, 0.t € T” and
P el’;sol" Hy, 0.t and IV b, =P, SoI” is an La scapegoat set.

C(I)Na We construct an interpretation I = (W, N, R,v) based on I" as

follows. Let W have a member w, corresponding to each subscript
s included in I". Then set ws € N iff there is some @ such that
IV By, 0Qs; for any ws ¢ N and any A of the form OP or 0P, set

U, (OP) = 0 and vy, (0P) = 1; set R = {({ws, ws) |ws € (W — N)} U
{{ws,wy) | T" By, st} and vy, (p) = 1iff TV B ps.

Note that wg € N: By a simple derivation, F¥, 0T¢; so IV H, OTo;
so wg € N.

C(I)ra We construct an interpretation I = (W, N, R,v) based on I” as

L3.8

follows. Let W have a member w; corresponding to each subscript
s included in IV. Then set ws € N iff s is 0; for any ws ¢ N and
any A of the form OP or 0P, set v, (A) = 1 iff TV K}, Ag; set
R = {{ws, ws)|ws € (W —=N)}U{{ws, wy) [T 1, s.t}; and vy, (p) = 1
iff IV B ps.

If Ty is consistent then for (W, N, R, v) constructed as above, and for
any s included in I, v, (A) =1 iff TV K} As.

Suppose I'g is consistent and s is included in IV. By L3.4, I is s-
maximal. By L3.6 and L3.7, I is consistent and an X« scapegoat
set. Now by induction on the number of operators in Ag,
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Basis: If As has no operators, then it is a parameter ps; and by

Assp:

Show:

construction, vy, (p) = 1 iff IV K, ps. So vy, (A) = 1 iff
IV, As.

For any i, 0 < i < k, if A5 has i operators, then v,,, (A) = 1 iff
I B As.

If As has k operators, then v, (A) =1 iff TV B} As.

If A, has k operators, then it is of the form =P, (P D Q)s,
(PAQ)s, (PVQ)s, (P =Q)s, OPs or 0P where P and @ have
< k operators.

A is =P;. (i) Suppose vy, (A) = 1; then vy, (—P) = 1; so
by TX(=), vy, (P) = 0; so by assumption, IV 1A, Ps; so by
s-maximality, IV Ff_ —Ps, where this is to say, IV B As.
(ii) Suppose IV K, Ag; then TV B —Ps; so by consistency,
I W Ps; so by assumption, v, (P) = 0; so by TX(-),
Uy, (P) = 1, where this is to say, vy, (A) = 1. So vy, (4) =1
i T 2 As.

Agis (P D Q)s. (i) Suppose vy, (A) = 1 but I 14, As; then
Vw, (P D Q) =1but I'"tA,. (P D Q)s. From the latter, by s-
maximality, IV H, (P D Q)s; from this it follows, by simple
derivations, that IV B}, Ps and IV B —Qs; so by consistency,
It Qs; so by assumption, vy, (P) =1 and v, (Q) = 0; so
by TX(D), vy, (P D Q) = 0. This is impossible; reject the
assumption: if v, (A) =1 then IV i As.

(ii) Suppose IV Ky, As but vy, (A) = 0; then IV B (P D Q)s
but vy, (P D Q) = 0. From the latter, by TX(D), vy, (P) =1
and vy, (Q) = 0; so by assumption, IV K}, Ps and I" A Qs;
but since IV B, (P D Q)s and IV K, Ps, by (DE), IV B,
Qs. This is impossible; reject the assumption: if IV B, As,
then v, (A) = 1. So vy, (A) =1 iff IV ¥, As.

Ag is OP;. (i) Suppose vy, (A) = 1 but IV A, As; then
vy, (OP) = 1 but I 14, 0Ps. From the former, by construc-
tion, ws € N; so by construction, there is some @ such that
I B, 0Qs; from the latter, by s-maximality, IV ¥, —0OPs; so
by (AL), IV K\, (O0Q A —OP)s; so, since I is an N« scapegoat
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set, there is some ¢ such that IV b5 s.t and I K, —F;; from
the first, by construction, (ws, w;) € R; and from the second,
by consistency, I tA., Pr; so by assumption, v, (P) = 0; but
wsRwy; so by TX(O), vy, (OP) = 0. This is impossible; reject
the assumption: if v, (A) =1, then I K, As.

(ii) Suppose I iy, As but vy, (A) = 0; then IV K, OPs but
Uy, (OP) = 0. From the former, by construction, ws € N; so
with the latter, by TX (D), there is some w; € W such that
wsRw; and vy, (P) = 0; so by assumption, I 1Ay P but
since wsRw; and ws € N, by construction, I'' 5, s.t; so by
(OENa), IV Hiy, Pi- This is impossible; reject the assumption:
if IV by, As then vy, (A) = 1. So vy, (4) = 1iff T B, As.

As is OP,. If ws € N, then by construction, v, (A) = 1 iff
I B! As. So suppose ws € N; then by construction, s is 0.
(i) Suppose vy, (A) =1 but IV 1A, Ap; then vy, (0P) =1 but
IVt OFy. From the latter, by s-maximality, IV K, —0Pp;
so, since I is an Lo scapegoat set, there is some ¢ such that
I 1, 0.t and TV |, —P; from the first, by construction,
(wp,wy) € R; and from the second, by consistency, I t4 _ P;
so by assumption, v, (P) = 0; but woRw; so by TX(D),
Uy, (OP) = 0. This is impossible; reject the assumption: if
Vo (A) =1, then TV K, Ay.

(ii) Suppose IV H¥ Ag but vy, (4) = 0; then IV K, 0OF
but v, (OP) = 0. wy € N; so with the latter, by TX(D),
there is some wy; € W such that woRw; and vy, (P) = 0; so
by assumption, IV 14~ P; but since woRw; and wy € N, by
construction, IV Kf ~0.t; so by (0ELs), IV K, P. This is
impossible; reject the assumption: if IV kAo then vy, (A4) =
1. So vy, (A) =1if IV K, As.

Ag is OP;. (i) Suppose vy, (A) = 1 but IV Ay, As; then
Vw, (0P) = 1 but It 0Ps; from the latter, by s-maximality,
I B, —0Ps; so by (MN), IV B! 0-Fs; so by construction,
ws € N; so, with the former, by TX(0), there is some wy € W
such that ws Rw; and vy, (P) = 1; so by assumption, IV H¥. P;
but since wsRw; and wg € N, by construction, I i, s.t; so
by (¢Ina), IV By, 0Ps. This is impossible; reject the assump-
tion: if vy, (A) =1 then IV ¥, As.

(ii) Suppose I K., As but vy, (A) = 0; then I K., OPs
but vy, (0P) = 0. From the latter, by construction, ws € N;

o8



so by construction, there is some @ such that IV Bl 0Qs;
from the former, by (MN), I K., ~0—Fs; so by (AI), IV k..,
(0Q N —0-P)g; so, since IV is an Na scapegoat set, there is
some t such that TV ¥, s.t and IV 1) ——P; from the first, by
construction, (ws, wt) € R; from the second, by (DN), IV ¥
Py; so by assumption, vy, (P) = 1; so since wsRw; by TX(0),
Uy, (0P) = 1. This is impossible; reject the assumption: if
U, (A) = 1 then IV K}, As. So vy, (A) =1 iff TV i, As.

(0)pa As is OPs. If ws ¢ N, then by construction, v,, (A4) = 1 iff

IV K. As. So suppose ws € N; then by construction, s is 0.
(i) Suppose vy, (A) = 1 but I t4, Ag; then vy, (0P) =1 but
IV B4 O0Pp; from the latter, by s-maximality, IV K —0P;
Since wg € N, with the former, by TX(¢), there is some
wy € W osuch that woRw; and vy, (P) = 1; so by assumption,
I ., P but since woRw; and wy € N, by construction,
Iy, 0.t; so by (0Ina), IV ., 0Pp. This is impossible; reject
the assumption: if v,,,(A) =1 then I'" K, Ay.
(ii) Suppose IV ¥ Ag but vy, (A) = 0; then IV K, 0P but
Vo (OP) = 0. From the former, by (MN), IV k¥ = —0O-Fp;
so, since I is an Lo scapegoat set, there is some ¢ such that
Iy, 0.t and TV 1 ——=P; from the first, by construction,
(wo,wy) € R; from the second, by (DN), IV &} P so by
assumption, vy, (P) = 1; so since woRw; by TX(0), vy, (0P) =
1. This is impossible; reject the assumption: if vy, (A) = 1
then I 15, Ao. So vy, (A) =11 TV ) As.

For any Ag, vy, (A) = 1iff IV B, As.

L3.9 If Ty is consistent, then (W, N, R,v) constructed as above is an X«
interpretation.

In each case, we need to show that the interpretation meets the con-
dition(s) a.. Suppose I'g is consistent.

(n)Na Suppose « includes condition n and ws € W. If ws € N, then
by construction, (ws,ws) € R and 7 is satisfied. So suppose
ws € N. Then by construction, there is some ) such that

I .., 0Qs; so by reasoning as follows,
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1|1’

2| 0Qs from T

3| |st A (g, AMn)

411 Ty T is a tautology
5| [0Ts 3,4 ¢l

6|0Ts 3-5 AMn

7| -0-Ts 6 MN

8| (BQ A —-0=T)s 2,7 NI

I B, (0Q A —0~T)g; but by L3.7, I is an Na scapegoat
set; so there is a ¢ such that IV K, s.t; so by construction,
(ws,wt) € R and 7 is satisfied.

(n)La Suppose «a includes condition n and ws € W. If ws € N, then
by construction, (ws,ws) € R and 7 is satisfied. So suppose
ws € N. Then by construction, s is 0; so by reasoning as

follows,

1|1

2| (0.t A (g, AMn)
3T T is a tautology
4| |0To 3,4 01

6|0To 3-5 AMn

51 =0-To 6 MN

I Y —0-To; but by L3.7, IV is a La scapegoat set; so there
is a t such that I'" K% 0.t; so by construction, (wg,w;) € R
and 7 is satisfied.

(p) Suppose « includes condition p and ws € W. Then by con-
struction, s is a subscript in I”; so by (AMp), I B, s.s; so
by construction, (ws, ws) € R and p is satisfied.

(o) Suppose « includes condition o and (wg, wy) € R. If ws = wy
then o is satisfied automatically. So suppose ws; # wy; then
by construction, I K, s.t; so by (AMo), TV B, t.s; so by
construction, (w¢, ws) € R and o is satisfied.

(1) Suppose « includes condition 7 and (ws, wy), (we, wy,) € R. If
Ws = W OF Wy = Wy, then 7 is satisfied automatically. So sup-
pose wg # wy and wy # w,; then by construction, I . s.t

and IV ¥, t.u; so by (AM7), IV ¥, s.u; so by construction,
(ws,wy) € R and 7 is satisfied.

MAP For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.
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L3.10 If I'y is consistent, then v,,(Iy) = 1.

Suppose Iy is consistent and Ay € I'g; then by construction, Ay € I";
so IV K., Ao; so since Ty is consistent, by L3.8, vy,(4) = 1. And
similarly for any Ag € I'g. But m(0) = wo; so vy, (o) = 1.

Main result: Suppose I' =, A but I' K., A Then Ty ki, Ao but
Lo v Ao- By (DN), if I'g Hy, ==Ao, then I'g Fy,, Ao; so I'o Ay, == Ao; so
by L3.2, TgU{—Ap} is consistent; so by L3.9 and L3.10, there is an X« in-
terpretation (W, N, R, v),, constructed as above such that v,,(FgU{—-40}) =
1; 80 Up(0)(mA) = 1; so by TX(=), vy0)(A4) = 0; so vp(lg) = 1 and
Um(0)(A) = 0; so by VXa*, Ty &, Ag. This is impossible; reject the as-
sumption: if I' 5 A, then 'k, A.

4 Conditional Logics: Cx (ch. 5)

4.1 Language / Semantic Notions

LCx The VOCABULARY consists of propositional parameters pg, p; ... with
the operators, =, A, V, D, =, 0, ¢ and >. Each propositional param-
eter is a FORMULA; if A and B are formulas, so are =4, (A A B),
(AV B), (ADB), (A= B),0A, 0A and (A > B).

ICx Where S is the set of all formulas in the language, an INTERPRE-
TATION is (W, {Ra | A € $},v) where W is a set of worlds, and
v assigns 0 or 1 to parameters at worlds. The middle term is a
set of access relations: for any formula A, there is an access rela-
tion R4 which says which worlds are A-accessible from any w. Say
fa(w) ={x € W|wRax}, and [A] = {w]|vy(A) = 1}. Then, where z
is empty or indicates some combination of the following constraints,

(1) fa(w) C [4]

(2) If w € [A], then w € fa(w)

(3) If [A] # ¢, then fa(w) # ¢

(4) If fa(w) € [B] and fp(w) C [A], then fa(w) = fp(w)
(5)

(6)

(7)

5) If fa(w) N [B] # ¢, then fanp(w) C fa(w)
6) If x € fa(w) and y € fa(w), then x =y
7) If x € [A], and y € fa(x), then z =y
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(W,{Ra | A € 3},v) is a Cr interpretation when it meets the con-
straints from z. System C has none of the extra constraints; C'+ is
C with constraints (1) - (2); CS is C' with constraints (1) - (5); C1
is C' with constraints (1) - (5) and (7); C2 is C' with constraints (1)

- (5) and (6).

TC For complex expressions,

(7) vw(—A) =11if v, (A) =0, and 0 otherwise.
(A) vw(AAB)=1if v,y(A) =1 and v, (B) = 1, and 0 otherwise.
(V) vw(AV B) =1if vy (A) =1 or vy (B) =1, and 0 otherwise.
(D) vw(A D B)=11if v,(A) =0 or v,(B) =1, and 0 otherwise.
(=) vw(A = B) =1if v,(A) = vy(B), and 0 otherwise.
(0)y vy (0A) =1 if some x € W has v;(A) = 1, and 0 otherwise.
(0)y vw(OA) =1if all z € W have v;(A) = 1, and 0 otherwise.

(

(>) vw(A > B)=1iff all x € W such that wR sz have v;(B) = 1.

~—
i~

For a set I' of formulas, v, (I') = 1 iff v,,(A) = 1 for each A € T'; then,

VCx I' |5, A iff there is no Cz interpretation (W,{R4 | A € S}, v) and
w € W such that v,,(I") = 1 and v,,(A) = 0.
4.2 Natural Derivations: NCz

Derivation systems NCz take over -, D, A, V, =, 0 and ¢ rules from NKuv.
Thus modal rules are,

olv | | Ty OEv | 0Ps
Py
P
oPs Qu
where t does not appear in any undischarged Q
u

premise or assumption . .
where t does not appear in any undischarged

premise or assumption and is not u

oEv | OPs olv | Py

P, O Ps

For >, let there be new subscripted expressions of the sort A,/ — which
intuitively say wsRaw;. Expressions of this sort do not interact with other
formulas except as follows (and so do not interact with rules of NKv):
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>I Ps/t

Q:
(P>Q)s

where t does not appear in any undischarged
premise or assumption

>SE| (P> Q)s
Ps/t

o

FE|=(P>Q)s
Ps/t

_‘Qt

Ru
Ry

where t does not appear in any undischarged
premise or assumption and is not u

}I Ps/t
ﬁQt

(P >Q)s

Corresponding to constraints (1) - (7) are AMp1, AMp2, AMs1, AMs2, AMs3,
AMRs, and two forms of AMDL. For AMRS A ;) is an expression of the sort
Qt; Qs Quy or Qyyy With a subscript ¢, and A, is like A(;) except that
some instance(s) of t are replaced by w. And similarly for AMDL.

AMP1 | P,y AMp2 | P,

P, Py

AMss | (P > —Q)s
(P/\Q)s/t

Ps/t

AMRs | P/,

AMsi | 0P AMsz2 | (P > Q)s
Ps/t (Q > P)S
Ps/t
Qu
Qu Qe
where t does not appear in
any undischarged premise
or assumption and is not u
AMDbL | P, Ps
Ps/u Ps/t Ps/t
A As)
o A A

In these systems, every subscript is 0, appears in a premise, or appears in
the t-place of an assumption for olv, 0Ev, >I, #E or AMsi1. Intuitively there
are plus rules, rules for the sphere conception, and rules for the Stalnaker
and Lewis alternatives. NC includes just the rules of NKv plus >I, >E, #1
and #E (but, as below, the latter two are derived). Then,

NC+ has the rules of NC' plus AMp1, AMPp2

NCS has the rules of NC plus AMp1, AMp2, AMs1, AMs2, AMs3

NC'1 has the rules of NC plus AMp1, AMp2, AMs1, AMs2, AMs3, AMDL
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NC?2 has the rules of NC plus AMp1, AMp2, AMs1, AMs2, AMs3, AMRS

Derived rules carry over from NKa. Where I' is a set of unsubscripted
formulas, let I'y be those same formulas each with subscript 0. Then,

NCX I' b, A iff there is an NCz derivation of Ay from I'y.

Examples. As first examples, A1 and #E are derived rules in NC, and so
in any NCT.

#1 #E
1| P, P L ~(P>Q)s P
2| 7Q: P 2| |-R. A (¢, ~E)
3 (P > Q)S A (C, —\I) 3 %Ps/t A (g7 >I)
4| Q. 1,3 >E
) 4 - A C, -E
5|0 R Q: ( )
6| (P> Q)s 3-5 I : from 1,3,4
5 Ry as for E
6 R 2R
71| Q: 4-6 —E
8| [(P>Q)s 3-7 >1
9/ [-(P>Q)s 1R
10 | Ry, 2-9 —E

As final examples, here is a case in NCS using AMs3 and then again in NC2
but without appeal to AMs3 (so that AMSs3 is not necessary in NC2 for the
result). This last case is a bit messy, but should nicely illustrate use of the
rules.
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A>B,—|(A>—\C) Fves (A/\C)>B

A>B,=(A>-C)byes (ANC) > B

1[(A> B)o P 1[(A> B)o P
2 :(A > —\C)o P 2 :(A > —\C)o P
3 [(ANC)on A (g, >1) 3| | Aot A (g, 2 #E)
4| [ Agp 2.3 AMss 4 G
5| | B 1,4 >E 51| (AAC)oy2 A (g, >])
6[[(ANC) > Blo 3-5 >1 6 (AN C)oys A (g, >1)
7 (AAC)s 6 AMp1
8 As 7 NE
9 [(ANC) > Ao 6-8 >1
10 | Aoys A (g, >I)
11 Az 10 AMp1
12 —|—\Cg 3,10,4 AMRs
13 Cs 12 DN
14 (ANC); 11,13 AT
5[ [[A>(AAC)o  10-14 >I
16| | [ Aoye 9,15,5 AMs2
17 Bs 1,16 >E
18| | [(AAC) > Blo 5-17 >1
19| [(AAC) > Blo 2,3-18 #E

The derivation on the left is a simple application of AMs3. On the right, we
go for the final goal by #E." The real work is getting A, /2 S0 that we can
use >E with (1). And we go for this by getting the conditionals that feed
into AMs2, given that we already have (A A C)g)s.

4.3 Soundness and Completeness

Preliminaries: Begin with generalized notions of validity. For a model
(W,{Ra|A € $},v), let m be a map from subscripts into W. Say (W, {R4 |
A€ S} v)m is (W,{Ra| A € 3},v) with map m. Then, where I is a set of
expressions of our language for derivations, v, (I') = 1 iff for each A; € T,
Up(s)(A) = 1, and for each A;/, € T', m(t) € fa(m(s)). Now expand no-
tions of validity to include subscripted formulas, and alternate expressions
as indicated in double brackets.

VCx* TI' &, As [As] iff there is no Cz interpretation (W, { Ra|A € S}, v)m
such that vy, (I') = 1 but vy, (A) =0 [m(t) € fa(m(s))].

4As, given strategies from [6, chapter 6], we would jump on VE, JE or 0E when avail-
able.
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NCx* T, As [Ag)] iff there is an NCz derivation of As [A, ] from the
members of I'.

These notions reduce to the standard ones when all the members of I' and A
have subscript 0 (and so do not include expressions of the sort A, ). This
is obvious for NCx*. In the other case, there is a (W, {R4 | A € S}, 0)m
and w € W that makes all the members of I'g true and Ag false just in case
there is a world in W that makes the unsubscripted members of I" true and
A false. For the following, cases omitted are like ones worked, and so left to
the reader.

THEOREM 4.1 NCz is sound: If ', A thenT =, A.

L4.1 T CTV and T' |53, Ps [Ps], then T |55 Py [Py 4]
Reasoning parallel to that for L2.1 of NKa.

Main result: For each line in a derivation let P; be the expression on line 7
and I'; be the set of all premises and assumptions whose scope includes line
i. We set out to show “generalized” soundness: if T' ., P then I' 5% P.
Suppose I' Iy, P. Then there is a derivation of P from premises in I"' where P
appears under the scope of the premises alone. By induction on line number
of this derivation, we show that for each line ¢ of this derivation, I'; 55 P;.
The case when P; = P is the desired result.

Basis: P1 is a premise or an assumption Ag [[As/t]]. Then T'y = {Ag}
[[{As/t}]]; so for any (W, {Ra|A € S}, v)m, v (I'1) = 1iff Um(s) (A4) =
1 [m(t) € fa(m(s))]; so there is no (W,{Ra | A € 3}, v)s, such that
v (T'1) = 1 but vy, (A) = 0 [m(t) ¢ fa(m(s))]. So by VCx*,
't &5 As [Ag], where this is just to say, T'1 =5, P1.

Assp: For any i,1 <i < k,T; 55 P;.

Show: Ty &L P.

P is either a premise, an assumption, or arises from previous lines
by R, DI, DE, AL, AE, -1, -E, VI, VE, =I, =E, olv, oEv, ¢lv, 0Ev,
>I, >E or, depending on the system, AMp1, AMp2, AMs1, AMsz2,
AMs3, AMRS or AMDL. If Py, is a premise or an assumption, then as
in the basis, I'y, 5 Px. So suppose Py, arises by one of the rules.

(20)
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(OF)

If P arises by DE, then the picture is like this,
i|(AD B)s
J|As
k| Bs

where i,j < k and Py is Bs. By assumption, I'; i (A D B)s and
I'; &5 As; but by the nature of access, I'; C I', and I'; C I'y; so by
L4.1, Ty &% (A D B)s and I'y =35 As. Suppose I'y &% Bs; then by
VCx*, there is some Cz interpretation (W,{R4 | A € S}, v),, such
that vy, (Fy) = 1 but vy, (B) = 0; since v, (I'x) = 1, by VCx*,
Up(s)(A D B) = 1 and vp,(5)(A) = 1; from the former, by TC(D),
Um(s)(A) = 0 o1 vy 5)(B) = 1; 80 vpy(5)(B) = 1. This is impossible;
reject the assumption: I'y 53 Bs, which is to say, I'y 25 Pr.

If Py, arises by —I, then the picture is like this,

As
i| | Bt
J| | Bt
k|—As

where 4,5 < k and Py, is = A,. By assumption, I'; 5% By and I'; =5
—By; but by the nature of access, I'; C I'y U{A,} and I'; C I'y U{A,};
so by L4.1, Ty U {As} K. B; and I'y U {As} K5 —Bi. Suppose
Iy &, —As; then by VCX*, there is a Cz interpretation (W, {R4|A €
S}, v)m such that vy, (Tx) = 1 but vy, (=A) = 0; so by TC(=),
V() (A) = 15 50 vy (T'y) = 1 and vy, () (A) = 1; 50 vy (TR U{As}) = 1;
so by VCX*, v,y (B) = 1 and vy,4)(=B) = 1; from the latter, by
TC(=), vm@)(B) = 0. This is impossible; reject the assumption:
Iy =5 —As, which is to say, I'y =3, Pr.
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(=E)
(0lv)

(OEw)

(0Iv)
(0Ev)

If Py, arises by Olv, then the picture is like this,

Ty

1| | Ay

k|OAs
where i < k, t does not appear in any member of 'y (in any undis-
charged premise or assumption), and Py is 0As. By assumption,
I'; =5 Ay but by the nature of access, I'; C I'y, U {T.}; so by L4.1,
'y U{T+} K5 A Suppose T'y F&: 0OAg; then by VCx*, there is
a Cz interpretation (W,{Ra | A € S}, v)p, such that v, (I'y) = 1
but vp,(5)(0A4) = 0; so by TC(D),, there is some w € W such that
vyw(A) = 0. Now consider a map m' like m except that m/(t) = w,
and consider (W, {R4 | A € S}, v),y; since ¢t does not appear in I'g,
it remains that v, (I'x) = 1; and, as at any world, vy, ;)(T) = 1; so
U (T U{T¢}) = 1; so by VCX*, vy (A) = 1. But m/(t) = w; so
vy (A) = 1. This is impossible; reject the assumption: 'y =5 OAs,
which is to say, I'y =, Pr.

If P arises by 0Ewv, then the picture is like this,

1| DAs

k| A

where i < k and Py, is A;. By assumption, I'; |55 0OAs; but by the
nature of access, I'; C I'y; so by L4.1, 'y K5 0A,. Suppose T'y A%
Ay; then by VCX*, there is some Cz interpretation (W,{R4 | A €
S}, v)m such that vy, (Cg) = 1 but vy, (A) = 0; since v, (I'y) = 1,
by VCX*, vp,5)(0A) = 1; so by TC(D)y, any w has v, (A) = 1; so
Um(t)(A) = 1. This is impossible; reject the assumption: 'y =3 Ay,
which is to say, I'y =5 Pr.

If Py arises by 0Ewv, then the picture is like this,

AR
At

J B,
k| By
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(>E)

where i, j < k, t does not appear in any member of I'; (in any undis-
charged premise or assumption) and is not w, and Py is B,. By
assumption, I'; 5 0A, and I'; % B,; but by the nature of access,
I'; €Ty and Fj - FkU{At}; soby L4.1, I'y, ':C*z 0As and FkU{At} }:gz
B,. Suppose T'y 5% B,; then by VCx*, there is a Cz interpretation
(W,{Ra| A € S},v)s, such that vy, (L) = 1 but vy, (B) = 0. Since
v (Tk) = 1, by VCX*, v, (0A) = 1; so by TC(0)y, there is some
w € W such that v,(A) = 1. Now consider a map m’ like m except
that m/(t) = w, and consider (W,{Ra | A € S}, v),; since t does
not appear in Iy, it remains that v, (I'y) = 1; and since m/(t) = w,
V(1) (A) = 15 80 v ([ U {As}) = 1; so by VOX*, v, (B) = 1.
But since t # u, m/(u) = m(u); 0 Up(y)(B) = 1. This is impossible;
reject the assumption: I'y =% B, which is to say, I'y, =5 Pk.

If Py, arises by >I, then the picture is like this,

As/t

i| | Bt

k|(A> B)s

where i < k, t does not appear in any member of I'y (in any undis-
charged premise or assumption), and Py is (A > B)s. By assumption,
['; =% By; but by the nature of access, I'; € T'y, U {4 }; so by L4.1,
[y U{A, )} S Bt Suppose Iy &5 (A > B)s; then by VCX*, there
is a Cz interpretation (W,{Ra | A € S}, v)y, such that v, (T'y) =1
but v,(5)(A > B) = 0; so by TC(>), there is some w € W such that
m(s)Raw but v,(B) = 0. Now consider a map m’ like m except
that m/(t) = w, and consider (W, {R4 | A € S}, v),; since t does
not appear in I'g, it remains that v, (I'y) = 1; and since m/(t) = w
and m’(s) = m(s), (m/(s),m'(t)) € Ra; 0 vy (T U {Agp}) = 15 s0
by VCX*, vy (B) = 1. But m/(t) = w; so vy(B) = 1. This is
impossible; reject the assumption: I'y =35 (A > B)s, which is to say,
Ly = Pre-

If Py, arises by >E, then the picture is like this,

i|(A> B)s
j As/t

k| By

where i,j < k and Py is B;. By assumption, I'; 55 (A > B)s and
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[ B Asy; but by the nature of access, I'; € T'y, and I'; C T'y;
so by L4.1, I'y &=, (A > B)s and 'y, ), A,y Suppose 'y &
By; then by VCx*, there is some Cz interpretation (W,{R4 | A €
3}, v)m such that vy, (I'y) = 1 but vy, (B) = 0; since v, (I'y) = 1, by
VCX*, vy ) (A > B) = 1 and (m(s),m(t)) € Ra; from the former,
by TC(>), any w € W such that m(s)Raw has v,(B) = 1; so
Up(t)(B) = 1. This is impossible; reject the assumption: 'y =3 B,
which is to say, I'y =5 Pr.

(AMP1) If Py arises by AMP1, then the picture is like this,

{ As/t

k| A

where 7 < k and Py, is A;. Where this rule is in NCz, Cz includes
condition (1). By assumption, I'; =3 A,s; but by the nature of
access, ['; C T'y; so by L4.1, T'y, |55, Agy. Suppose 'y |5 Ay then
by VCx*, there is some Cr interpretation (W,{Rs | A € S}, v)m
such that v, (T'x) = 1 but vy, (A) = 0; since v, (I'y) = 1, by VOX*,
m(t) € fa(m(s)); so by condition (1), m(t) € [A]; s0 vy, (A) = 1.
This is impossible; reject the assumption: T'y % A, which is to say,
Ty = Py

(AMp2) If Py arises by AMp2, then the picture is like this,
1| A
k‘ At/t

where i < k and Py, is A;/;. Where this rule is in NCz, Cz includes
condition (2). By assumption, I'; |55 A¢; but by the nature of access,
Iy € T'y; so by L4.1, Ty =5, Ay Suppose I'y [A&5 Ay then by
VCx*, there is some Cz interpretation (W,{R4 | A € S}, v),, such
that vy, (I'y) = 1 but m(t) ¢ fa(m(t)); since v, (I'y) = 1, by VCX*,
V(1) (A) = 15 so m(t) € [A]; so by condition (2), m(t) € fa(m(t)).
This is impossible; reject the assumption: I'y =5 A/, which is to
say, I'r B Pr.

(AMs1) If Py arises by AMsi, then the picture is like this,
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1| 0As

As/t
J| | Bu
k| By

where i,j < k, t does not appear in any member of I'y (in any
undischarged premise or assumption) and is not u, and Py is B,,.
Where this rule is in NCz, Cz includes condition (3). By assumption,
I &5 0Ag and I'; |25, By; but by the nature of access, I'; C I', and
Fj CT,u {As/t}; so by L4.1, T’y ':th 0As and I'y, U {As/t} ):S; B,.
Suppose I'y, F&: By; then by VCX*, there is a Cz interpretation
(W, {Ra | A € S},v)m such that v, (Ty) = 1 but vy, (B) = 0.
Since vy, (I'x) = 1, by VOX*, vp,(5)(0A) = 15 so by TC(0),, there
is some w € W such that v,(4) = 1; so w € [A] and [4] # ¢;
so by condition (3), fa(m(s)) # ¢; so there is some x € fa(m(s)).
Now consider a map m’ like m except that m/(t) = x, and con-
sider (W,{R4 | A € J},v)y; since ¢t does not appear in T'y, it re-
mains that v,/ (T'x) = 1; and since m/(¢t) = = and m/(s) = m(s),
m/(t) € fa(m/(s)); so vy (L) = 1 and (m/(s),m/'(t)) € Ra; so
Ve (D U{Ag e }) = 1; s0 by VOX*, v,y (B) = 1. But since t # u,
m'(u) = m(u); S0 Vpy)(B) = 1. This is impossible; reject the as-
sumption: I'y 5 B, which is to say, I'y, =5 Pk.

(AMsz2) If Py arises by AMs2, then the picture is like this,

h (A > B)s
i| (B> A)s
j As/t

k Bs/t

where h,i,j < k and Py is B,;. Where this rule is in NCz, Cz
includes condition (4). By assumption, I'y, i (A4 > B)s, I'i K%
(B > A)s and I'; =5, A,/; but by the nature of access, I'y C Ty,
I, CTpand T C Ty soby Ld.1, Ty =5 (A > B),, Ty =2 (B > A),,
and T'y, =3, A,y Suppose T'y & B,y then by VCx*, there is
some Cz interpretation (W,{Ra | A € 3}, v)m, such that v, (T'y) =
L but m(t) € fp(m(s)); since vm(I'y) = 1, by VOX*, v (A >
B) = 1, v (B > A) = 1; and m(t) € fa(m(s)). Suppose w €
fa(m(s)); then m(s)Raw and since v,,5(A > B) = 1, by TC(>),
vy(B) = 1; so w € [B] and, generalizing, we have that f4(m(s)) C
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[B]. Suppose w € fp(m(s)); then m(s)Rpw and since vy, (B >
A) =1, by TC(>), vw(A) = 1; so w € [A] and, generalizing, we have
that fp(m(s)) € [A]. So fa(m(s)) € [B] and fg(m(s)) < [A]; so
by condition (4), fa(m(s)) = fe(m(s)); thus since m(t) € fa(m(s)),
m(t) € fe(m(s)). This is impossible; reject the assumption: I'y |55
By, which is to say, I'y =, Pg.

(AMs3) If Py arises by AMs3, then the picture is like this,

i “(A > “B)s
j (A/\B)s/t

k‘ As/t

where 7, j < k and Py is Ag/;. Where this rule is in NCz, Cz includes
condition (5). By assumption, I'; 5 —(A > =B), and I'; |55 (A A
B)S/t; but by the nature of access, I'; € I';, and I'; C I'y; so by
L4.1, Ty &, =(A > =B)s, and I'y =5, (A A B)g. Suppose T'y &
Agyi; then by VCX*, there is some Cz interpretation (W, {Ra | A €
3}, v)i, such that vy, (Tx) = 1 but m(t) € fa(m(s)); since vy, (T'y) =
1, by VOX*, vp5)(=(A > =B)) = 1, and m(t) € fapp(m(s)). Since
V() (7(A > =B)) = 1, by TC(=), vm(s)(A > =B) = 0; so by
TC(>), there is some w € W such that m(s)Raw and v, (—B) = 0;
s0 by TC(=), vy(B) = 1; but w € fa(m(s)); so fa(m(s)) N [B] # ¢;
s0 by condition (5), fars(m(s)) € fa(m(s)); so m(t) € fa(m(s).
This is impossible; reject the assumption: T'y =% A/, which is to
say, Fk ):C:’; ka

(AMRs) If Py arises by AMRs, then the picture is like this,

>

As/t
i As/u
R0

k Q(u)

where h,i,j < k and Py is Q(,). Suppose Q) is some B and Q)
is By. Where this rule is in NCz, Cz includes condition (6). By
assumption, I'y, =5 Ay, Ti B, Agpu and Ty =5 By; but by the
nature of access, I', CT'y, I'; CI'y, and I'; C T'y; so by L4.1, T'y, =2
Agpp, T B Asjus and Ty |55, By Suppose I'y (&5 By; then by
VCx*, there is some Cz interpretation (W,{R4 | A € S}, v),, such
that vy, (I'x) = 1 but vy, (B) = 0; since v, (['x) = 1, by VCX*,
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m(t) € fa(m(s)), m(u) € fa(m(s)), and vy, (B) = 1. With the
first two of these, by condition (6), m(t) = m(u); 80 vy,)(B) = 1.
This is impossible; reject the assumption: 'y % B, which is to say,
Fk }:gz fpk. And similarly when Q(t) is Bt/m Bv/t’ or Bt/t~

(AMbL) If Py arises by AMDL, then the picture is like this,

h|As or h|As

7 As/t i As/t
J 9w J |9
k|Qs k| Qe

where h,i,j < k and, in the left-hand case, Py is Q). Suppose Q)
is of the sort By, and Q) is By/,. Where this rule is in NCz, Cx
includes condition (7). By assumption, I'y, 5 As, Ty =5 A and
I = Bt/v; but by the nature of access, I'y, C I'g, I'; € I'y, and
['; CTy;s0 by Ld.1, Ty =5 As, T =5, Agje, and Ty =5 By Sup-
pose I'y [&% Bg/y; then by VCX*, there is some Cz interpretation
(W,{Ra | A € 3}, v)s, such that v, (I'y) = 1 but (m(s), m(v)) € Rp;
since vy, (I'x) = 1, by VCX*, vy 5)(A) = 1, m(t) € fa(m(s)), and
(m(t),m(v)) € Rp. From the first of these, m(s) € [A]; so by con-
dition (7), m(s) = m(t); so (m(s),m(v)) € Rp. This is impossible;
reject the assumption: I'y = B/, which is to say, I'y =, Px. And
similarly when Q) is By, B, /; or By ;. And similarly in the right-hand
case.

For any i, I'; |55 .

THEOREM 4.2 NC=x is complete: if T' |5, A then Tk, A.

Suppose I' 5, A; then Ty 5 Ap; we show that T'g K, Ap. Again, this
reduces to the standard notion. For the following, fix on some particular
constraint(s) x. Then definitions of consistency etc. are relative to it.

CoN TI'is CONSISTENT iff there is no Ag such that I' I, A and I' I, —As.

L4.2 If s is 0 or appears in I', and T" 1A, —Ps, then I'U { Ps} is consistent.
Reasoning parallel to L2.2 for NKa.

L4.3 There is an enumeration of all the subscripted formulas, P Ps. ..

Proof by construction as for L.2.3 for NKa.
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MAax

SGT

()

L4.4

L4.5

I' is s-MAXIMAL iff for any A either I' Iy, Ag or I' 5, —As.

I' is a SCAPEGOAT set for O iff for every formula of the form —0A;, if
I' ., "0Ag then there is some ¢ such that I' b, —A;.

NCzx
I' is a SCAPEGOAT set for > iff for any formula of the form —(A > B)s,
if I' Hy, (A > B)s then there is some t such that T' 7, A,/ and
I' =, —B:.

For I" with unsubscripted formulas and the corresponding I'y, we con-
struct I as follows. Set Q¢ = I'g. By L4.3, there is an enumeration,
P1,Po ... of all the subscripted formulas; let £g be this enumeration.
Then for the first As in £;_1 such that s is 0 or included in €;_1, let
&; be like €;_1 but without A, and set,

Q=Q 1 if Q1 ., A
Qi = Q1 U{As} if Q1 K, A
and
Q; = Q- if A is not of the form —0OP; or =(P > Q)
Q; = Qe U{-P} if A, is of the form —OP;
Qi = Qi U{P,yy,2Q;}  if A is of the form —(P > Q)
-where t is the first subscript not included in €2;+
then

I"= Uizo Q;

Note that there is always sure to be a subscript ¢ not in €;+ insofar
as there are infinitely many subscripts, and at any stage only finitely
many formulas are added — the only subscripts in the initial {2y being
0. Suppose s is introduced in I'/; then there is some 2; in which it is
first introduced; and any formula P; in the original enumeration that
has subscript s is sure to be “considered” for inclusion at a subsequent
stage.

For any s included in IV, TV is s-maximal.
Reasoning parallel to L.2.4 for NKa.

If T’y is consistent, then each €2; is consistent.

Suppose I'y is consistent.

Basis: Qg =Ty and I'y is consistent; so {1y is consistent.

Assp: For any i,0 <1 < k, {); is consistent.

Show: €y, is consistent.
Qp is either (1) Qg—_1, (ii) Qi = Q1 U{A}, (iil) Q= U{=F;}
or (iv) Qe U {Pyp, 7Q¢}-
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(1)

Suppose € is Q1. By assumption, £2;_1 is consistent; so ()
is consistent.

Suppose Qy is Qi = Qi1 U{As}. Then by construction, s is
0 or in Q1 and Q1 A, —As; so by L4.2, Q1 U {As} is
consistent; so ) is consistent.

Suppose Qf is Qg+ U {=P;}. In this case, as above, Q. is
consistent and by construction, ~0OP; € Qi«. Suppose € is
inconsistent. Then there are A, and —A, such that Qp« U
{-P} K, Ay and Qi U{=P,} K, = A,. So reason as follows,

1| Qp~

2| | Ty A (g, olv)

3| |-~ A(c, —E)

4 A, from Qp+ U {-F;:}
5 Ay from Q= U{-FP;}
6| | P 3-5 -k

7| 0Ps 2-6 olv

where, by construction, ¢ is not in Qg«. So Qg+ ., OPs; but
0P € Qpx; 50 Qpx iy, 70Ps; so g+ is inconsistent. This is
impossible; reject the assumption: {2 is consistent.

Suppose €, is Qg+ U { Py, 7Q¢}. In this case, as above, (.
is consistent and by construction, =(P > Q)s € Q. Suppose
Q. is inconsistent. Then there are A, and —A, such that
Qpx U{Py/s, ~Q1} Hiew Au and Qg U{ P ), 2Qt} Hi, ~Au. So

reason as follows,

1| Qg

2| | Pyt A (g, >T)

3 _‘Qt A (Cv _‘E)

4 Ay from Qp« U {Ps/¢, 7Q1}
5 —-A, from Qg U{Ps/h_‘Qt}
6] |Q: 3-5 -E

T1(P>Q)s 2-6 >1

where, by construction, ¢ is not in Qg«. So Qg+ Hi, (P> Q)s;
but =(P > Q)s € Q; 50 Qr iy (P > Q)s; 50 Qg s
inconsistent. This is impossible; reject the assumption: 2y is
consistent.

For any i, §2; is consistent.
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L4.6

L4.7

L4.8

If Ty is consistent, then I is consistent.

Reasoning parallel to L.2.6 for NKa.

If 'y is consistent, then I" is a scapegoat set for O and >.

For 0. Suppose I'g is consistent and IV %, —0OP;. By L4.6, TV
is consistent; and by the constraints on subscripts, s is included in
IV, Since I' is consistent, I 1A, ——0P;; so there is a stage in the
construction process where Q;+ = ;1 U {-0OP;} and Q; = Q= U
{=P.}; so by construction, =P, € T; so I" K}, —P,. SoI'is a
scapegoat set for 0.

For >. Suppose T'¢ is consistent and IV K}, —(P > @Q)s. By L4.6,
I is consistent; and by the constraints on subscripts, s is included
in I'V. Since I is consistent, IV {4, ——(P > Q)s; so there is a stage
in the construction process where Q;+ = Q;_1 U {=(P > Q)s} and
Q; = Q= U{P,;, 7Q4}; so by construction, P/ € I' and -Q; € T
so I'" i, Py and TV By, =Qy. So I is a scapegoat set for >.

We construct an interpretation I = (W, {R4 | A € S}, v) based on I
as follows. Let W have a member w; corresponding to each subscript
s included in T”, except that in C1, if there is some A such that
I ey As and T i, Ay then wg = wy, and in €2, if there is some
A such that T F, Ay and T 5, A,/ then wy = w, (we could
do this, in the usual way, by establishing equivalence classes from
members of W). Then (ws,wy) € Ra iff T H, A5 and vy, (p) =1
iff TV 5, ps-
Note that the specification is consistent for C1 and C2: Say P, is
some ps, Py, Pyjs or Py, (i) Suppose ws = wy and I" 5, Py
Since ws = wy there is some A such that TV Fi., As and TV F, Ay
so by AMbprL, I i, Py And similarly if ws = wy and TV F, Py,
then T K, P,). (ii) Suppose wy = w, and I 5., Py). Since
wy = Wy, there is some A such that I 5., Ay and TV Fi, Ay 0
by AMgs, IT' K, Pr,). And similarly if w; = w, and T K, Py,
then I [ fp(t)

If Ty is consistent then for (W, {R4|A € 3}, v) constructed as above,
and for any s included in I, v, (4) =1 iff T B, As.

Suppose T'g is consistent and s is included in IV. By L4.4, TV is s-
maximal. By L4.6 and L4.7, IV is consistent and a scapegoat set for
0 and >. Now by induction on the number of operators in Ag,
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Basis: If As has no operators, then it is a parameter ps; and by

Assp:

Show:

N~ o~

—~

< > U

~— ~— — ~— ~—

O

(0)
(>) Agis (P > Q)s. Suppose vy, (A) = 1 but IV 4, As; then

construction, vy, (p) = 1 iff TV B, ps. So vy, (A) = 1 iff
I, As.

For any i, 0 < i < k, if As has i operators, then v, (A) = 1 iff
"B, As.

If A has k operators, then vy, (A) =1 iff IV B, As.

If A, has k operators, then it is of the form =P, (P D Q)s,
(PAQ)s, (PVQ)s, (P=Q)s, OPs, 0P or (P > Q)s where P
and @) have < k operators.

Ag is =Ps. (i) Suppose vy, (A) = 1; then vy, (-P) = 1; so
by TC(—), vy, (P) = 0; so by assumption, I'' t4, Ps; so by
s-maximality, IV F¥, —Ps, where this is to say, IV K, As.
(ii) Suppose I'" ., As; then IV B, —Ps; so by consistency,
I tA.. Ps; so by assumption, v,, (P) = 0; so by TC(-),
Uy, (mP) = 1, where this is to say, vy, (A) = 1. So vy, (4) =1
iff T 2, A,

Ag is OP;. (i) Suppose vy, (A) = 1 but I 4, As; then
U, (OP) = 1 but I 1A, OP;. From the latter, by s-maxi-
mality, IV B, —0OPs; so, since I' is a scapegoat set for 0O, there
is some t such that IV K}, —F;; so by consistency, I 1A, Pi;
so by assumption, vy, (P) = 0; so by TC(Q),, vy, (OP) = 0.
This is impossible; reject the assumption: if v, (A) = 1, then
I, As.

(ii) Suppose I ¥, Ag but vy, (A) = 0; then IV H¥, 0OPs but
Uy, (OP) = 0. From the the latter, by TC(D),, there is some
wy € W such that vy, (P) = 0; so by assumption, I F4, P;
but since w; € W, by construction, ¢ appears in IV so by
(OEwv), I K, P,. This is impossible; reject the assumption:
if IV b, As then vy (A) = 1. So vy, (A) =1 T, As.

Vw, (P > Q) =1but I" 4., (P> Q)s. From the latter, by s-
maximality, IV Hf, —=(P > Q)s; so, since I is a scapegoat set
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for >, there is some t such that I K, Py and IV B, =Qy;
from the first, by construction, (ws,w;) € Rp; and from the
second, by consistency, I 4, Qy; so by assumption, v, (Q) =
0; so by TC(>), vy, (P > Q) = 0. This is impossible; reject
the assumption: if v, (A) =1, then IV} As.

(ii) Suppose IV K, Ag but vy, (A4) = 0; then IV K, (P > Q)s
but vy, (P > @) = 0. From the the latter, by TC(>), there is
some wy € W such that (ws,w;) € Rp and vy, (Q) = 0; from
the first of these, by construction, I'" K, Py/; and from the
second, by assumption, IV t4 Qy; but by (>E), IV K, Q.
This is impossible; reject the assumption: if IV H, A then
Vw, (A) = 1. So vy, (A) = 1iff TV B, As.

For any Ag, vy, (A) = 1iff IV K, As.

L4.9 If Ty is consistent, then (W,{R4 | A € S}, v) constructed as above is
a Cr interpretation.

In each case, we need to show that the interpretation meets the con-
dition(s) x. Suppose I'y is consistent.

(1)

If (1) is in Cz, then AMP1 is in NCz. Suppose w; € fa(ws);
then (ws,w) € Ra; so by construction, I" Hi, Ay so by
AMp1, IV i, Ay; so by L4.8, vy, (A) = 1; so wy € [A]. So
fa(ws) < [A].

If (2) is in Cz then AMP2 is in NCz. Suppose ws € [A]; then
vw,(A) = 1; so by L4.8, TV K, Ag; so by AMp2, TV i, Ag/si
so by construction, (ws, ws) € Ra; so ws € fa(ws).

If (3) is in Cr then AMSs1 is in NCx. Suppose [A] # ¢ but
fa(ws) = ¢. From the former, there is some w; € W such that
v, (A) = 1; so by L4.8, TV K}, As; so by (0Iv), IV B, 0As.
From the latter, there is no w, such that wsR w,; so there is
no wy, such that wsR 4w, and v, (B) = 0, and there is no wy,
such that wsRw, and vy, (-B) = 0; so by TC(>), vy, (A >
B) =1 and v, (A > -B) = 1; so by L4.8, I i, (A > B)s
and IV K, (A > —B),. So reason as follows,
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1|17

210A, from T
3|(A> B)s from T
4|((A>-B)s from T

5| | At A (g, 2 AMs1)
6 0As A (C, —|I)

7 By 3,5 >E

8 By 45 >E

9| | —0As 6-8 -1
10| —0As 2,5-9 AMs1

So I'" K, —0Ag; and since by L4.6, T is consistent, I A,
0As. This is impossible; reject the assumption: if [A] # ¢,
then fa(ws) # ¢.

If (4) is in Cz then AMs2 is in NCz. Suppose fa(ws) C [B]
and fp(ws) C [A]. Then any z € W such that wsRax has
vz(B) = 1 and any y € W such that w,Rpy has vy(A) = 1; so
by TC(>), vy, (A > B) =1 and v,,, (B > A) = 1; so by L4.8,
IRy, (A>B)sand IV, (B > A)s. Suppose w; € fa(ws);
then by construction, I K, A /s so by AMs2, IV i, By
so by construction, wy € fp(ws). Suppose w; € fp(ws); then
by construction, T" I, By/s; so by AMsz, TV K, A y; so by
construction, wy € fa(ws). So fa(ws) = fp(ws).

If (5) is in Cz then AMs3 is in NCx. Suppose fa(ws)N[B] # ¢
but farp(ws) € fa(ws). From the former, there is some w; €
fa(ws) such that v, (B) = 1; so by TC(—), vy, (—B) = 0; so by
TC(>), vy, (A > =B) = 0; so by TC(—), vy, (—(A > —=B)) = 1;
so by L4.8, I" 1, —(A > =B),. From the latter, there is
some w, such that w, € farp(ws) but wy, € fa(ws). From
the first of these, by construction, I I, (A A B),/y; so by
AMss, T B, Ag/y; so by construction, wy, € fa(ws). This is
impossible; reject the assumption: if fq(ws) N [B] # ¢ then
fA/\B(ws) - fA(ws)-

Suppose (6) is in Cz, wy € fa(ws) and wy, € fa(ws). Then by
construction, IV 5, A,/ and I H, A,/,; and by construc-
tion, since we are in C2, wy = wy,.

Suppose (7) is in Cz, ws € [A] and wy € fa(ws). Since ws €
[A], vy, (A) = 1; 80 by L4.8, IV ¥, Ag; and since wy € fa(wy),
by construction, I'' 5, A, /t- S0 by construction, since we are
in C1, ws = wy.
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Map

For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.

L4.10 If T'y is consistent, then v,,(Iy) = 1.

Reasoning parallel to L2.10 for NKa.

Main result: Suppose I' =, Abut I' A, A. Then I'g =5 Ao but I'g F4, Ao.
By (DN), if I'y F., = Ao, then T'g K, Ao; so I A, —=—Ao; so by L4.2,
ToU{—Ap} is consistent; so by L4.9 and L4.10, there is a Cz interpretation
(W, {Ra|A € 3}, v), constructed as above such that v, (FoU{—A4p}) = 1; so
Vpn(0)(mA) = 1550 by TC(7), 0y (A) = 0; 80 v (I'o) = 1 and vy, () (A) = 0;

so by

VCx*, T'g & Ao. This is impossible; reject the assumption: if

I' 5, A, then T' b, A.

5 Intuitionistic Logic: IL (ch. 6)

5.1 Language / Semantic Notions

LIL

IIL

TIL

The VOCABULARY consists of propositional parameters pg, p1 ... with
the operators, A, V, —, and J. Each propositional parameter is a
FORMULA; if A and B are formulas, so are (A A B), (AV B), —A,
and (A O B).

An INTERPRETATION is a triple (W, R, v) where W is a set of worlds,
R is a subset of W2 = W x W, and v is a function such that for
any w € W and p, vy(p) = 1 or vy(p) = 0. For z,y,z € W, an
interpretation is subject to the conditions,

P for all x, xRz reflexivity

T for all x,vy, 2, if xRy and yRz then xRz transitivity

h for any parameter p, if v, (p) = 1, and xRy, heredity
then vy (p) =1

We think of worlds as representing a state of information at a given
time. vy, (p) = 1 when p is proved at state w. The heredity condition
guarantees that what is proved at one stage remains proved at the
next. Notice that v,(p) = 0 does not indicate that p is false — but
rather that p isn’t proved.

For complex expressions,

(A) vw(AAB)=1if v,y(A) =1 and v, (B) = 1, and 0 otherwise.
(V) vp(AV B) =1if v,y(A) =1 or v, (B) =1, and 0 otherwise.
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(=) vy(—A) =11if all z € W such that wRz have v, (A) = 0, and
0 otherwise.

(3) vw(A 3 B)=1ifall 2 € W such that wRx have either v,(A) =
0 or vz(B) =1, and 0 otherwise.

For a set I' of formulas, v, (') = 1 iff v, (A) = 1 for each A € T'; then,

VIL T' |5, A iff there is no IL interpretation (W, R,v) and w € W such
that v, (') = 1 and v, (A) = 0.

5.2 Natural Derivations: NIL

Augment the language for intuionistic logic to include expressions with sub-
scripts and expressions of the sort s.t as for NKa, along with a unary oper-
ator, ~. Intuitively, ~A indicates that A is not (yet) proven. There is one
new rule for the heredity condition. Otherwise, rules are as in NKpr with
~ like =, and rules for 71 and — on the analogy of 3 and o—.

R | P;s H| P
s.t
P
P
where P includes no instance of ~
N | P AE | (PAQ)s AE | (PAQ)s
Qs
P, Qs
(PAQ)s
VI| P VI| P, VE | (PVQ)s
Py
(PVQ)s (QVP)s
Ry
~1| | P, ~E| |~P,
Q.
Q+ Q¢
~Q: ~Qy R,
~P, P, R
I | st JE (P 3Q)s AMp
Pt s.t
P 5.8
Q
t Qt
(P32Q)s

where ¢t does not appear in any
undischarged premise or assump-
tion

81



—1I s.t —E —/Ps AMT | s.t
s.t t.u

~P, s.u
*/Ps

where t does not appear in any

undischarged premise or assump-

tion
Every subscript is 0, appears in a premise, or appears in the t-place of an
accessible assumption for JI or —I. Where the members of I' and A are
formulas in the original language for intuitionistic logic (without subscripts
and without ~), let let the members of Iy be the formulas in T, each with
subscript 0. Then,

NIL T bk, A iff there is an NIL derivation of Ay from the members of I'y.

Examples. Here are instances of the more interesting standard axioms for
intuitionistic logic. Note that our account of a derivation guarantees that ~
is not an operator in any of A, B, or C.

Al ypy AD(B3A)

1]]0.1 A (g, OI)
2| |4

311]1.2 A (g, 30
4| | | B

5 Ao 2,3 H

6| |(B3A): 3-5 01l
7TI[AD(B3A)o 1-6 I
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A2 Hyp, (ADB)O[(AT(B3C)3(AD0)]

1|01

2| | (AOdB)h

3 1.2

4 (AD(BOQ)):

5 2.3

6 As

7 1.3

8 Bs

9 (BOCO)s

10 3.3

11 Cs

12 (ADC)2

Bl [(AoB3C)IATO)I
4|(A2B)3[(A2(Ba3C)3(ATO))

A3 by AJ(BO(AAB))
A4 Hyp (AANB) O A
A5 e (AANB) OB
A6 by ATJ(AV B)
A7 by B3 (AV B)
A8 by, (AOC)T[(BOC)O((AvB)aQ)]
A9 by (A B)O[(AD—B) O—4]
111]0.1
2| | (AD3B)
3 1.2
5 3.3
6 | As
7 1.3
8 Bs
9 — B3
10 3.3
11 ~Bs3
12 ~As
13 —1142
14| |[(AT—B) a—Ah
15| ((A2B)a[(A3—B) J—A])o
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A (g, OI)

A (g, OT)

A (g, 30)

3,5 AM7
2,7,6 JE
4,5,6 JE
AMp
9,10,8 OE
5-11 I
3-12 11
1-13 Ol

A (g, 3I)

A (g, 3I)

A (g, —1)
A (¢, ~I)
3,5 AMr
2,7,6 JE
45,6 E
AMp
9,10 —E
6-11 ~I
5-12 —1
3-13 Ol
1-14 I



A10 by —A3 (A B)

1] |01 A (g, D)
2| | —A1
301 ]1.2 A (g, 30
4 Ao
5 ~B; A (¢, ~E)
6 Ao 4R
7 NA2 2,3 ﬁE
8 By 5-7 ~E
9||(A3B)x 3-8 I
10| [-A3 (AT B)o 1-9 I

A system with these axioms and MP (which we already have by AMp with
JE) turns into classical logic if A10 is replaced by double negation, ——A 3
A. But we cannot prove ——A 1 A (or at least we cannot if our derivation
system is sound).

5.3 Soundness and Completeness

Preliminaries: Begin with generalized notions of validity to include expres-
sions with subscripts and operator ‘~’. First, as a supplement to TIL,

TIL (~) vy(~A) =1 if v,y(A) =0, and 0 otherwise.

For a model (W, R, v), let m be a map from subscripts into W. Say (W, R,
V) is (W, R,v) with map m. Then, where I is a set of expressions of our
language for derivations, vy, (I') = 1 iff for each As € T, v,y (A) = 1,
and for each s.t € T, (m(s),m(t)) € R. Now expand notions of validity
to include subscripted formulas, and alternate expressions as indicated in
double brackets.

VIL* T |5; As [s.t] iff there is no IL interpretation (W, R,v),, such that
v (') = 1 but Um(s)(A) =0 [(m(s),m(t)) € R].

NIL* T' kf, A [s.t] iff there is an NIL derivation of Ay [s.t] from the
members of I

These notions reduce to the standard ones when all the members of I' and
A have subscript 0 (and so do not include expressions of the sort s.t) and

do not include ‘~’. For the following, cases omitted are like ones worked,
and so left to the reader.
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THEOREM 5.1 NIL is sound: IfT'k,, A thenT |5, A.

L5.1 T CIVand T' |5} P [s.t], then IV |5} P [s.t].
Reasoning parallel to that for L2.1 of NK §f ),

Main result: For each line in a derivation let P; be the expression on line ¢
and I'; be the set of all premises and assumptions whose scope includes line
i. We set out to show “generalized” soundness: if I' ¥, P then I' |55 P. As
above, this reduces to the standard result when P and all the members of
I' are formulas with subscript 0 and do not include ‘~’. Suppose I' ,, P.
Then there is a derivation of P from premises in I' where P appears under the
scope of the premises alone. By induction on line number of this derivation,
we show that for each line ¢ of this derivation, I'; |5; P;. The case when
P; = P is the desired result.

Basis: Py is a premise or an assumption Ag [s.t]. ThenI'y = {As} [{s.t}]; so
for any (W, R, v)m, vm(T1) = 1 iff vy, (A) = 1 [(m(s), m(t)) € RJ;
so there is no (W, R, v),, such that v,,(I'1) = 1 but v, (A) = 0
[(m(s),m(t)) & R]. So by VIL* T'; & As [s.t], where this is just
to say, I'1 |} P1.

Assp: For any i,1 <i < k,I'; 55 P;.

Show: Ty Hi Py.
P is either a premise, an assumption, or arises from previous lines
by R, AL, AE, VI, VE, ~I, ~E, —I, —E, JI, JE, AMp, AM7 or H.
If Py is a premise or an assumption, then as in the basis, I'y 5 Pk.
So suppose Py arises by one of the rules.

< >

If Py, arises by ~I, then the picture is like this,
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As

i| | Bt
J| | ~Bt
k|~As

where 4,5 < k and Py, is ~A,. By assumption, I'; |55 By and I'; =5
~By; but by the nature of access, I'; C 'y U{As} and I'; C ', U{A,};
so by L5.1, Ty U{As} 5 By and I'yU{A,} 5F ~By. Suppose I'y, |55
~Ag; then by VIL* there is an IL interpretation (W, R, v),, such
that v, (L) = 1 but vy, (~A) = 0; so by TIL(~), vys)(A4) = 1;
s0 U (I'k) = 1 and vy (A) = 1; so vy ([x U {As}) = 1; so by
VIL*, ) (B) = 1 and vy, 4)(~B) = 1; from the latter, by TIL(~),
Um()(B) = 0. This is impossible; reject the assumption: T'y |5; ~As,
which is to say, 'y |55 Pr.

(—1I) If Py arises by —I, then the picture is like this,

s.t
i | ~A:
k| —As

where i < k, t does not appear in any member of 'y (in any undis-
charged premise or assumption), and Py is —A;. By assumption,
Iy |Bf ~Ay; but by the nature of access, I'; C T'y U {s.t}; so by
L5.1, Ty U {s.t} HF ~A;. Suppose I'y A —Ag; then by VIL*,
there is an IL interpretation (W, R, v),, such that v,,(I'y) = 1 but
Up(s)(—A) = 0; so by TIL(—), there is some w € W such that
m(s)Rw and v,,(A) = 1. Now consider a map m’ like m except that
m/(t) = w, and consider (W, R, v),,/; since t does not appear in Iy,
it remains that v, (I'y) = 1; and since m/(t) = w and m/(s) = m(s),
(m/(s),m(t)) € R; 80 vy ([, U {s.t}) = 15 s0 by VIL*, v,4)(~A) =
1; so by TIL(~), v,/ (A) = 0. But m/(t) = w; so vy (A) = 0. This
is impossible; reject the assumption: T'y 5f —Ag, which is to say,
Ty = P

(—E) If Py arises by —E, then the picture is like this,
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(3D

(TJE)
(AMp)
(AMT)

1| —As

7lst
k? NAt

where i,j < k and Py is ~A;. By assumption, I'; |f —As and
I'; 5, s.t; but by the nature of access, I C I'y, and I'; € I'y; so
by L5.1, Ty i —As and T'y, |55 s.t. Suppose 'y, 55 ~Ay; then by
VIL* there is some IL interpretation (W, R, v),, such that v, (I'y) =
1 but vy, (~A) = 0; so by TIL(~), vy ) (A) = 1. Since vy, () = 1,
by VIL*, v,,5(—A) = 1 and (m(s),m(t)) € R; from the first of
these, by TIL(—), any w such that m(s)Rw has v,(A) = 0; so
Um()(A) = 0. This is impossible; reject the assumption: I'y =; Ay,
which is to say, 'y 55 Pr.

If Py, arises by I, then the picture is like this,

s.t
Ay

i| | Bt

k| (A3 B)s

where i < k, t does not appear in any member of I'y (in any undis-
charged premise or assumption), and Py is (A 3 B),. By assump-
tion, I'; & By; but by the nature of access, I'; C T'y U {s.t, A;}; so
by L5.1, T'y U {s.t, Ay} i B;. Suppose I'y 55 (A 3 B)s; then by
VIL* there is an IL interpretation (W, R, v),, such that v,,(I'y) =1
but vy, (A 3 B) = 0; so by TIL(3), there is some w € W such
that m(s)Rw with v,(A) = 1 and v,(B) = 0. Now consider a
map m’ like m except that m/(t) = w, and consider (W, R,v),,;
since ¢ does not appear in I'y, it remains that v, (I'y) = 1; since
m'(t) = w and m'(s) = m(s), vy )(A) = 1 and (m/(s),m'(t)) € R;
80 Uy (T U{s.t, Ar}) = 15 50 by VIL*, vy (B) = 1. But m/(t) = w;
S0 Uy (B) = 1. This is impossible; reject the assumption: Ty 5f (A4 3
B)s, which is to say, I'y |55 Pr.

If P, arises by AMr, then the picture is like this,
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i |s.t
7ltu

k|s.u

where i, j < k and Py, is s.u. By assumption, I'; |57 s.tand I'; 5 t.;
but by the nature of access, I'; € I';, and I'; C I'y; so by L5.1,
I'v 5i st and Ty | tu. Suppose 'y F5F s.u; then by VIL*
there is some IL interpretation (W, R,v)y, such that v, (I'y) = 1
but (m(s),m(u)) € R; since v, (T'y) = 1, by VIL*, (m(s), m(t)) €
R and (m(t),m(u)) € R; but IL includes condition 7; so for any
(z,y),(y,2) € R, (x,z) € R; so (m(s),m(u)) € R. This is impossible;
reject the assumption: I'y |55 s.u, which is to say, I'y 55 Pk.

If P, arises by H, then the picture is like this,

i|As
jlst

k| A

where 7, j < k, A has no instance of ‘~’ and P, is A;. By assumption,
I'; 55 As and I'; 5 s.t; but by the nature of access, I'; C I'y, and
I'; CT'y; s0 by L5.1, T'y |5, A and I'y, |55 s.t. Suppose I'y, |5 Ay;
then by VIL*, there is some IL interpretation (W, R, v),, such that
Um(Lk) = 1 but vy, (A) = 05 since vy, (T'x) = 1, by VIL*, vp,5)(A4) =
1 and (m(s),m(t)) € R.

Now, by induction on the number of operators in A, we show that

for A without ‘~’, if v,(A) = 1 and xRy, then v,(A) = 1. Suppose
xRy.

Basis: Suppose A is a parameter p and v,(A) = 1; then vy(p) = 1;
so by condition h, vy(p) = 1; so v,(A) = 1.

Assp: For 0 < i < k, if A has i operators and v;(A) = 1, then
vy(A) = 1.

Show: If A has k operators and v,(A) = 1, then v,(A4) = 1.
If A has k operators and no instance of ‘~’ then it is of the
form, PAQ, PV Q, —P, or P 1@, where P and Q have < k
operators.

(A) Suppose A is P A Q and v,(A) = 1; then v, (P A Q) = 1;

so by TIL(A), vx(P) = 1 and v,(Q) = 1; so by assumption,
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vy(P) =1 and v,(Q) = 1; so by TIL(A), vy(P A Q) = 1; so
vy(A) = 1.

(V) Suppose A is PV Q and vy (A) = 1; then v,(PV Q) = 1; so by
TIL(V), vz(P) = 1 or v,(Q) = 1; so by assumption, v, (P) =1
or vy(Q) = 1; so by TIL(V), vy(PV Q) = 1; so v, (A) = 1.

(—) Suppose A is —P and v,(A) = 1 but v,(A) = 0; then v, (—P)
= 1 but vy(—P) = 0. From the former, by TIL(—), any w
such that zRw has v, (P) = 0. From the latter, by TIL(—),
there is some z € W such that yRz and v,(P) = 1. But zRy
and yRz so by 7, zRz; so v,(P) = 0. This is impossible; reject
the assumption: if v,(A) = 1, then vy (A) = 1.

(3) Suppose A is P 3 @ and vy(A) = 1 but vy(A) = 0; then
vp(P 3 Q) =1 but v,(P 3 Q) = 0. From the former, by
TIL(O), any w such that zRw has v,,(P) = 0 or v,(Q) = 1.
From the latter, by TIL(J), there is some z € W such that
yRz where v,(P) =1 and v,(Q) = 0. But xRy and yRz so by
T, xRz; so v,(P) = 0 or v,(Q) = 1. This is impossible; reject
the assumption: if v,(A) = 1, then v, (A) = 1.

For any such A, if v;(A) =1, then vy(A) = 1.

So, returning to the case for (H), vy, (A) = 1. This is impossible;
reject the assumption: I'y 55 Ay, which is to say, I'y 55 Pr.

For any i, I'; |55 P;.

THEOREM 5.2 NIL is complete: if I' |5, A then Tk, A.

Suppose I' |5, A; then 'y i Ap; we show that T'g K, Ag. Again, this
reduces to the standard notion.

CoN T is CONSISTENT iff there is no A such that I' I, Agand I' /), ~As.

L5.2 If s is 0 or appears in I', and I" 1A, ~Ps, then I' U {Ps} is consistent.

Suppose s is 0 or appears in I" and I' 14, ~Ps but I' U {Ps} is
inconsistent. Then there is some A; such that I' U {Ps} K, A; and
I'U{P,} K, ~A:. But then we can argue,
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L5.3

MAXx

SGT

C(r)

1T

2| | Ps A (¢, ~I)

31 [ A from ' U {P;}
41 | ~Ay from ' U {Ps}
5| ~Ps 2-4 ~1

where the assumption is allowed insofar as s is either 0 or appears in
I'; so I' I, ~Ps. But this is impossible; reject the assumption: if s
is 0 or introduced in I" and I" b4, ~Ps, then I' U { Ps} is consistent.

There is an enumeration of all the subscripted formulas, Py Ps ...

Proof by construction as for L.2.3 of NKa.
I' is s-MAXIMAL iff for any Ag either I' I, Ag or I' H, ~As.

I' is a SCAPEGOAT set for — iff for every formula of the form ~— A,
if I' by, ~— A then there is some ¢ such that I' I, s.t and I' I, Aq.

I' is a SCAPEGOAT set for 1 iff for every formula of the form ~(A O
B)s, if T' B, ~(A O B)s then there is some ¢ such that I' K, s.t,
T l_]\tIL At and I |_1<7le NBt.

For I' with unsubscripted formulas and the corresponding I'y, we con-
struct I as follows. Set Q¢ = I'g. By L5.3, there is an enumeration,
P1,Po. .. of all the subscripted formulas; let £y be this enumeration.
Then for the first A; in €;_1 such that s is 0 or included in €;_1, let
&; be like &;_1 but without A, and set,

Q=01 if Q; 1 BX, ~As
O = Qi U{A,) i Qb ~A,
and
Q= Q- if A, is not of the form ~— P, or ~(P 3
Q)s
Q; = QU {s.t, P} if A, is of the form ~— P,
0; = Qe U{s.t, P, ~Q:} if Ay is of the form ~(P 1 Q)s
-where t is the first subscript not included in £2;+
then

I = Uizo Q;

Note that there is always sure to be a subscript ¢ not in €2;« insofar
as there are infinitely many subscripts, and at any stage only finitely
many formulas are added — the only subscripts in the initial {2y being
0. Suppose s is introduced in I"; then there is some €2; in which it is
first introduced; and any formula P; in the original enumeration that
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L5.4

L5.5

has subscript s is sure to be “considered” for inclusion at a subsequent
stage.

For any s included in IV, I is s-maximal.

Suppose s is included in TV but I' is not s-maximal. Then there
is some Ay such that IV tA, A and IV 1A, ~As. For any i, each
member of ;1 is in IV; so if Q;_1 ¥, ~A, then TV ¥, ~A; but
I A, ~As; so Qi1 1A, ~As; so since s is included in TV, there
is a stage in the construction that sets Q;+ = Q;_; U {A4s}; so by
construction, As € I; so IV 1, As. This is impossible; reject the
assumption: I is s-maximal.

If I'y is consistent, then each €2; is consistent.

Suppose I'y is consistent.

Basis: g = Iy and T’y is consistent; so {2 is consistent.
Assp: For any i,0 <14 < k, §; is consistent.
Show: €, is consistent.
Qf is either (i) Qx_1, or (ii) Qg = Q1 U {As}, (iii) Qg U
{s.t, P} or (iv) Q=+ U {s.t, P, ~Q:}.
(i) Suppose Qy is Qx_1. By assumption, Q1 is consistent; so {2
is consistent.
(ii) Suppose Qy is Qg+ = Qi1 U{As}. Then by construction, s is
0 orin Q1 and Q1 A, ~As; so by L5.2, Q1 U{As} is
consistent; so {2 is consistent.
(iii) Suppose Q is Qp+ U {s.t, P,}. In this case, as above, Q.
is comsistent and by construction, ~—P; € «. Suppose

Q) is inconsistent. Then there are A, and ~A, such that
Qg U{s.t, P} b, Ay and Qi U {s.t, P}y, ~Ay,. So reason

as follows,

1| Qpx

2 s.t A (g7 —/I)

3| || P, A (¢, ~)

4 A, from Q- U {s.t, P}
5 ~A, from Q- U {s.t, P}
6| |~P; 3-5 ~1

7| —Ps 2-6 —1
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L5.6

Lb5.7

where, by construction, ¢ is not in Qg«. So Qg+ H,, —Ps; but
~— Py € Qpx; 80 Qpx 5, ~—Ps; so Qg+ is inconsistent. This
is impossible; reject the assumption: ) is consistent.

(iv) Suppose Q is Qi+ U{s.t, P;, ~Q:}. In this case, as above, Q.
is consistent and by construction, ~(P 1 Q)s € Qk+. Suppose
Q. is inconsistent. Then there are A, and ~A, such that
Q= U{s.t, P, ~Q¢} 3, Ay and Qp= U{s.t, Py, ~Q} Hyp ~Ay.

So reason as follows,

1| Qe

2| | st A (g, 3I)

3 th

4 NQt A (Cv NE)

5 An from Qp= U {s.t, P, ~Q:}
6 ~Ay from Qp+ U {s.t, Pr,~Q+}
7| Qe 4-6 ~E

8| (PaQ). 271

where, by construction, ¢ is not in Qg«. So Qi+ 5, (P 3 Q)s;
but ~(P 3 Q)s € Qgx; 80 Qe Ho ~(P 3 Q)s; 80 Qs i
inconsistent. This is impossible; reject the assumption: € is
consistent.

For any i, ); is consistent.

If I'y is consistent, then IV is consistent.

Reasoning parallel to L2.6 for NKa.

If Ty is consistent, then I" is a scapegoat set for — and 7.

For —. Suppose Iy is consistent and I ), ~—Ps. By L5.6, T”
is consistent; and by the constraints on subscripts, s is included in
I, Since I' is consistent, I (A, ~~—Ps; so there is a stage in
the construction process where Q;+ = Q;_; U {~—F;} and Q; =
Qi+ U {s.t, P}; so by construction, s.t € IV and P, € I'; so IV I, s.t
and IV B¥, Pi. So I is a scapegoat set for —.

For . Suppose Iy is consistent and IV, ~(P 3 Q)s. By L5.6,
I is consistent; and by the constraints on subscripts, s is included
in I, Since I' is consistent, IV 1A, ~~(P 3 Q)s; so there is a stage
in the construction process where Q;+ = ;1 U {~(P 3 Q)s} and
Q; = Qi U {s.t, P;,,~Q:}; so by construction, s.t € IV, P, € I” and
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L5.8

~Qr €Ty soIV By, sit, IV B, Prand TV B, ~Q: So I’ is a
scapegoat set for .

We construct an interpretation I = (W, R, v) based on I'" as follows.
Let W have a member w; corresponding to each subscript s included
inI”. Then set (ws, wy) € RIff IV 1, s.t, and vy, (p) = 1iff IV K, ps.

If Ty is consistent then for (W, R,v) constructed as above, and for
any s included in I, v, (A) =1 iff TV B}, As.

Suppose I'g is consistent and s is included in IV. By L5.4, I is s-
maximal. By L5.6 and L5.7, IV is consistent and a scapegoat set for
— and J. Now by induction on the number of operators in Aj,

Basis: If As has no operators, then it is a parameter p, and by con-
struction, vy, (p) = Liff IV K, ps. So vy, (A) = 1iff TV K, As.

Assp: For any i, 0 < i < k, if A, has ¢ operators, then v, (A4) = 1 iff
Iy, As.

Show: If Ag has k operators, then vy, (4) =1 iff IV B, As.

If A, has k operators, then it is of the form ~Ps, (PAQ)s, (PV
Q)s, (P 1Q)s, or —Ps where P and ) have < k operators.

(~) As is ~Ps. (i) Suppose vy, (A) = 1; then vy, (~P) = 1; so
by TIL(~), vy, (P) = 0; so by assumption, IV 4, Ps; so by
s-maximality, I 1, ~Ps, where this is to say, I" k5, As.
(ii) Suppose I'" K, As; then IV K, ~Ps; so by consistency,
I t&, Ps; so by assumption, v, (P) = 0; so by TIL(~),
Uy, (~P) = 1, where this is to say, vy, (A) = 1. So v, (4) =1
iffIr'er, A

NIL S

>

TN/~ o/~
<
~— ~— ~— ~—

A is —Ps. (i) Suppose vy, (A) = 1 but I 14, As; then
Uy, (—P) = 1 but I" 4, —Ps. From the latter, by s-
maximality, IV B¥, ~—P;; so, since I is a scapegoat set for
—, there is some ¢ such that IV |} s.t and TV K}, P;; from
the first, by construction, (ws,w;) € R; and from the second,
by assumption, vy, (P) = 1; so by TIL(—), v, (—P) = 0.
This is impossible; reject the assumption: if v, (A) = 1, then
Iy, As.
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(i) Suppose I'" K, Ag but vy, (A) = 0; then IV H¥, —Ps but
Uy, (—P) = 0. From the latter, by TIL(—), there is some
wy € W such that wsRw; and vy, (P) = 1; so by assumption,
IV K, Pi; but since wsRwy, by construction, I K, s.t; so
by (—E), IV F, ~P;; so by consistency, IV tA, P;. This is
impossible; reject the assumption: if IV -, As then v, (A) =
1. So vy, (A) =1iff IV, As.

For any As, vy, (A) = 1iff T' B, As.

L5.9 If T'y is consistent, then (W, R,v) constructed as above is an IL in-
terpretation.

For this, we need to show that the interpretation meets the p, 7 and
h conditions.

(p) Suppose ws € W. Then by construction, s is a subscript in
I'; so by (AMp), I K, s.s; so by construction, (ws, ws) € R
and p is satisfied.

(1)

(h) Suppose vy, (p) = 1 and wsRw;. Then by construction, I ¥,
ps and IV BY, s.t; so by (H), I B, pt; so by construction,
Uy, (p) = 1.

MAP For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.

L5.10 If T'y is consistent, then v,,(Iy) = 1.
Reasoning parallel to L2.10 for NKa.

Main result: Suppose I' 5, A but I' 14, A. Then T'y |5 Ao but Ty 4,
Ap. By a simple derivation, if I'g Fy,, ~~Ap, then 'y F,, Ao; so Iy A,
~n~Ap; so by L5.2, T'o U {~Ap} is consistent; so by L5.9 and L5.10, there
is an IL interpretation (W, R, v),, constructed as above such that v,,(I'g U
{~A0}) = 1; 80 U0y (~A) = 1; s0 by TIL(~), Upm0)(A) = 0; 80 v (Tp) = 1
and vy, 0)(A) = 0; so by VIL*, T'g jA; Ao. This is impossible; reject the
assumption: if I |5, A, then I' bk, A.
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6 Many-Valued Logics: Mz (ch. 7,8)

6.1 Language / Semantic Notions

LMx The LANGUAGE consists of propositional parameters pg,pi ... with
the operators, =, A, V, and D. KEach propositional parameter is a
FORMULA; if A and B are formulas, so are =A, (AA B), (AV B), and
(AD B). A= B abbreviates (A D B) A (B D A).

IMX An INTERPRETATION is a function v which assigns to each proposi-
tional parameter some subset of {0,1}; so v(p) is ¢, {1}, {0} or {1,0}.
Intuitively, v(p) is true iff 1 € v(p) and v(p) is false iff 0 € v(p). Where
x is empty or includes some combination of the following constraints,

exc for no p are both 0 € v(p) and 1 € v(p) exclusion

exh for any p, either 1 € v(p) or 0 € v(p) exhaustion
v is an Mz interpretation only if it meets the constraints from .
Mecr has both exc and exh, Mk3 and Mts just exc, MLp and MRM

just exh, and MFD neither exc nor exh (these are classical logic, and
Priest’s K3, L3, LP, RMs3 and FDE).

TM For complex expressions,

(m) 1ew(=A)iff 0 € v(A); 0 € v(=A) iff 1 € v(A).

(N) 1 evAAB)iff 1 € v(A) and 1 € v(B); 0 € v(A A B) iff
0€v(A) or 0 € v(B).

(V) 1ev(AVvB)iff 1 e v(A)or1l € v(B); 0 € v(AVB)iff 0 € v(A)
and 0 € v(B).

(D) 1ewv@ADB)iff 0 € v(A) or 1 € v(B); 0 € v(A D B) iff
1 €wv(A) and 0 € v(B).

(D)rs 1€ev(ADB)iff 0 € v(A) or 1 € v(B) or none of 1,0 € v(A)

or 1,0 € v(B);0€v(ADB)iff 1 € v(A) and 0 € v(B).

(O)rm 1 €v(ADB)iff 1 €v(A) or 0 € v(B) or all of 1,0 € v(A)
and 1,0 € v(B); 0 € v(A D B) iff 1 € v(A) and 0 € v(B).

All the systems have the same conditions, except that MEs interpretations
use (D)3 and MRM interpretations use (D)gy. For a set T' of formulas,
1ew()iff 1 € v(A) for each A € T'; then,

VMx I' |5, A iff there is no Mz interpretation v such that 1 € v(I") but
1 Zv(A).
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This account is adequate to the (superficially) different presentations in
these chapters of Priest. For the multivalued approach: classical logic has
values {0}, {1}, with {1} designated; K3 and £3 have ¢, {0}, {1}, with
{1} designated; LP and RMs have {0}, {1}, {0,1}, with {1} and {0,1}
designated; and FDE has ¢, {0}, {1}, {0,1}, with {1} and {0, 1} designated.
For the relational approach, we identify the relation as set membership. And
a v as above maps to a Routley interpretation with v, (p) = 1 iff 1 € v(p),
and vy« (p) = 0 iff 0 € v(p).” Then, in each case, conditions for truth and
validity are as above.

6.2 Natural Derivations: NMz

Introduce expressions of the sort A and A. Intuitively A indicates that A is
not false. Let \A\ and /A/ represent either A or A where what is represented
is constant in a given context, but \A\ and /A/ are opposite. And similarly
for /A/ and \A\, though there need be no fixed relation between overlines
on \A\ and \A\. Except for a pair of new rules (D) and (U) corresponding
to conditions ezc and exh, derivation rules mirror ones for classical logic.

D|P u|P
P P
R|/P/ 1| |/p/ —E| |/~P/
/P QU 1QU
\=Q\ V=O\
P\ \P\
AL|/P/ AE|/PAQ/ AE|/PAQ/
1Q/
P/ 1Q/
/P AQ/

PFor this, see [3, sections 8.5.8, 8.7.17 and 8.7.18] along with 1.6.0 for the proof of
soundness in [7].
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VI|/P/ VI|/P/ VE |/PV Q/
/P/
/PVQ/ /QV P/
IRY
DI |/P/ DE|\P D Q\
/P/ |/Q/
\Q\
\P D Q\ \Q\ IR
IR
=I||/P/ =E [\P =Q\ =E [\P =Q\
/P/ /Q/
\Q\
@ \Q\ \P\
/Q/
\P\
\P = Q\

NMFp has the I- and E-rules for -, A, V, D with (R). NMk3 adds (D), for
truth down. NMLp adds (U), for truth up. NMcr has all the rules. In these
systems, (=I) and (=E) are derived. In addition, for these systems, two-way
derived rules carry over from CL with consistent overlines. Thus, e.g.,

Impl /PD>Q/ 4> /=PVQ/
/=P D>Q/ <> /PVQ/

MT, NB and DS appear in the forms,

MT|/P>Q/ NB|/P=qQ/ /P =Q/ DS|/PVvQ/ /PVQ/
\=Q\ \-P\ \=Q\ \=P\ \=Q\
/-P/ /=Q/ /=P/ /Q/ /P/

Alternate systems. The systems NMt3s and NMrm have (R) with I and
E rules for =, A, and V. Both include,

OI| | P SE|IPOQ
P
Q _
PDQ Q

which are the same as before. NMrs adds (D) and,
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Olps ? DErL3 PDQ

(PV=P)V(QV-Q) (PV=P)V(QV-Q)
P

Q

PDQ @

NMgm adds (U) and,

Dlrm P DErm PDQ
(PV-P)V(QV-Q) (PV=P)V(QV-Q)
P
Q _
PDO>Q @

Because of the lack of symmetry for D rules, there is no easy carryover in
these systems of derived rules for = and D.

Where the members of I' and A are expressions without overlines,

NMx I' kH,, A iff there is an NMz derivation of A from the members of I'.

Examples. Here are derivations, cast to show the general forms, for MT
and the second form of DS.

/P S Q/\=Q\ by P/ /P QI N\=Q\ by / P/
1l/P>5qQ/ P 1/Pvg/ P
2 \=Q\ P 2 \=Q\ p
3| [\P\ A (¢, -I) 3| |/py A (¢, 1 VE)
al|/qr 1,3 OF al|/ps 3R
5 [\-0\ 2R
50 1/Q/ A (g, 1 VE
6|/-P/ 3.5 - /Q (9 )
6 \= P\ A (C7 —\E)
71 || /Q/ 5R
8| [ [\-Qv 2R
9| |/py 6-8 —F
10| /p/ 1,3-4,5-9 VE

And for some particular results requiring (D) and (U), here are demonstra-
tions of standard rule and axioms for classical logic, making use of the full
rule set (see, e.g. [0, chapter 3]).
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MP A,AD Bhyy, B
11A P
2 ;4 OB P
3lA 1D
4| B 2,3 DE
Al by, AD(BDA)
1| |4 A (g, D)
2| |B A (g, DI)
3 A 1U
41 BD A 2-3 DI
5|AD(BDA) 1-4 DI
A2 by, [AD(BDC)]D[(ADB)D(ADC))
1| [A>(BDC) A (g, OI)
2| ||ADB A (g, D)
31114 A (g, D)
4 ADB 2U0
5 B 3,4 DE
6 AD(BDCQO) 10
7 BO>C 3,6 DE
8 B 5D
9 C 7,8 DE
10 ADC 3-9 DI
11| |[(ADB)D(ADCQO) 2-10 DI
12|[AD(BDC)D[(ADB)D(AD 0] 1-11 oI
A3 Fg, (FAD-B)D[(mAD B) D 4]
1| |[-A>-B A (g, D)
21| |[-AD>B A (g, D)
3 —-A A (¢, —E)
4 —-A 30U
5 B 2,4 DOE
6 -B 1,4 DE
7 -B 6U
8 A 3-7 —E
9/|(-ADB)D A 2-8 DI
10| (~AD>-B)D[(~ADB)DA] 1-9 oI

Of course, there is not much point going back-and-forth between overline
and non-overline expressions in the full classical system. But these examples
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should illustrate the rules. And overlines matter for the other systems.
Finally, a couple derivations to show modus ponens as a derived rule in
NM¢rs and NMRu.

P> Q,Phuy, Q

1/1PDQ P

2| P P

3| P 2D
4PV P 2 VI

5/ (PV=P)V(QV Q) 4 V1
6|Q 1,3,5 DE
P D Q, Py, @

1/1PDQ P

2| P P

3| |-Q A (¢, -E)
41 1QV-Q 3 VI

5/ (PV=P)V(QV-Q) 4 V1
6|Q 1,2,5 OE
71 -Q 3U

8| Q 3-7 -E

6.3 Soundness and Completeness

Preliminaries: Begin with generalized notions of truth and validity to in-
clude expressions with overlines. First, holding as a generalization of TM.
Say /A/ holds iff h(A) = 1 and otherwise fails. As usual, for the following,

cases omitted are like ones worked, and so left to the reader.

HM (B) h(p) = 1if 1 € v(p), and otherwise h(p) = 0; h(p) = 1 iff
0 € v(p), and otherwise h(p) = 0.

(=) h(/=A/) =1 iff h(\A\) = 0, and otherwise h(/—A/) =

(AN) h(/ANB/) = 1 iff h(/A/) = 1 and h(/B/) = 1, and otherwise
h(/ANB/) =

(V) h(/Av B/) = 1 iff h(/A/) = 1 or h(/B/) = 1, and otherwise
h(/AV B/) =

(D) h(/A D B/) =1 iff h(\A\) = 0 or h(/B/) = 1, and otherwise
h(/A D> B/)=0.

(D)3 h(A D B) =1iff h(A) = 0 or h(B) = 1 or none of h(A) =1,
h(A) = 0, h(B) = 1, or h(B) = 0, and otherwise h(A D B) =
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0; (AD B) = 0 iff h(A) = 1 and h(B) = 0, and otherwise

h(ADB)=1

(D)rm h(ADB)=1 ff h(A) = 0 or h(B) = 1 or all of h(A) = 1,
h(A) =0, h(B) = 1, and h(B) = 0, and otherwise h(A D B) =
0; h(ADB) =0 1ff h(A) = 1 and h(B) = 0, and otherwise
h(AD B)=1.

Except for the (D)r3 and (D)gras conditions, this formulation nicely mirrors
the original classical definition TCL. And h and v are related as one would
expect.

L6.0 For any Mz interpretation v and corresponding h, h(A) = 1iff 1 €
v(A), and h(A) = 1iff 0 € v(A).

Basis: If A has no operators, then it is a parameter p. By HM(B),
h(p) =1iff 1 € v(p) and h(p) =1 iff 0 & v(p); so h(A) =1 iff
1 € v(A), and h(A) = 1iff 0 € v(A).

Assp: For 0 <i < k, if A has k operators, then h(A) = 1iff 1 € v(A),
and h(A) = 1iff 0 € v(A).

Show: If A has k operators, then h(A) = 1iff 1 € v(A), and h(A) =
iff 0 ¢ v(A).
If A has k operators, then it is of the form, -P, PAQ, PV Q,
or P O @ where P and @ have < k operators.

(=) Suppose A is =P. By HM(=), h(=P) = 1 iff h(P) = 0; by
assumption, iff 0 € v(P); by TM(-) iff 1 € v(—=P). By HM(—),
h(=P) = 1 iff h(P) = 0; by assumption, iff 1 ¢ v(P); by
TM(=) iff 0 € v(=P). So h(A) =1iff 1 € v(A), and h(A4) =
iff 0 ¢ v(A).

(A) Suppose A is PA Q. By HM(A), h(P A Q) = 1 iff h(P) =
and h(Q) = 1; by assumption, iff 1 € v(P) and 1 € v(Q); b
TM(A) iff 1 € v(PAQ). By HM(A), h(P A Q) = 1iff h(P) =
and h(Q) = 1; by assumption, iff 0 € v(P) and 0 ¢ v(Q); b
TM(A) iff 0 & v(PAQ). So h(A) = 1iff 1 € v(A4), an
h(A) =1iff 0 ¢ v(A).

(V)

(D) Suppose A is P D> Q. By HM(D), h(P > Q) =1iff h(P) =0
or h(Q) = 1; by assumption, iff 0 € v(P) or 1 € U(Q) by
TM(D) iff 1 € v(P D Q). By HM(D), h(PD> Q) = 1 iff

(oM T
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h(P) = 0 or h(Q) = 1; by assumption, iff 1 &€ v(P) or 0 &
v(Q); by TM(D) iff 0 € v(P D Q). So h(A) =1iff 1 € v(A),
and h(A) = 1iff 0 ¢ v(A).
(D)3 Suppose Ais P D Q. By HM(D) 3, h(P D Q) = 1iff h(P) =

or h(Q) = 1 or none of h(P) = 1, h(P) = 0, h(Q) = 1, or
h(Q) = 0; by assumption, iff 0 € v(P) or 1 € v(Q) or none
of 1,0 € v(P) or 1,0 € v(Q); by TM(D)3 iff 1 € v(P D
Q). By HM(D)r3, h(P D Q) = 1 iff h(P) = 0 or h(Q) = 1;

by assumption, iff 1 € v(P) or 0 € v(Q); by TM(D)rs iff
0¢v(P DQ) Soh(A) =1iff 1 € v(A), and h(A) = 1 iff
0&v(A).

(D)ram Suppose A is P D Q. By HM(D)rum, h(P D Q) =1 iff

h(P) =0 or h(Q) =1 or all of h(P) =1, h(P) = 0, h(Q) =

and h(Q) = 0; by assumption, iff 1 € v(P) or 0 € v(Q) or all of
1,0 € v(P) and 1,0 € v(Q); by TM(D)gp iff 1 € v(P D Q)
By HM(D)grm, (P2 Q) = 1 iff h(P) = 0 or h(Q) =
by assumption, iff 1 ¢ v(P) or 0 ¢ v(Q); by TM(D)rm 1ff
0¢v(P>Q). Soh(A) =1iff 1 € v(A4), and h(A) = 1 iff
0&v(A).

For any A, h(A) = 1iff 1 € v(A), and h(A) = 1iff 0 & v(A).

So A holds iff 1 € v(A), and otherwise fails; and A holds iff 0 & v(A), and
otherwise fails. This permits natural generalizations for notions of validity.

For any v, where I' is a set of expressions with or without overlines, say
h(I') =1 iff h(/A/) =1 for each /A/ € I". Then,

VMx* T' ¥ /A/ iff there is no Mz interpretation v and corresponding h
such that A(T") =1 but h(/A/) =0

NMx* T' K, /A/ iff there is an NMz derivation of /A/ from the members
of I.

These notions reduce to the standard ones when all the members of I' and
/A/ are without overlines. This is obvious for NMx*. And similarly, we
have h(A) =1 iff 1 € v(A); so VMX* collapses to VMX.

THEOREM 6.1 NMz is sound: If 'k, A then T 5, A.

L6.1 T CIMand I' &, /P/, then I |5%, /P/.
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Suppose I' C TV and T' |5 /P/, but I &% /P/. From the latter, by
VMx*, there is some v and h such that A(I") = 1 but h(/P/) = 0.
But since h(I") =1 and ' C TV, h(T') = 1; so h(T') = 1 but h(/P/) =
0; so by VMx* T' }&* /P/. This is impossible; reject the assumption:
I CIMand ' =), /P/, then IV |55 /P/.

Main result: For each line in a derivation let P; be the formula on line %
(with or without overlines) and set I'; equal to the set of all premises and
assumptions whose scope includes line 7. We set out to show “generalized”
soundness: if I' ¥, /A/ then T' % /A/. As above, this reduces to the
standard result when the members of I" and A are without overlines. Suppose
I' 5 /A7, Then there is a derivation of /A/ from premises in I where /A/
appears under the scope of the premises alone. By induction on line number
of this derivation, we show that for each line i of this derivation, I'; 5" P;.

The case when P; = /A/ is the desired result.

Basis: Py is a premise or an assumption /A/. ThenT'y = {/A/}; so h(T'1) =1
iff h(/A/) = 1; so there is no h such that h(I';) = 1 but h(/A/) = 0.
So by VMx*, I'y |, /A/, where this is just to say, I'1 |55, P1.

Assp: For any i,1 <i < k,I'; |55, P.

Show: Ty 5, Pr.

P is either a premise, an assumption, or arises from previous lines
by R, —I, =E, Al, AE, VI, VE, or, depending on the system, DI, DE,
D, U, DI, DE, DlIgs, DEp3,DIgn, or DERy. If Py is a premise or
an assumption, then as in the basis, 'y 5% Px. So suppose Py arises
by one of the rules.

(=I) If Py arises by —I, then the picture is like this,

1A/
il | /By
il [\=B\
k[ \=A\

where i,j < k and Py is \-A\. By assumption, I'; 5% /B/ and
I'; . \=B\; but by the nature of access, I'; C I'y U {/A/} and
I'; CT'yU{/A/}; so by L6.1, 'y U{/A/} 5, /Bl and T, U{/A/} 5,
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(OF)

\=B\. Suppose I';, A& \7A\; then by VMX*, there is some v and
h such that h(I'y) = 1 but h(\=A\) = 0; from the latter, by HM(-),
h(/A/) =1;s0 h(T'y) =1 and h(/A/) = 1; so (T, U{/A/}) = 1; so by
VMx* h(/B/) =1 and h(\=B\) = 1; from the latter, by HM(-),
h(/B/) = 0. This is impossible; reject the assumption: I'y ' \-A\,
which is to say, I'x 5% Pr.

If P arises by DI, then the picture is like this,

VAN

i| |/B/
k|/AD B/

where ¢ < k and Py, is /A D B/. By assumption, I'; %, /B/; and by
the nature of access, I'; C T'y U{\A\}; so by L6.1, T} U{\A\} & /B/.
Suppose T'y (&% /A D B/; then by VMx*, there is some v and
h such that h(I'y) = 1 but h(/A D B/) = 0; from the latter, by
HM(D), h(\A\) =1 and h(/B/) = 0; so h(I'y) = 1 and h(\A\) = 1,
so h(T'y U{\A\}) = 1; so by VMx*, h(/B/) = 1. This is impossible;
reject the assumption: I'y = /A D B/, which is to say, I'y |5, Pk-

If P arises by DE, then the picture is like this,

i|/AD B/
7[VA\

k|/B/

where i,j < k and Py is /B/. By assumption, I'; % /A D B/ and
I'; =5 \A\; but by the nature of access, I'; C I'y, and I'; C I'; so by
L6.1, Ty &, /A D B/ and I'y 5% \A\. Suppose I'y |45, /B/; then
by VMx*, there is some v and h such that h(I'y) = 1 but h(/B/) = 0;
since h(I'y) = 1, by VMx*, h(/A D B/) =1 and h(\A\) = 1; from
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the former, by HM(D), h(\A\) = 0 or h(/B/) = 1; so h(/B/) = 1.
This is impossible; reject the assumption: I'y &% /B/, which is to
say, ' 5. Pr.
If Py, arises by D, then the picture is like this,

il A

E|A
where i < k and Py, is A. Where this rule is included in NMz, Mz has
condition ezc, so no interpretation has v(p) = {1,0}. By assumption,
Iy 55 A; but by the nature of access, I'; C I'y; so by L6.1, I = A
Suppose I'y, &5, A; then by VMx*, there is some v and h such that

h(I'y) =1 but h(A) = 0; since h(I'y) = 1, by VMx*, h(A) = 1. But

for these interpretations, for any A, if h(A) = 1 then h(A) = 1.

Basis: A is a parameter p. Suppose h(A) = 1; then h(p) = 1; so by
HM(B), 1 € v(p); so by exe, 0 & v(p); so by HM(B), h(p) = 1;

so h(A) = 1.

Assp: For any i, 0 < i < k, if A has i operators, and h(A) = 1, then
h(A) = 1.

Show: If A has k operators, and h(A) = 1, then h(A4) = 1.
If A has k operators, then A is of the form, =P, PAQ, PV Q,
or P D @, where P and ) have < k operators.

(-) Ais =P. Suppose h(A) = 1; then h(=P) = 1; so by HM(-),

h(P) = 0; so by assumption, h(P) = 0; so by HM(=), h(=P) =

1, which is to say, h(A) = 1.

(A) Ais PAQ. Suppose h(A) = 1; then h(P A Q) = 1; so by
HM(A), h(P) =1 and h(Q) = 1; so by assumption, h(P) =1

and h(Q) = 1; so by HM(A), h(P A Q) = 1, which is to say
h(A) = 1.

(V)
(D) Ais P D Q. Suppose h(A) = 1; then h(P D Q) = 1; so by
HM(D), h(P) = 0 or h(Q) = 1; so by assumption, h(P) = 0
or h(Q) = 1; so by HM(D), h(P O Q) = 1, which is to say

h(A) = 1.
(D)rs Ais P D Q. Suppose h(A) = 1; then h(P D Q) = 1; so
by HM(D)r3, h(P) = 0 or h(Q) = 1 or none of h(P) = 1,
h(P) =0, h(Q) = 1, or h(Q) = 0; so by assumption, h(P) = 0
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or h(Q) = 1; so by HM(D)z3, h(P D Q) = 1, which is to say

h(A) = 1.

For any A, if h(A) =1, then h(A) = 1.

So, returning to the case for (D), h(A) = 1. This is impossible; reject
the assumption: I'y 5% A, which is to say, 'y 5. Pk.

If P arises by U, then the picture is like this,
ilA
kA

where i < k and Py is A. Where this rule is included in NMz, Mz
has condition exh, so no interpretation has v(p) = ¢. By assumption,
I'; =" A; but by the nature of access, I'; C I'; so by L6.1, T, =" A.
Suppose I'y, &5, A; then by VMx*, there is some v and h such that

h(I'y) =1 but h(A) = 0; since h(I'y) = 1, by VMx*, h(A) = 1. But

for these interpretations, for any A, if h(A) = 1 then h(A) = 1.

Basis: A is a parameter p. Suppose h(A) = 1; then h(p) = 1; so by
HM(B), 0 ¢ v(p); so by exh, 1 € v(p); so by HM(B), h(p) = 1;
so h(A) = 1.

Assp: For any i, 0 <1i < k, if A has i operators, and h(A) = 1, then
h(A) = 1.

Show: Tf A has k operators, and h(A) = 1, then h(A4) = 1.
If A has k operators, then A is of the form, =P, PAQ, PV Q,
or P D @, where P and @ have < k operators.

(=) Ais —=P. Suppose h(A) = 1; then h(—=P) = 1; so by HM(-),

h(P) = 0; so by assumption, h(P) = 0; so by HM(=), h(=P) =
1, which is to say, h(A) = 1.

(A) Ais P AQ. Suppose h(A) = 1; then h(PA Q) = 1; so by

HM(A), h(P) =1 and h(Q) = 1; so by assumption, h(P) =1
and h(Q) = 1; so by HM(A), h(P A Q) = 1, which is to say
h(A) =1.

(V)

(D) Ais P D Q. Suppose h(A) = 1; then h(P D> Q) = 1; so by
HM(D), h(P) = 0 or h(Q) = 1; so by assumption, h(P) = 0
or h(Q) = 1; so by HM(D), h(P D Q) = 1, which is to say
h(A) = 1.
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(D)rm Ais P D Q. Suppose h(A) = 1; then h(P D Q) = 1; so by
HM(D)rar, M(P) = 0 or h(Q) = 1; so h(P) =0 or h(Q) = 1
or all of h(P) =1, h(P) =0, h(Q) = 1, and h(Q) = 0; so by
HM(D)gra, h(P D Q) =1, which is to say h(A) = 1.

For any A, if h(A) = 1, then h(A) = 1.
So, returning to the case for (U), h(A) = 1. This is impossible; reject
the assumption: T'y |55 A, which is to say, I'y 5% Pk.

(D1Igg) If Py arises by DIpg3, then the picture is like this,
A
(AV-A)V (BV-B)

i| | B

k|ADB

where i < k and Py is A D B. By assumption, I'; {,,, B; and by
the nature of access, I'; C Ty U{A, (AV—A)V (BV-B)}; so by L6.1,
Iy U{A,(AV—-A)V (BV-B)} Fug, B- Suppose I'y &, A D B;
then by VMXx*, there is some v and h such that h(I'y) = 1 but
h(A D B) = 0; from the latter, by HM(D) 3, h(A) = 1 and h(B) =0
and at least one of h(A) = 1, h(A) = 0, h(B) = 1, or h(B) = 0; since
at least one of h(A) = 1, h(A) = 0, h(B) = 1, or h(B) = 0, by HM(~)
twice, at least one of h(A4) =1, h(=A) =1, h(B) =1, or h(=B) = 1;
so by repeated applications of HM(V), h((AV —-A)V (BV-B)) =1,
so h(Ty) = 1, h(A) = 1, and h((AV =A) V (BV =B)) = 1; so
h(TyU{A, (AV—=A)V (BV-B)}) =1;so by VMx*, h(B) = 1. This
is impossible; reject the assumption: I’y ):]’;MB A D B, which is to
say, Fk ):;;Mls fpk

(DEpL3) If Py arises by DErg3, then the picture is like this,

h|ADB
i|(AV—-A)V (BV-B)

jlA

k|B
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where h,i,j < k and P, is B. By assumption, T’y ’%:Mm A D B,
I K, (AV—2A)V(BV-B) and T |, A; but by the nature of
access, I', CT'y, I'y CI'y and I'; C I'; so by L6.1, I', |:23‘M[3 A D B,
Uk Fg, (AV-A)V(BV-B) and Ty =iy, A. Suppose T, B, Bs
then by VMx*, there is some v and h such that h(I'y) = 1 but
h(B) = 0; since h(T'x) = 1, by VMx*, h(A D B) =1, h((AV -A) V

(BV —B)) =1 and h(A) = 1; from the first of these, by HM(D)rs,

h(A) = 0 or h(B) = 1 or none of h(A) =1, h(A) = 0, h(B) = 1,
or h(B) = 0; but since h((AV =A) V (B V =B)) = 1, by repeated
applications of HM(V), at least one of h(A) =1, h(—A) =1, h(B) =
1, or h(=B) = 1; so by HM(—) twice, at least one of h(A) = 1,

h(A) = 0, h(B) = 1, or h(B) = 0; so h(A) = 0 or h(B) = 1; but

since h(A) = 1, h(B) = 1. This is impossible; reject the assumption:
It Ky, B, which is to say, Iy [, Pr-

(DIgrn) If Py arises by DIgpy, then the picture is like this,

A
(AV=A)V (BV -B)

i| |B
E|ADB

where i < k and Py is A D B. By assumption, I'; |5, B; and
by the nature of access, I'; C I'y U{A,(AV -A)V (BV -B)}; so by
L6.1, I'y U{A,(AV-A)V (BV-B)} K, B. Suppose T, iz
A D B; then by VMX*, there is some v and h such that h(T'y) =1
but h(A D B) = 0; from the latter, by HM(D)ras, h(A) = 1 and
h(B) = 0 and not all of h(A4) =1, h(A) =0, h(B) = 1, and h(B) = 0;
since not all of h(A) = 1, h(A) =0, h(B) =1, or h(B) = 0, at least
one of h(A) = 0, h(A) = 1, h(B) = 0, or h(B) = 1; so by HM(~)
twice, at least one of h(=A) =1, h(A) =1, h(=B) = 1, or h(B) = 1;
so by repeated applications of HM(V), h((AV —-A)V (BV -B)) =
1; so h(I'y) = 1, h(A) = 1, and h((AV -A)V (BV-B)) = 1; so
h(Ty U {A,(AV-A)V (BV-B)}) = 1; so by VMx*, h(B) = 1.
This is impossible; reject the assumption: I'y |, , A O B, which is
to say, 't Ky, Pk

(DERn) If Py arises by D Egas, then the picture is like this,
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h|ADB
i|(AV-A)V (BV-DB)
J|A

k| B

where h,i,j < k and Py is B. By assumption, I'y, Fiv, 4 2 B,
Ui Ry, (AV2A)V(BV-B) and I |, A; but by the nature
of access, I', C I'y, I' C I'y and I'; C TI'y; so by L6.1, I', HkMW
A D B, Ty Ry, (AV-A)V(BV-B) and I'y K, A Sup-
pose T, I;r%,"MRM B; then by VMX*, there is some v and h such that
h(I'y) = 1 but h(B) = 0; since h(I'y) = 1, by VMx*, h(4 D B) =1,
h((AV =A)V (BV-B)) =1 and h(A) = 1; from the first of these,
by HM(D) g, h(A) = 0 or h(B) = 1 or all of h(A) = 1, h(A) = 0,
h(B) = 1, and h(B) = 0; but since h((AV =A) V (BV -B)) =1, by
repeated applications of HM(V), at least one of h(A) = 1, h(=A) = 1,
h(B) = 1, or h(=B) = 1; so by HM(—) twice, at least one of
h(A) = 0, h(A) = 1, h(B) = 0, or h(B) = 1; so h(A) = 0 or
h(B) = 1; but since h(A) = 1, h(B) = 1. This is impossible; reject
the assumption: I'y |57, B, which is to say, 'y Fvvi, Dk

For any i, I'; |55, A;.

THEOREM 6.2 NMz is complete: if T |5, A then T'H,, A.

Suppose I' |5,, A; then I' 5% A; we show that I' I,,, A. Again, this
reduces to the standard notion when there are no overlines. Fix on some
particular constraint(s) z. Then definitions of consistency etc. are relative

CoN T' is CONSISTENT iff there is no A such that I' i, /A/ and T'

NMzx

\—A\

L6.2 If T'tA4,,, \—P\, then I"U {/P/} is consistent.

Suppose I' 14, \=P\ but I U {/P/} is inconsistent. Then there is
some A such that TU{/P/} ¥, /A/ and TU{/P/} 1, \-A\. But

then we can argue,
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L6.3

MAX
C(1)

L6.4

L6.5

1|

2| |/P/ A (¢, 1I)

3| | AN from T'"U{/P/}
4| [\=AN from T'U {/P/}
5| \=P\ 2-4 -1

So I' =¥, \=P\. But this is impossible; reject the assumption: if
I . \oP\, then I' U {/P/} is consistent.

There is an enumeration of all the formulas, P1, P, ...

Proof by construction. A simple approach is to order Ay, As... in
the usual way, and let the final enumeration be, Ay, Ay, Ag, Ao . ...

I' is MAXIMAL iff for any A either I' I, /A/ or T' K, \—A\.

We construct a IV from T' as follows. Set 9 = I". By L6.3, there
is an enumeration, P1, Py ... of all the formulas; for any P; = /A/ in
this series set,

Q; =Q;_1 it Q1 Hr, \2AN

Q= 1 U{/A/} it Qo VA, \AN
then

["= Ui>0 Q;

IV is maximal.

Suppose I is not maximal. Then there is some P; = /A/ such that
IV tA, /A/ and TV tA, \=A\. For any i, each member of €; i is

NMzx NMzx
in T; so if Q1 Bf,, \"A\ then TV ¥, \=A\; but TV tA, \0A\;
so Q1 K, \—A\; so by construction, Q; = Q,_; U {/A/}; so by
construction, /A/ € I”; so I k¥, /A/. This is impossible; reject the

assumption: I' is maximal.

If I is consistent, then each €2; is consistent.

Suppose I' is consistent.

Basis: 9 =T and I is consistent; so )y is consistent.

Assp: For any i,0 <1 < k, {); is consistent.

Show: €y, is consistent.
Oy is either Q1 or Q1 U {/A/}. Suppose the former; by
assumption, 2;_1 is consistent; so €2 is consistent. Suppose

the latter; then by construction, Qx_; tA,, \7A\; so by L6.2,
Qx—1 U{/A/} is consistent; so € is consistent.
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L6.6

For any i, §2; is consistent.

If T is consistent, then I'/ is consistent.

Suppose I is consistent, but I is not; from the latter, there is some
P such that IV 15, /P/ and TV |5, \=P\. Consider derivations D1
and D2 of these results and the premises of these derivations. Where
P; is the last of these premises in the enumeration of formulas, by
the construction of IV, each of the premises must be a member of ;;
so D1 and D2 are derivations from €;; so €2; is not consistent. But
since I' is consistent, by L6.5, ; is consistent. This is impossible;
reject the assumption: if I' is consistent then I is consistent.

We construct an interpretation v based on I as follows. For any
parameter p, set 1 € v(p) iff IV ¥, p, and 0 € v(p) iff T” t4,,. D.

If T is consistent then for any A, h(/A/) =1 iff T

NMzx

/Al

Suppose I' is consistent. By L6.4, I" is maximal; by L6.6, IV is
consistent. Now by induction on the number of operators in A,

Basis: If A has no operators, then it is a parameter p or p. By
construction, IV ¥, p iff 1 € v(p); by HM(B), iff h(p) = 1.
Similarly, by construction, I 4, iff 0 € v(p); by HM(B),
iff h(p) # 1. So h(/p/) = 1 iff TV K, /p/, which is to say,
h(/A/)=1iff T &5, 1A/,

Assp: For any i, 0 < i < k, if A has i operators, then h(/A/) =1 iff
I Fr, JA/

Show: If A has k operators, then h(/A/) =1 iff T" &5, /A/.

If A has k operators, then it is of the form =P, PAQ, PV Q
or P D Q) where P and ) have < k operators.

(=) Ais =P. (i) Suppose h(/A/) = 1; then h(/=P/) = 1; so by
HM(=), h(\P\) = 0; so by assumption, I 1A \P\; so by
maximality, IV 15 /=P/, where this is to say, IV k¥, /A/.
(ii) Suppose I'' 1, /A/; then TV K, /= P/; so by consistency,
I 4. \P\; so by assumption, h(\P\) = 0; so by HM(-),
h(/=P/) = 1, where this is to say, h(/A/) = 1. So h(/A/) =1
iff IV B, /AL

NMzx
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Ais P D Q. (i) Suppose h(/A/) = 1 but I t4,, /A/; then
R(/P D Q/) =1 but I'" ¥4, /P D Q/. From the latter, by
maximality, IV b5, \=(P D Q)\; from this it follows, by the

following derivations,

1\=(P D> QN P 1\—~(P > Q)N P
21 | /=pP/ A (¢, -E) 21 |/qQ/ A (¢, -I)
3 \P\ A (g, DI) 3 \P\ A (g, 2I)
4 \=Q\ A (¢, -E) 4 /Q/ 2R
5 P\ 3R 5([/P>Q/ 3-4 DI
6 PNy 2R 6] [\=(P D> QM 1R
71| o 4.6 —E 7 [\=Q\ 2-6 -1
8| |/PDQ/ 3-7 DI
9] [\=(PD>Q)MN 1R
10 | \P\ 2-9 -E

that TV B, \P\ and TV 1%, \=Q\; so by consistency, I" t4;,,.
/Q/; so by assumption, h(\P\) = 1 and h(/Q/) = 0; so by
HM(D), h(/P D Q/) = 0. This is impossible; reject the as-
sumption: if h(/A/) =1 then IV 1}, /A/.

(ii) Suppose IV 5, /A/ but h(/A/) = 0; then TV -, /P D Q/
but A(/P D @Q/) = 0. From the latter, by HM(D), h(\P\) =1
and h(/Q/) = 0; so by assumption, IV F},, \P\ and I t4 .
/Q/; but since IV K, /P D @/ and T . \P\, by (DE),
I K, /Q/. This is impossible; reject the assumption: if
IV, /A7, then h(/A/) =1. So h(/A/) =1if TV B, /A/.
Ais P D Q. (i) /A/ is either (a) A or (b) A. (a) Suppose
h(A) = 1but I’ t5,, A; then h(P > Q) =1 but I" ¥, P>
Q. From the latter, by maximality, IV I, = =(P D Q); from
this it follows, by the following derivations,
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:(P Q) P
| P A (¢, —E)

P A (97 DIL3)
(PV-P)V(QV-Q) A (g Dlzs)
@ A (C7 _'E)

P 3R
-P 2R
Q 5-7 —=E
PD>Q 3-8 Dlzs
ﬁ(P D Q) 1R
P 2-10 -E
~(P>2Q) I
%Q A (Ca _‘I)
P A (g, D1Irs)
(PV=P)V(QV-Q) A (g, DIs)
Q 2R
PDQ 3-5 Dlzs
-(PDQ) 1R
-Q 2-7 -1
(P> Q) P
[=(PV-P)V(QV-Q) A (¢, -E)
P A (g, Dlzs)
(PV-P)V(QV-Q) A (g, Olza)
@ A (C7 “E)
(PV-P)V(QV-Q) 3R
~((PV=-P)V(@QV-Q)) 2R
Q 5-7 -E
P> Q 3-8 DIrs
—\(P D Q) 1R
(PV-P)V(QV-Q) 2-10 ~E

that I' B, P, T s —Q, and I Hing, (PV=P)V(QV=Q);
from the second of these, by consistency, I" %MB Q; so by

assumption, h(P) = 1 and h(Q) = 0. Since h(P D Q) =1,
by HM(D)s, h(P) = 0 or h(Q) = 1 or none of h(P) = 1,

h(P) =0, h(Q) = 1, or h(Q) = 0; but since h(P) = 1 and
h(Q) = 0, none of h(P) = 1, h(P) = 0, h(Q) = 1, or h(Q) = 0;
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so all of h(P) =0, h(P) =1, h(Q) = 0, and h(Q) = 1; so by
assumption, IV 5, P, IV =, P TV B, Q,and IV R, Qs
so by maximality, IV k5, P, IV k5, =P, I'" B, - @, and
I Ky, —@s from this, along with I' B, (PV-P)V(QV-Q),
it follows, by the following derivation,

1P P

2| =P P

31Q P
41-Q P
5/(PV-P)V(QV-Q) P

6| [~(P2Q) A (¢, —E)
7| |——P 1 DN

8| |—-=P 3 DN

9| |=PA—-—P 2,7 Al
10| |=Q A——=Q 4,8 AL
11| |=(PV~=P) 9 DeM
12| | ~(PV =P) 10 DeM
13| |~(PV=P)A=(QV Q) 11,12 AT
4| |~((PV-P)V(QV—Q)) 13 DeM
15| [(PV-P)V(QV Q) 5R
16|PD>Q 6-15 -E

that T I—g,‘MB P D @. This is impossible; reject the assump-
tion: if A(A) =1 then Ik, =~ A. (b) Suppose h(A4) =1 but
I oy, As then (P D Q) = 1 but IV B4, P D Q. From
the former, by HM (D)3, h(P) = 0 or h(Q) = 1; so by as-
sumption, I |7§§,“ML3 PorI’ l—;,‘MB Q. Suppose the first; then by
maximality, IV b, - =P; from this it follows, by the following
derivation,

1|=-P P

2| |P A (g, D)
3 -Q  A(c —E)
4 P 2R

5 =P 1R
6||Q 3-5 -E
71P>Q 26>DI

that I I—A’,‘MB P > . This is impossible. Suppose the sec-

ond; then I" I—I\’[‘MI3 Q; from this it follows, by the following
derivation,
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11Q P
2| |P A (g, D)
31 1Q 1R
4/PD>Q 2-3 D1

that TV I—;MLS P D @. This is impossible; reject the assumption:
if h(A) =1 then I gy A. If h(/A/) =1 then T” Fng, /A7

(ii) As before, /A/ is either (a) A or (b) A. (a) Suppose I' k5,
A but h(A) = 0; then IV k7, P D Q but h(P > Q) = 0.
From the latter, by HM (D)3, h(P) =1 and h(Q) = 0 and at
least one of h(P) =1, h(P) = 0, h(Q) = 1, or h(Q) = 0; so
h(P) =1, h(Q) = 0, and either h(P) =1 or h(Q) = 0; so by
assumption, I H5,, = P, I'" b4, @, and either I k5, P or
I Wy, Q- Suppose I B3 - Pyso IV 5, PO Q, TV, P,

and I' k3, P; from this it follows, by the following derivation,

1/PDQ P

2P P

3| P P

4PV P 2 VI

5/ (PV-=P)V(QV-Q) 4 VI

6|Q 1,5,3 DEr3

that I' 7, Q. This is impossible. Suppose I' £, . Q; then
by maximality, I'" b7, = —=Q; so I B, P D Q, I" kg, . —Q,
and I g P; from this it follows, by the following derivation,

1/PDQ P

2| -Q P

3| P P
41QV-Q 2 VI
5((PV-P)V(QV-Q) 4 VI

6Q 1,5,3 DEr3

that I I—;Mm (. This is impossible; reject the assumption: if
I'" Ky, A then h(A) = 1. (b) Suppose Ik, - A but h(A) =
0; then IV 7, P D @ but h(P D Q) = 0. From the latter,
by HM(D)r3, h(P) = 1 and h(Q) = 0; so by assumption,
My, Pand IV, Qiso IV HS, PO Qand IV R, P
from this it follows, by the following derivation,

115



1/PDQ P
2| P P
6|Q 1,2 DE

that T Fnigs Q. This is impossible; reject the assumption: if
I R, A then h(A) = 1. If TV Fvy, A/ then h(/A/) = 1. So
h(/A/)=1iff TV Fng /A7

(O)rm

For any A, h(/A/) =1iff TV K, /A/.

L6.8 If I' is consistent, then v constructed as above is an Mz interpretation.

For this, we need to show that the relevant constraints are met. Sup-
pose I is consistent; by L6.4, I'” is maximal; by L6.6, I is consistent.

(exc) For systems Mcr and Mks with v(p) # {1,0}, (D) is in NKz.
Suppose v(p) = {1,0}; then 1 € v(p) and 0 € v(p); so by con-
struction, IV K, p and TV 14, P; from the latter, by maxi-
mality, IV B, —p; so by (D), TV 1%, =p; so I is inconsistent.
This is impossible; reject the assumption: v(p) # {1,0}.

(exh) For systems McrL and MLp with v(p) # ¢, (U) is in NKz.
Suppose v(p) = ¢; then 1 & v(p) and 0 & v(p); so by construc-
tion, IV tA,. p and T K, P; from the former, by maximality,
I K =05 so by (U), TV 1. —p; so I is inconsistent. This
is impossible; reject the assumption: v(p) # ¢.

L6.9 If T is consistent, then h(I') = 1.

Suppose I' is consistent and /A/ € T'; then by construction, /A/ € T;
so I ¥, /A/; so since T is consistent, by 16.7, h(/A/) = 1. And

NMzx

similarly for any /A/ € I". So h(I") = 1.

Main result: Suppose I' 5,, A but T' tA,,. A. Then I" 5 A but I' 14, A.
By (DN), if I &, —-—A, then I' ¥, A; so I' t4,,, ——A; so by L6.2,
[' U {=A} is consistent; so by L6.8 and L6.9, there is an Mz interpretation
v with corresponding h constructed as above such that h(I' U {=A4}) = 1;
so h(=A) = 1; so by HM(=), h(A) = 0; so h(I') = 1 and h(A) = 0; so by
VMx* T' j&55 A. This is impossible; reject the assumption: if I' |5, A,
then I' b, A.
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7 Gaps, Gluts and Worlds: vX, Iz (ch. 9)

7.1 Language / Semantic Notions

This section is developed directly in terms introduced in demonstration of
soundness and completeness in section 6. Apart from that discussion, the
notions should be roughly familiar from derivations in that section.

LvX The VOCABULARY consists of propositional parameters pg, p1 ... with
the operators, —, A, V, and —. Fach propositional parameter is a
FORMULA; if A and B are formulas, so are =A, (A A B), (AV B),
and (A — B). A D B abbreviates ~AV B, and A = B abbreviates
(AD B)A(B D A). This time, from the start, for any formula A, we

allow A and A, where as before /A/ and \A\ (/A/ and \A\) represent
one or the other (and similarly for N and N immediately below).

IvX An INTERPRETATION is (W, N, N, h) where W is a set of worlds, and
N, N C W are normal worlds for truth and non-falsity respectively;
h is a function such that for any w € W, hy,(/p/) =1 or hy(/p/) =0,
and for any w not in /N/, hy, (/A — B/) =1 or hy(/A— B/) =0. So
h makes assignments directly to expressions of the sort /A — B/ at
worlds not in /N/. Say /A/ holds at w if hy(/A/) =1 and otherwise
fails. Interpretations may also be subject to the constraints,

K N=N=W

4 N=N
The K systems are subject to constraint (K), the 4 systems to (4).
Of course, (K) implies (4); so it is enough that interpretations for
vK, and vK, are subject to (K); vNy is subject to (4), and v N,
to neither. With restriction K, h reduces to a simple assignment
to parameters at worlds. Though it does not appear in Priest, we
consider also a requirement (CL) which includes (4) and that for any
for any w € N, hy(p) = hy(P).

Huv For expressions not assigned a value directly,

(=) hw(/mA/) =1if hy(VNA\) = 0, and 0 otherwise.

(N) hw(/ANB/) = 1if hy(/A/) = 1 and hy(/B/) = 1, and 0
otherwise.

(V) hy(/AV B/) =1if hy(/A/) =1 or hy(/B/) =1, and 0 other-

wise.
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(—=)4 For w € /N/, hyy(/A — B/) = 1 iff there is no x € W such
that h,(A) =1 and h,(/B/) =

(=)« For w € /N/, hyy(/A — B/) = 1 iff there is no x € W such
that hy(/A/) =1 and h(/B/) = 0.

The 4-systems vNy and vKy take Hu(—)4; the star systems vV, and vK,
take Hu(—).. Where I" does not include formulas with overlines, h,,(I") = 1
iff hyy(A) =1 for each A € T'; then,

VuX T |5, A iff there is no vX interpretation (W, N, N,h) and w € N
such that h,(I') = 1 and h,(A) = 0.
System Ix.

LIX The vocabulary is as before with J for —. Again, for any formula A,
allow A and A.

IIX An interpretation is (W, R, h) where,

p for all z, xRx reflexivity
T for all x,vy, 2, if t Ry and yRz then xRz transitivity
h for all z, y and p, if zRy, then if h,(p) = 1, heredity

hy(p) =1, and if hy(p) =1, hy(p) =1

apply to any interpretation. In addition, interpretations may be sub-
ject to the condition,

exc for no p are both h(p) =1 and h(p) =0 exclusion

HIX is as before with,

(3) he(A 3 B) = 1 iff there is no y € W such that xRy and
hy(A) = 1 but h y(B) = 0. hy(ATJB) =1iff hy(A) =0 or
he(B) =

(Dw he(A 3 ) = 1 iff there is no y € W such that xRy and
hy(A) =1 but hy(B) = 0. hy(A 3 B) = 1 iff there is some
y € W such that zRy and h,(A) =1 and hy(B) = 0.

The system I4 takes neither exc nor (0)w. I3 adds exc; Iw adds to Iy the
(J)w condition. Then validity works in the usual way.

As in the previous section, these accounts are meant to accommodate
different presentations in Priest, and help exhibit their differences. In par-
ticular, as for the previous section, given constraint (4), an interpretation
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(W,N, N, h) corresponds to a relational (W, N, p), where h,(A) = 1 iff A
bears relation p (which, as in the previous section, may be set membership)
to 1 at w, and hy,(A) = 1 iff A does not bear p to 0 at w. And an interpre-
tation (W, N, N, h) corresponds to a star interpretation (W, N, *,v) where

huw(A) = 1iff v, (A) = 1 and hy,(A) = 1 iff vy (A) = 1.9

7.2 Natural Derivations: NvX, Nlz

Allow expressions with both integer subscripts and overlines. /n/[s] indicates
that world s is an element of /N/. I- and E- rules for -, A, V, D and = are
a natural combination of rules for NKv and NFDE, with rules for D and =
now derived.

R|/P/, -I| |/P/, ~E| | /=P/,
/Pl IQI, 1QU,
\-Q\ =@\
\—P\, \P\,
AL|/P/, AE|/PAQ/, AE|/PAQ/,
/1Q/
/P/, /1Q/,
/P AQ/s
VI|/P/, VI|/P/, VE|/PVQ/,
/P/,
/PN Q/s /QV P/,
/R
o1 | /P, SE|[\P > Q\,
/P/s | /Q/s
\Q\.
\P 5 Q\, \Q\s IR/
/R

SFor the latter, given a star interpretation (W, N, *,v) consider an vX. interpretation
(W',N', N’ h) with a w' € W’ corresponding to each w € W. And for an vX. inter-
pretation (W', N’,N/, h) consider a star interpretation (W, N, ,v) with a w and w* € W
corresponding to each w’ € W’. Thenset 2’ € N’ iffx € N; 2’ € N iffa* € N;hg(p)=1
iff vy(p) =1; he'(P) = 1 iff vg=(p) = 15 for @’ € N, ho (P — Q) = 1 iff v, (P — Q) = 1
and for 2’ € N, hy (P — Q) = 1iff vu« (P — Q) = 1. Then the result follows by a simple
induction (for a related demonstration, see the proof of L7.0 in [7]).
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= /P/ =E [\P =Q\; =E [\P=Q\s
/P/, /Q/ s
\Q\s
Q \Q\s \P\g
/Q/ s
\P\,
\P = Q\s

The different derivation systems of this section add to these from,

—1Ia|/n/[s] —Ea|/n/[s] —Ix | /n/[s] —Ex | /n/[s]
P, /P = Q/, IPl, /P = Qs
P, NPl
/Q/+ 1Q1
/P = Qs /Q: /P — Qs QU
where t does not appear in where t does not appear in
any undischarged premise any undischarged premise
or assumption or assumption
K NI Ca | /n/[s] Cb | /n/[a]
VA
/n/[s] n[0] \n\[s]
NP\,

For the star-rules, /P/; and /Q/; may be either P, and @, or P; and Q,.
Then,

NvK,4 adds —I4 and —E4 with K
NvuK, adds —Ix and —Ex with K
NvuN, adds —Ix and —Ex with NI

NvuNy adds —I4 and —E4 with NI and Ca

A system with CL would add both Ca and Cb. As a simplification, in the
first cases, one might eliminate rule K, and delete the normality require-
ment from other rules. In these systems, every subscript is 0, appears in a
premise, or appears in the t-place of an accessible assumption for —I. Where
the members of I' and A are without overlines or subscripts, let I'g be the
members of I', each with subscript 0. Then,

NouX Ik, A iff there is an NvX derivation of Ay from I'y.
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Derived rules are as one would expect. Two-way derived rules carry over
from CL with overlines and subscripts constant throughout. Thus, e.g.,

Impl /P D> Q/s 4> /=P V Qs
/mPDQ/s <> /PVQ/s

MT, NB and DS appear in the forms,

MT|/P > Q/s NB|/P = Q/, /P=Q/s DS|/PvQ/, /IPVQ/s
\=Q\s \=P\, \=Q\s \=P\, \=Q\,
/=P/, /=Q/ s /=P/, /Q/s /P/,

System NIx. These systems take over rules for —, V and A from before,
and then add from the following in the natural way.

I |s.t JE | (P3Q)s
P, s.t
P,
Q¢
(P3Q)s Q

where t does not appear in any
undischarged premise or assump-

tion
AMp AMT|s.t H; | Ps P, D|Ps
t.u s.t s.t
S.S ﬁs
s.u P, P,
a1 | Ps JE| (P 3Q)s Tl | st JEw | (P2 Q)s
Ps Pt s.t
— - Pt
Q. _ @
S Q —Q:
PQ)s s
(7=e) F5Q).
Ay
A”U.

where t does not appear in
any undischarged premise
or assumption and is not
u

Each of the NIx systems have JI, JE, AMp, AM7 and H;. NI then takes
31 and JE, N3 adds D. NIy substitutes 1Ty and 3 Ey in the four-
valued system. Validity is as before.
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Examples.

results.

P = Qhyx, "Q — P

1

0 O Ut s W N

n|0] NI or K
Q1 A (g, —1Ix)
ﬁ1 A (C7 —|I)
@1 21,4 —Ex
-Q1 3R
P 4-6 -1
(=Q — —P)o 2,3-7 —Ix

Here are a few cases where the logics do not all have the same

This derivation works with either (K) or (NI), but does not go through in
the 4-systems insofar as there is no “purchase” for application of —E4 with

(1) and only P, rather than Py, at (4).

PA-Q |—vi4 —\(P — Q)

1

0w N O Ot SNV V]

(P A —|Q)0 P

n|0] NI
n[0] Ca or directly by K
(P—Q), A (¢, -I)
Py 1 AE
Q, 34,5 »E4
—\Qo 1 AE

(P = Q)  4-7-1

This derivation works with either (NI) and (Ca) or (K). It is blocked in
either star system insofar as the contradiction does not arise
might get Qo at (4), but this does not contradict Qg for —I.

',

© 00 g O Ot = W N =

—_
o

z

iy (P = Q)N (Q— R)] = (P—R)

n[0]
(P = Q)N (Q@— R)x

n[1]
P

(P—=Qh
Q2
(@ » R)
Ro
(P—) R)1
(P = Q)N (Q— R)] = (P — R))o
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K

2 NE
3,4,5 —-FEq
2 NE
3,6,7 —-Ex
3,4-8 =1
1,2-9 —»1Is

: by —Ex, we



This derivation works with either the star- or 4-rules. But it works only
with (K) insofar as s = 1 for lines (6), (8) and (9). And, finally, a couple
cases to show =(A 3 B), <> (A -B)s in NIy

1|-(A 3 B)s P
2| |st A (g, O0)
3| [ A
4 Et A (C, _‘I)
5 (A1 B), 23431
6|||-(AaB)s 1R
71| B 4-6 —1
8| (A J-B)s 2-7 11
1/ (A3=B)s P
2| | (A3 B)s A (c, -I)
3 s.t A g, 23E)
4 Ay
5(||Be
6 (A B)s A -l
7 - B 1,3,4 JE
8 B 5R
9| |[-(AaB)s  6-8-I
10| | =(A 3 B)s 2,39 0E
11| | (A O B)s 2R
12| =(A 3 B), 2-11 -1

7.3 Soundness and Completeness: vX

Preliminaries: Begin with generalized notions of validity. For a model
(W, N, N, h), let m be a map from subscripts into W such that m(0) is some
member of N. Then say (W, N, N, h),, is (W, N, N, h) with map m. Then,
where T is a set of expressions of our language for derivations, h,,(I") = 1 iff
for each /As/ € T, hyp5)(/A/) = 1, and for each /n/[s] € I', m(s) € /N/. Now
expand notions of validity for subscripts, overlines, and alternate expressions

as indicated in double brackets as follows,

VuX* T |4 /A/s [/n/]s] iff there is no vX interpretation (W, N, N, h),,
such that hy,(T') = 1 but hy,) (/A7) =0 [m(s) ¢ /N/].

NoX* T ki /A/s [/n/]s]] iff there is an NvX derivation of /A/s [/n/[s]]

from the members of T'.
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These notions reduce to the standard ones when all the members of I' and A
are without overlines and have subscript 0 (and so do not include expressions
of the sort /n/[s]). As usual, for the following, cases omitted are like ones
worked, and so left to the reader.

THEOREM 7.1 NvX is sound: IfI' K,
For the (—).

A thenT |, A.

uX

case, it will be useful to have a further preliminary.

L7.0 For an interpretation (W, N, N, h), consider (W, N’,W’, ') such that
corresponding to each w € W there are w’,w* € W' where, (i) v’ €
/N'/ it w € /N/, and wx € /N'/ iff w € \N\; (ii) hl,(/p/) =1
iff hy(/p/) = 1, and hl.(/p/) = 1 iff hy(\p\) = 1; (iii) for w' ¢
/IN'/, B!,(/P — Q/) = 1iff hy(/P — Q/) = 1, and for w* & /N'/,
R« (/P— Q/) =1iff hyy(\P — Q\) = 1. Then,

For the star systems and interpretations as above, for any /A/, (i)
h!,(/A/) = 1iff hy(/A/) =1 and (ii) hl.(/A/) = 1 iff hy,(\A\) = 1.

Basis:

Assp:

Show:

/A/ is an atomic /p/. (i) By construction, h,,(/p/) = 1 iff
ho(/p/) = 1; so hl,(/A/) = 1 iff h,(/A/) = 1. Similarly, (ii)
by construction, k. .(/p/) = 1 iff h,(\p\) = 1; so hl.(/A/) =1
iff hy(\A\) = 1.

For any i, 0 < i < k, if /A/ has i operators, (i) h,,(/A/) =1
iff hy(/A/) =1 and (ii) hl.(/A/) = 1 iff hyy(\A\) = 1.

If /A/ has k operators, then (i) h!,(/A/) = 1 iff h,(/A/) =1
and (ii) Al (/A/) = 1 iff hy,(\A\) = 1.

If /A/ has k operators, then it is of the form, /=P/, /P N Q/,
/PV @/, or /P — Q/, where P and @) have < k operators.
/Al is /=P/. (i) hl,(/A/) = 1iff b ,(/=P/) = 1; by Hu(=),
iff A, (\P\) = 0; by assumption iff h,,(\P\) = 0; by Huv(—),
iff hy(/~P/) = 1; iff hy(/A/) = 1. (i) h..(/A/) = 1 iff
hl«(/=P/) = 1; by Ho(=), iff Al .(\P\) = 0; by assumption iff
hw(/P/) = 0; by Ho(=), iff hy(\=P\) = 1; iff hy(\A\) = 1.
/Al is /P ANQ/. (i) B, (/A/) = 1iff Bl ,(/P ANQ/) = 1; by
Hu(A), iff b ,(/P/) =1 and b ,(/Q/) = 1; by assumption, iff
hw(/P/) =1 and hy,(/Q/) = 1; by Hu(A), iff hy(/PAQ/) = 1;
iff hy(/A/) = 1. (ii) hl.(/A/) = 1 iff bl .(/P AN Q/) = 1; by
Hou(A), iff hl,.(/P/) =1 and hl.(/Q/) = 1; by assumption, iff
hw(\P\) =1 and h,,(\Q\) = 1; by Hu(A), iff hyy\PAQ\) = 1;
i o (\AV) = 1.

)

—
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(V)

(=) Ais /P — @Q/. (i) Suppose w’ & /N'/; then by construction,

h., (/P — Q/) =1iff hy(/P = Q/) = 1; so hl,(/A/) = 1 iff
hw(/A/) = 1. So suppose w' € /N'/; then by construction, w €
/IN/. hl,(/A/) =0iff b, (/A — B/) = 0; since w' € /N'/, by
Hu(—), iff either there is an 2’ € W’ such that hl,(/P/) =1
and h, (/Q/) = 0, or there is a y* € W' such that hj.(/P/) =
Land h. (/Q/) = 0; by assumption, iff either h,(/P/) = 1 and
ha(1Q1) = 0, or hy(\P\) =1 and h,(\Q\) = 0; given either
of these, since w € /N/, by Hu(—=)., iff hy (/P — Q/) = 0; iff
ha(/Al) = 0.
(ii) Suppose w* ¢ /N'/; then by construction, h.(/P —
Q/) = 1iff hy(\P — Q\) = 1; 50 I (A/) = 1iff hy(\A\) = 1.
So suppose w* € /N'/; then w € \N\. hl.(/A/) = 0 iff
Rl (/A — B/) = 0; since w* € /N'/, by Hv(—). iff either
there is an 2’ € W’ such that h,(/P/) =1 and h!,(/Q/) = 0,
or there is a y* € W' such that hj.(/P/) =1 and hj.(/Q/) =
0; by assumption, iff either h,(/P/) = 1 and h,(/Q/) = 0,
or hy(\P\) =1 and h,(\Q\) = 0; given either of these, since
w € \N\, by Hu(—=)s, iff hyy(\P — Q\) = 0; iff h,,(\A\) = 0.

For any A, (i) h!,(/A/) = 1iff hy(/A/) =1 and (ii) hl,.(/A/) =1 iff
ho (VA\) = 1.

L7.1 T CIVand T X /P/s [/n/[s]] then IV X /P/s [/n/[s]].
Suppose I' C IV and T' =X /P/s [/n/]s]], but IV £ /P/s [/n/[s]].

From the latter, by VoX*, there is some v X interpretation (W, N, N, h),
such that hy,(I") = 1 but hy,)(/P/) = 0 [m(s) ¢ /N/]. But since
hp(T)=1and T CTV, hyn(T) = 15 80 hyp(T') = 1 but Pon(s)(/P/) =0
[m(s) & /N/]; so by VoX*, T' &% /P/s [/n/[s]]. This is impossi-

ble; reject the assumption: if ' C IV and T' % /P/s [/n/[s]], then
I =% /P/g [/n/s]].

Main result: For each line in a derivation let P; be the expression on line ¢
and I'; be the set of all premises and assumptions whose scope includes line
i. We set out to show “generalized” soundness: if I' I P then I' £ P. As
above, this reduces to the standard result when P and all the members of I'
are without overlines and have subscript 0. Suppose I' I  P. Then there
is a derivation of P from premises in I" where P appears under the scope of
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the premises alone. By induction on line number of this derivation, we show
that for each line i of this derivation, I'; % P;. The case when P; = P is
the desired result.

Basis:

Assp:
Show:

)
)
(NE)
)
)
)

(-1

P; is a premise or an assumption /A/g [/n/[s]]. Then I'y = {/ A/}
[{/n/[s]}]; so for any (W, N,N,h)m, hm(T1) = 1iff hyy(/A/) =1
[m(s) € /N/]; so there is no (W, N, N, h), such that h,,(I'1) = 1 but
Pon(s) (/A7) = 0 [m(s) € /N/]. So by VuX*, 't 5 /Al [/n/[s]],
where this is just to say, I'1 X P1.

V.

For any i,1 <i < k,I'; EX Pi.

Tk EX Pk

P}, is either a premise, an assumption, or arises from previous lines by
R, AL, AE; VI, VE, =1, —=E or, depending on the system, —I4, —Fa4,
—Ix, =Ex, K, NI, Ca, or Cb. If P is a premise or an assumption,
then as in the basis, I'y EX Pr. So suppose Py arises by one of the
rules.

If P arises by —I, then the picture is like this,

1A/,
il /B,
7l [N\=B\,
k| \=A\,

where 7,7 < k and Py is \=A\s;. By assumption, I'; % /B/; and
I'; % \=B\s; but by the nature of access, I' C I'y U {/A/s} and
I'j € I'yU{/A/s}; so by L7.1, Ty U {/A/s} E% /Bl and Ty U
{/A/s} EX \=B\;. Suppose I' }£% \—A\; then by VuX*, there
is an vX interpretation (W, N, N,h),, such that h,,(I'y) = 1 but
hm(s)(\—'A\) = 0; SO by Hv(—|), hm(s)(/A/) = 1; SO hm(l“k) =1 and
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(—E)

(—14)

hm(s)(/A/) =1; so hm(FkU{/A/S}) = 1; so by VoX*, hm(t)(//B//) =1
and A, (\=B\) = 1; from the latter, by Hv(=), hy,¢)(/B/) = 0.
This is impossible; reject the assumption: T'y =5 \—A\,, which is to
say, Fk )255( ka.

If P arises by —1I4, then the picture is like this,

1| /n/[s]
Ay

jl | /Bl
k|/A— B/s

where i,j < k, t does not appear in any member of I'y (in any
undischarged premise or assumption), and Py is /A — B/s. By
assumption, I'; % /n/[s] and I'; % /B/s; but by the nature of
access, I'; C T’y and I'; C T'y, U {A;}; so by L7.1, T'y =% /n/[s] and
'y U{A:} EX /B/t. Suppose I'y E% /A — B/g; then by VuX*,
there is an vX interpretation (W, N, N, h),, such that h,,(Tx) = 1
but hy,s) (/A = B/) = 0; since hy,([g) = 1, by VoX*, m(s) € /N/;
80, since hy, (/A — B/) = 0, by Hu(—)4, there is some w € W
such that h,(A) =1 and hy(/B/) = 0. Now consider a map m' like
m except that m’(t) = w, and consider (W, N, N, h),,/; since t does
not appear in Iy, it remains that h,, (I'y) = 1; and since m/(t) = w,
P (#)(A) = 15 80 by (Tx U{A¢}) = 15 s0 by VoX*, hypy(/B/) = 1.
But m/(t) = w; so hy(/B/) = 1. This is impossible; reject the as-
sumption: I'y % /A — B/, which is to say, I'y % Pk.

(—FEa4) If Py, arises by —E4, then the picture is like this,

h|/n/[s]
i|/A— B/s
J A

k|/B/:

where h,i,j < k and Py, is /B/;. By assumption, I'y, =% /n/[s], I'; EX%
/A — B/, and I'; 5 Ay; but by the nature of access, I'y, C I'y,, I'; C
Iy, and T'; C T'y; so by L7.1, Ty, =X /n/[s], Ty % /A — B/s, and
'y EX Ai. Suppose I'y &% /B/y; then by VuX*| there is some vX
interpretation (W, N, N, k), such that h,,(T'x) = 1 but A, (/B/) =
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0; since hy, (L) = 1, by VoX*, m(s) € /N/, hyys)(/A — B/) = 1,
and hp,;)(A) = 1; from the second of these, since m(s) € /N/, by
Huv(—)4, there is no w € W such that h,(A) = 1 and h,(/B/) = 0;
so it is not the case that h,,)(A) = 1 and hp,(/B/) = 0. This
is impossible; reject the assumption: I'y % /B/;, which is to say,

(—1Ix) If Py arises by —Ix, then the picture is like this,

i|/n/[s]
WA

il l#Br,
k|/A— B/s

where i,j < k, t does not appear in any member of 'y (in any
undischarged premise or assumption), and P is /A — B/s. By
assumption, I'; =% /n/[s] and T'; =% /B/y; but by the nature of
access, I'; C T'y and I'; C I'y U {/A/+}; so by L7.1, Ty, =% /n/[s]
and IT'y U {/A/:} EY /B/:. Suppose I'y W% /A — Blg; then
by VuX*, there is an vX interpretation (W, N, N, h),, such that
hin(Tk) = 1 but hpys)(/A — B/) = 0; since hy,(I'y) = 1, by VuX*,
m(s) € /N/; so, since hp, (/A — B/) = 0, by Hu(—)x, there is
some z € W such that h,(A) = 1 and h,(B) = 0, or h(A) = 1
and h,(B) = 0. Without loss of generality, suppose h;(A) = 1 and
hz(B) = 0; then by L7.0, there is an interpretation (W’,N’,N’, h')
where b ,(/P/) = 1iff hyy(/P/) = 1 and h,.(/P/) = 1iff h,(\P\) = 1.
So with m(s) = w iff m/(s) = w’, it remains that A/ ,(I'y) = 1; and
we have that o/, 2* € W' are such that h!,(4) =1 and h,(B) = 0,
and h/.(A) = 1 and h/.(B) = 0; one of these is a y such that
hy, (/A1) = 1 and hy(/B/) = 0. Now consider a map n like m/
except that n(t) = y, and consider (W’,N’,N’,h’)n; since t does
not appear in Iy, it remains that k), (I'y) = 1; and since n(t) = y,
h;(t)(//A//) = 1;s0 hl (TrU{/Al:}) = 1; so by VoX*, h;(t)(//B//) =1
But n(t) = y; so hy (/B/) = 1. This is impossible; reject the assump-
tion: 'y =Y /A — B/s, which is to say, 'y % Pr.

(—Ex) If Py arises by —Ex, then the picture is like this,
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h|/n/[s]
i|/A— B/s
jluan

k| /B

*

where h,i,j < k and Py is /B/;. By assumption, I', E% /n/[s],
I'i %X /A — B/s, and I'; % /Al but by the nature of ac-
cess, I'y C Ty, I C Ty, and I'; C I'y; so by L7.1, Ty, X% /n/[s],
'y Ex /A — Bls, and T'y =X 1Al Suppose Ty % /B/y; then
by VuX*, there is some vX interpretation (W, N, N, h),, such that
hm(Tg) = 1 but hp,(/B/) = 0; since hy,(Tx) = 1, by VuX*,
m(s) € /N/, hy)(/A — B/) = 1, and hp,)(/A/) = 1; from the
second of these, since m(s) € /N/, by Hu(— )., there is no w € W
such that h,(/A/) =1 and h,(/B/) = 0; so it is not the case that
Pon(ey (1 A1) = 1 and hy,y(/B/) = 0. This is impossible; reject the
assumption: I'y % /B/;, which is to say, I'y % Pr.

(K) If Py arises by K, then the picture is like this,

k

/n/[s]

where Py is /n/[s]. Where this rule is in NvX, vX includes condition
K. Suppose I'y &5 /n/[s]; then by VoX*, there is some vX inter-
pretation (W, N, N, h),, such that h,,(Ty) = 1 but m(s) ¢ /N/. But
by condition K, N = N = W; so m(s) € /N/. This is impossible;
reject the assumption: I'y =% /n/[s], which is to say, I'y % Prk.

(NI) If Py arises by NI, then the picture is like this,

k| n[0]

where Py is n[0]. Suppose I'y % n[0]; then by VuX*, there is
some vX interpretation (W, N, N,h),, such that h,,(Tx) = 1 but
m(0) € N. But by construction, m(0) € N. This is impossible;
reject the assumption: I'y, =% n[0], which is to say, 'y =k Pk.

(Ca) If Py arises by Ca then the picture is like this,

i|/n/[s]

k| \n\[s]
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(Cb)

where ¢ < k and Py, is \n\[s]. Where this rule is in NvX, vX includes
condition 4. By assumption, I'; % /n/[s]; but by the nature of
access, I'; C I'y; so by L7.1, Ty % /n/[s]. Suppose I'y &% \n\[s];
then by VuX*, there is some vX interpretation (W, N, N, h),, such
that hpy(Tx) = 1 but m(s) € \N\; since h,,(I'y) = 1, by VoX*,
m(s) € /N/. But by condition 4, N = N; so m(s) € \IN\. This
is impossible; reject the assumption: I'y =% \n\[s], which is to say,

If P, arises by Cb then the picture is like this,

i|/n/ld]
Jl AL,

k| NA\,

where 7,7 < k and Py is \A\,. By assumption, I'; =5 /n/[a] and
I'; EXx 1Al,; but by the nature of access, I C I'y and I'; C T'y;
so by L7.1, I'y EX /n/[a] and Ty =% 7A/l,. Suppose T'y &k \A\;
then by VuX*, there is some vX interpretation (W, N, N, h),, such
that hp,(Cx) = 1 but hy,q)(\AN) = 0; since hy, () = 1, by VoX*,
m(a) € /N/ and hy,q)(/A/) = 1.

Now, by induction on the number of operators in /A/, we show that
if x € /N/, then h,(/AV) =1 iff h,(N\A\) = 1. Suppose = € /N/.

Basis: Suppose / A/ is a parameter p. By requirement CL, h,(/p/) =
1iff hy(\p\) = 15 so hy(/A/) = 1 iff hp,(NA\) = 1.

Assp: For 0 < i < k, if /A/ has i operators, then h,(/A/) = 1 iff
hy(\A\) = 1.

Show: If / A/ has k operators, hy(/AV) = 1 iff hy(NA\) =1

If /A/ has k operators then it is of the form, /—~P/, /P AN Q/,
TPV Q/F, or /P — Q/, where P and () have < k operators.

(=) Suppose /A/ is /=P/. Then h,(/A)) = 1 iff h(/=P/) = 1;
by Hu(=), iff h,(\P\) = 0; by assumption, iff h,(/Q/) = 0;
by Hu(=), iff h,(\=P\) = 1; iff h,(\A\) = 1.

(A) Suppose /A/ is /P AN QF. Then h,(/A)) = 1 iff hy (/P A
Q7)) = 1; by Hu(A), iff hy(/P/) = 1 and h,(/Q/) = 1; by
assumption, iff hy(\P\) = 1 and h;(\Q\) = 1; by Hu(A), iff
he(\P A QV) = 1 iff hy(VAN) = 1.
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(—)4 Suppose /A/ is /P — Q/. Then h,(/AV) = 1 iff hy(/P A
Q/) = 1; since x € /N/, by Hu(—)4, iff there is no y € W
such that hy(A) = 1 and hy(/B/) = 0; by assumption, iff
there is no y € W such that h,(A) = 1 and h,(\B\) = 0; by
Ho (=), iff hy(\P A Q\) = 1.

(—)« Suppose /A/ is /P — Q/. Then h,(/AV) = 1 iff hy(/P A
Q/) = 1; since x € /N/, by Hu(—)x, iff there is noy € W
such that hy(/A/) =1 and hy(/B/) = 0; by assumption, iff
there is no y € W such that h,(\A\) = 1 and h,(\B\) = 0;
by Hu(—)4, iff h,(\P A Q\) = 1.

For any such /A/, hy(/AN) = 1 iff hy(\A\) = 1.

So, returning to the case for (Cb), hp,q)(VA\) = 1. This is impossi-
ble; reject the assumption: T'y =% \A\,, which is to say, I'x % Pk.

For any i, I'; EX P;.

THEOREM 7.2 NvX is complete: if I' =, A then 'k A.

Suppose I' = A; then I'y £ Ao; we show that I'g K Ao. As usual, this

reduces to the standard notion. For the following, fix on some particular
vX. Then definitions of consistency etc. are relative to it.

CoN T is CONSISTENT iff there is no A, such that I' b /A/s and T'
\—A\.

L7.2 If s is 0 or appears in I', and I' t4 . \=P\s, then I" U {/P/s} is
consistent.

Suppose s is 0 or appears in I and T' b4 . \=P\s but T'U {/P/s} is
inconsistent. Then there is some A; such that I' U {/P/s} F 1A/,
and ' U{/P/s} K \—=A\;. But then we can argue,

1|r

2| |/P/, A (¢, )

3| | vAn, from ' U {/P/.}
4] [\=A\,  from TU{/P/s}
5[ \=P\, 2-4 -1

where the assumption is allowed insofar as s is either 0 or appears in
I'; so I' K« \=P\;. But this is impossible; reject the assumption: if
sis 0 or appears in I and I' /4 . \= P\, then 'U{/P/s} is consistent.
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L7.3

MAax

SGT

c(r)

There is an enumeration of all the subscripted formulas, Py Ps ...

Proof by construction as usual.
I' is s-MAXIMAL iff for any Ay either I' 5 /A/g or I' 5 \—A\s.

I is a SCAPEGOAT set for (—)g, iff for every formula of the form
—(A = B), if T K, /~(A — B)/s then there is some ¢ such that
'k, At and TG, /=B/4.

NuK 4

I' is a SCAPEGOAT set for (— )y, iff for every formula of the form
—(A = B), if I' K, /=(A — B)/g then there is some ¢ such that
T Ko, A and Ty, /=Bl

I' is a SCAPEGOAT set for (—)g, iff for every formula of the form
-(A — B),if I' B}, /=(A — B)/s then there is some ¢ such that

NuvKyx "\
T l_lilkuK* At and I "XZ)K* —|Bt.

I' is a SCAPEGOAT set for (—)p, iff for every formula of the form
-(A — B), if I k. —(A— B), then there is some t such that
e Ayand TR, —B.

NuK « K —B;.

For I' with unsubscripted formulas and the corresponding I'y, we con-
struct I as follows. Set Q¢ = I'g. By L7.3, there is an enumeration,
P1,Po ... of all the formulas; let €y be this enumeration. Then for
the first /A/5 in €;_1 such that s is 0 or included in €;_1, let &; be
like €;_1 but without /A/,, and set,

Q=0 i Qg FE, \=A\,

Qe = Q1 U{/A/s} if Q1 A \2A\

and
vKy: Q= Q4 if A is not of the form /—=(P — Q)/
Q; = Q= U{P,,/—Q/:} if As is of the form /=(P — Q)/s
vNg:  Q; = Qs if A, is not of the form /=(P — Q)/q
Q; = Qi U{P,,/-Q/} it A is of the form /=(P — Q)/q
vK,: Q= Q- if A is not of the form /—=(P — @)/
Q= Q- U{P,-Q,} if Ay is of the form /—=(P — Q)/s
UNL: Q= Q- if Ay is not of the form —~(P — Q),
Q= Q- U{P,-Q,} if Ay is of the form ~(P — Q),
-where t is the first subscript not included in €2;+
then

I"= Uizo Q;

Note that there is always sure to be a subscript ¢ not in ;+ insofar
as there are infinitely many subscripts, and at any stage only finitely
many formulas are added — the only subscripts in the initial {2y being
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L7.4

L7.5

0. Suppose s appears in I'/; then there is some €); in which it is first
appears; and any formula P; in the original enumeration that has
subscript s is sure to be “considered” for inclusion at a subsequent
stage.

For any s included in IV, I is s-maximal.

Suppose s is included in TV but I"” is not s-maximal. Then there is
some Ay such that IV VA . /A/g and TV 4 \—=A\,. For any i, each
member of ;1 is in I"; so if Q;—1 F¥ \=A\s then IV B! \=A\g;
but TV F4  \=A\g; so Q-1 A \—A\g; so since s is included in T,
there is a stage in the construction that sets Q;+ = Q;_1 U {/A/s}; so
by construction, /A/s € I'; so IV 15 . /A/s. This is impossible; reject
the assumption: I is s-maximal.

If 'y is consistent, then each €2; is consistent.

Suppose T'y is consistent.

Basis: Qg =T'g and I'y is consistent; so )y is consistent.

Assp: For any i,0 <1 < k, {; is consistent.

Show: €y, is consistent.
Q. is either (i) Qx_1, (i) Qx = Q1 U {/A/S}, (iii) Q= U
{P,/=Q/¢} in vKy4 or vNy, or (iv) Qp« U {P;, =Q,} in vK, or
U N,.

(i) Suppose Qy is Qi_1. By assumption, j_; is consistent; so {2
is consistent.

(ii) Suppose Qi is Qp+ = Q1 U {/A/s}. Then by construction, s
isOorin Q1 and Qg1 A \7A\s; so by L7.2, Q1 U{/A/s}
is consistent; so €0 is consistent.

(iii) Suppose Qy, is Q= U{ P}, /=Q/¢} in K4 or vNy. In this case, as
above, Qp, is consistent and by construction, /—(P — Q)/s €
Qg+ (in vNy, with s = 0). Suppose € is inconsistent. Then
there is some A, such that Qg U {P;,/—Q/+} Hi 1A/, and
Qg+ U{ P, /-Q/¢} i \=A\,. So reason as follows,
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1| Qpx

2| | P A (g, —1a)

3 /_‘Q/t A (C, _\E)

4 NAN from Qp= U{P;,/=Q/+}
5 \=AN, from Qp+ U {P:,/—=Q/+}
6| | \Q\¢ 3-5 —E

TI\P — Q\s 2-6 —Ia

where, by construction, ¢ is not in Qg+ and for vNg4, s = 0.
So Qe+ Hex \P — Q\g; but /=(P — Q)/s € Qpx; s0 Qg b5
/=(P — Q)/s; so Q~ is inconsistent. This is impossible; reject
the assumption: € is consistent.

(iv) Suppose Q is Qp+ U{P;, =Q,} in vK, or vN,. In this case, as
above, Q. is consistent and by construction, /(P — Q)/s €
Qi+ (in vK,, with overline and s = 0). Suppose € is incon-
sistent. Then there is some A, such that Q. U{P;, =Q,} .«
VAN, and Qe U { Py, =Q,} i x \=A\,. So reason as follows,

1| Qpx

2 Pt A (ga _>I*)

3 -Q, A (¢, —E)

4 WA from Q- U {P;, =Q,}
5 AN, from Qg+ U {P;,=Q,}
6| Q. 3-5 -E

7TI\P = Q\, 2-6 —Ix

where, by construction, ¢ is not in Qg+ and for vN,, \P — Q\s
is without overline and s = 0. So Qi Hyx \P — Q\s; but
/~(P — Q)/s € Qpr; 80 Q= b /2(P — Q)/s; so Qe is
inconsistent. This is impossible; reject the assumption: 0 is
consistent.

For any i, §; is consistent.

L7.6 If Ty is consistent, then I is consistent.
Reasoning parallel to L.2.6 and L6.6.

L7.7 If T is consistent, then I is a scapegoat set for (—)r,, (—)N,,
(—=)k,, and (=),

For (—)k, and (—)n,. Suppose Iy is consistent and IV H , /(P —
Q)/s. By L7.6, I'" is consistent; and by the constraints on subscripts,
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L7.8

s is included in I”. Since I' is consistent, IV tA = \==(P — Q)\;
so there is a stage in the construction process where Q;+ = ;1 U
{/~(P = Q)/s} and Q; = Qi+ U {P;,/—Q/.}; so by construction,
PoeT and /-Q/r € TV; 0TV i, Pyand IV B . /=Q/¢. So TV is a
scapegoat set for (—)x, and (— )y, — where the argument for (=),
assumes s = 0.

For (—)k, and (—)n,. Suppose Iy is consistent and IV F} . /=(P —
Q)/s. By L7.6, " is consistent; and by the constraints on subscripts,
s is included in I”. Since I' is consistent, I tA  \==(P — Q)\;
so there is a stage in the construction process where Q;+ = ;1 U
{/=(P = Q)/s} and Q; = Q= U{P;, ~Q,}; so by construction, P, € I
and =Q, € I"; so I" B Py and TV K}, —Q,. So I is a scapegoat
set for (—)g, and (—)n, — where the argument for (—)y, assumes
/=(P — Q)/s is with overline and s = 0.

We construct an interpretation I = (W, N, N, h) based on I as fol-
lows.

vK,: For the K systems, let W have a member w; corresponding
to each subscript s included in I'V. Then set N = N = W and
hw,(/p/) =1iE T B: L /p/s.

vNy: Let W have a member w; corresponding to each subscript s
included in I". Then set N = N = {wo}; hy,(/p/) = 1 iff
IV /p/s; and for s # 0, hy, (/A— B/)=1iff TV /A —
B/s.

vN,: Let W have a member w; corresponding to each subscript s
included in I”. Then set N = {wo} and N = ¢; hy, (/p/) = 1

iff TV B /p/s; b, (P — Q) =11 IV} (P — Q),; and for
$#0, hy,(A— B)=1iff I"H}; . (A — B)s.

If T'g is consistent then for (W, N, N, h) constructed as above, and for
any s included in I, hy (/A/) =1 TV B /A/s.

Suppose I’y is consistent and s is included in IV. By L7.4, TV is s-
maximal. By L7.6 and L7.7, I' is consistent and a scapegoat set
for the different conditionals. Now by induction on the number of
operators in /A/g,

Basis: 1f /A/s has no operators, then it is a parameter /p/s and by
construction, hy,, (/p/) = Vit TV 5 /p/s. So hy, (/A7) =1 iff
| I N Vo
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Assp:

Show:

(=)

(N)
(V)

(=)

For any i, 0 < i < k, if / A/, has i operators, then hy,, (/A/) =1
it IV EE A/

If /A/4 has k operators, then h,, (/A/) =1iff TV K /A/s.

If /A/4 has k operators, then it is of the form /=P/,, /P ANQ/s,
/PN Q/sor /P — Q/s, where P and (Q have < k operators.

/Alsis /=P/s. (1) Suppose hy, (/A/) = 1; then hy, (/=P/) = 1;
so by Hu(=), hy,(\P\) = 0; so by assumption, I'" 4 \P\;
so by s-maximality, IV 1 . /= P/, where this is to say, I'" K
/Alg. (ii) Suppose I ¥ /A/g; then TV Bf . /=P/g; so by
consistency, I P4 . \P\g; so by assumption, h,, (\P\) = 0; so
by Hu (=), hw,(/—P/) = 1, where this is to say, hy, (/A/) = 1.
So hy, (JA)) =1 iF TV s /A/s.

/Algis /P — Q/s. (i) Suppose hy, (/A/) =1 but IV 4 /A/s;
then hy,, (/P — Q/) = 1, but I'" tA, /P — Q/s; from the
latter, by s-maximality, IV \=(P — Q)\s.

NvX

vKy4: In this case, N = N = K; so ws, € /N/. Since I" is
a scapegoat set for (—)g,, there is some ¢ such that
I R, Prand T By \=Q\s; from the latter, by con-
sistency, I 17, /Q/+; so by assumption, hy,(P) =1
and hy, (/Q/) = 0; so since ws € /N/, by Hu(—)4,
hw,(/P — @Q/) = 0. This is impossible; reject the as-
sumption: if hy, (/A/) =1, then TV K, /A/s.

vN4: In this case, when s = 0, ws € /N/ and reasoning is
as immediately above. Otherwise, by construction, if
hy,(/A/) =1 then I B . /A/s.

vK,: In this case, N = N = K; so w, € /N/. Since I'" is
a scapegoat set for (—)g,, there is some ¢ such that
IV b, Prand TV 5 —Qy; from the latter, by consis-
tency, IV 4 . Qq; so by assumption, A, (P) = 1 and
hw, (Q) = 05 so since ws € /N/, by Hu(—)«, hy, (/P —
Q/) = 0. This is impossible; reject the assumption: if
hiy,(/A/) =1, then TV ! /A/s.

vN,: In this case, when s = 0 and /P — (Q/ is without
overline — so that \=(P — Q)\'is =(P — Q) —ws € /N/
and reasoning is as immediately above. Otherwise, by
construction, if Ay, (/A/) =1 then TV ! /A/s.
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So in any of these cases, if hy, (/A/) =1 then TV K,

/Al s.

NuX

(ii) Suppose I'' 5 . /Al but hy, (/A/) = 0; then IV ¥ . /P —
Q/s but hy, (/P — Q/) =0.

UK4:

UN4Z

vK,:

vN,:

From the latter, by Hu(—)4, there is some wy; € W
such that hy, (P) =1 and hy, (/Q/) = 0; so by assump-
tion, IV I3, Pr and I 15 /Q/; so by s-maximality,
I , \mQ\¢. So by reasoning as follows,

NuK
1|17

21 |/P— Qs A (¢, —I)
3| | P from I
4| 1/Q/¢ 2,3 —Ea4
51 [\=Q\¢ from TV
6[\~(P > QN 251

I" Kk, \2(P — Q)\s; so by consistency, I' i,
/P — @/s. This is impossible; reject the assumption:
if IV B! /A/g then hy, (/A/) = 1.

When s = 0, the reasoning is as immediately above.
Otherwise, by construction, if IV k. /A/g, then
hy,(/A/) = 1.

From the latter, by Hu(—),, there is some w;, € W
such that hy, (/P/) = 1 and hy, (/Q/) = 0; so by as-
sumption, IV By, /P/y and TV £, /Q/¢; so by s-
maximality, I Feur, \Q\¢. So by reasoning as follows,

1|

2l | /P = @/, A (¢ —1)

3| | /P from TV

4l (1o, 2,3 —»Ex

5] [ \=Q\; from I

6[\=(P = Q)\, 25 -1

I Kok, \1(P — Q)\s; so by consistency, I

/P — @Q/s. This is impossible; reject the assumption:
if IV By /A/g then hy, (/A/) = 1.

When s = 0 and /P — @/ is without overline, the
reasoning is as immediately above. Otherwise, by con-

struction, if TV ¥ /A/s then hy, (/A/) = 1.

So in any of these cases, if I I . /A/s then hy, (/A/) = 1. So
hw,(/A)) =1 iF TV B /A,
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For any As, hy, (/A/) =1 TV /A/s.

L7.9 If T is consistent, then (W, N, N, h) constructed as above is an vX
interpretation.

This is immediate, by construction.
MAP For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.

L7.10 If I'g is consistent, then h,,(I'g) = 1.
Reasoning parallel to 1.2.10 and L6.9.

Main result: Suppose I' =, A but I' tA,x A. Then I'y % Ao but
FO VJ\ZX Ao. By (DN), if FO '_J:Ikux —|—|A0, then FO |_J:IkuX Ao; SO FO |7§:,kUX _|_‘A0; SO
by L7.2, ToU{=Ap} is consistent; so by L7.9 and L.7.10, there is an vX in-
terpretation (W, N, N, h),, constructed as above such that h,,(ToU{=4¢}) =
1; so hm(o)(Q) = 1; so by Hv(=), A (A4) = 0; so hy(lo) = 1 and
Bim(0)(A) = 0; so by VoX*, T'g &% Aop. This is impossible; reject the as-
sumption: if I' = A, then I' i A.

7.4 Soundness and Completeness: [x

Preliminaries: Begin with generalized notions of validity. For a model
(W, R, h), let m be a map from subscripts into W. Then say (W, R, h)n,
is (W, R, h) with map m. Then, where I" is a set of expressions of our lan-
guage for derivations, h,,(I') = 1 iff for each /As/ € T, hy,y(5)(/A/) = 1, and
for each s.t € I', (m(s),m(t)) € R. Now expand notions of validity for sub-
scripts, overlines, and alternate expressions as indicated in double brackets
as follows,

VIx* T' 5" /A/s [s.t] iff there is no Iz interpretation (W, R, h),, such that
hon () = 1 but by (/A7) = 0 [(m(s), m()) & R].
NIx* I' K, /A/s [s.t] iff there is an NIz derivation of /A/s [s.t] from the

members of T'.

These notions reduce to the standard ones when all the members of I and A
are without overlines and have subscript 0 (and so do not include expressions
of the sort s.t). As usual, for the following, cases omitted are like ones
worked, and so left to the reader.

THEOREM 7.3 NIz is sound: IfT'k,, A thenT |5, A.
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L7.1a UT CTIMand I' i /P/s [s.t] then I" 5 /P/s [s.t].

Suppose I' C I and T' i /P/, [s.t], but I }&5% /P/s [s.t]. From
the latter, by VIx*, there is some [z interpretation (W, R, h),, such
that h,,(I) = 1 but hy,(/P/) = 0 [(m(s),m(t)) ¢ R]. But since
hin(I") = 1Tand T C TV, by (T') = 1; 50 hyp(T') = 1 but Ay (/P/) =0
[(m(s),m(t)) & R]; so by VIX* T [5* /P/ [s.t]. This is impossible;
reject the assumption: if ' C I and T' 5* / P/, [s.t], then IV 5% / P/,

[s.t].

Main result: For each line in a derivation let P; be the expression on line 7
and I'; be the set of all premises and assumptions whose scope includes line
i. We set out to show “generalized” soundness: if I' I, P then I" |5* P. As
above, this reduces to the standard result when P and all the members of "
are without overlines and have subscript 0. Suppose I' I, P. Then there
is a derivation of P from premises in I' where P appears under the scope of
the premises alone. By induction on line number of this derivation, we show
that for each line i of this derivation, I'; ¥ P;. The case when P; = P is
the desired result.

Basis: Py is a premise or an assumption /A/s [s.t]. Then T'y = {/A/s}
[{s.t}]; so for any (W, R, k), hm(T1) = 1iff by (/A7) = 1 [(m(s), m(t)) €
RJ; so there is no (W, R, h)y, such that hy, (I'1) = 1 but hy,s) (/A7) =0
[(m(s),m(t)) € R]. So by VIX* 'y 5 /A/s [s.t], where this is just
to say, I't 5% Py.

Assp: For any i,1 <i < k,I'; |55 P;.

Show: T H: Pg.
P is either a premise, an assumption, or arises from previous lines
by R, AL, AE, VI, VE, =1, =E or, depending on the system, JI, JE,
AMp, AMr, Hy, D, 31, OE, Ol or JEy. If Py is a premise or an
assumption, then as in the basis, I'y 5" Px. So suppose Py arises by
one of the rules.
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(VE)
(=D)
(—E)

)

(o1

(3E)

If Py, arises by I, then the picture is like this,

s.t
Ay

i| | Bt

k| (A3 B)s

where i < k, t does not appear in any member of I'y (in any undis-
charged premise or assumption), and Py is (A 3 B),. By assump-
tion, T'; 5% By; but by the nature of access, I'; C T'y, U {s.t, A;}; so
by L7.1a, I'y U {s.t, A:} 5" B;. Suppose I'y, 5" (A O B)s; then by
VIX*, there is an Iz interpretation (W, R, h), such that h,,(I'y) =1
but A, (A 3 B) = 0; so, by HIx(J), there is some w € W such
that m(s)Rw and hy,(A) = 1 but hy,(B) = 0. Now consider a map m’
like m except that m/(t) = w, and consider (W, R, h),,/; since t does
not appear in Iy, it remains that h,, (T'x) = 1; and since m/(t) = w,
m(s)Rm/(t) and hy,)(A) = 15 80 hyy(Ty U {s.t, A;}) = 1; so by
VIX*, By (B) = 1. But m/(t) = w; so hy(B) = 1. This is im-
possible; reject the assumption: T'y 5% (A O B)s, which is to say,
'y 55 Pg.

If Py arises by JE, then the picture is like this,

i |s.t
J| At

k| By

where h,i,j < k and Py is By. By assumption, I'y, ¥ (A O B)s,
I'i % st and I'; =% As; but by the nature of access, I'y, C Ty,
I CTpand I'; C T'y; so by L7.1a, I'y : (A 3 B)s, I'y 5% st
and 'y 5" A;. Suppose I'y 5% By; then by VIX*, there is some Ix
interpretation (W, R, h), such that hy,(T'x) = 1 but hy,(B) = 0;
since hy,(Tx) = 1, by VIX*, hp)(A 3 B) = 1, (m(s),m(t)) € R
and A, (A) = 1; from the first of these, by HIx(3), there is no
w € W such that m(s)Rw and hy,(A) = 1 but hy(B) = 0; so it is not
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the case that (m(s), m(t)) € R and hy,)(A) = 1 but hy, ) (B) = 0.
This is impossible; reject the assumption: I'y |5* By, which is to say,
Ty 5% Pr.

(AMp)
(AMT)

(Hy) If Py arises by Hi, then the picture is like this,

i| As or i| A,
7lst 7|st
k| A, k| As

where 4,7 < k and, in the left-hand case, Py is A;. By assumption,
I'i 5 A and I'; |5 s.t; but by the nature of access, I'; C T'y,
and I'; C I'y; so by L7.1a, Ty 5% As and I'y 5% s.t. Suppose
I'x 5% As; then by VIX*, there is some Iz interpretation (W, R, h)p,
such that hy,(T'x) = 1 but hy,)(A) = 0; since by (L) = 1, by VIX*,
hon(s)(A) = 1 and (m(s),m(t)) € R.

Now, by induction on the number of operators in A, we show that

if xRy, then if hy(A) = 1, then hy(A) = 1, and if hy(A) = 1, then
h.(A) = 1. Suppose zRy.

Basis: Suppose A is a parameter p. (i) Suppose h;(A) = 1; then
haz(p) = 1; so by condition h, hy(p) = 1; so hy(A) = 1.

(ii) Suppose hy(A) = 1; then hy(p) = 1; so by condition A,

hy(p) = 1; so hy(A) = 1.
Assp: For 0 < i < k, if A has ¢ operators, then if h,(A) = 1, then

hy(A) =1, and if hy(A) = 1, then hy(A) = 1.
Show: If A has k operators, then if h,(A) = 1, then hy(A) =1, and

if hy(A) =1, then h,(A) = 1.
If A has k operators then it is of the form, =P, PAQ, PV Q,
or P 1@, where P and @ have < k operators.

(=) Suppose A is =P. (i) Suppose h;(A) = 1; then h,(=P) = 1;
so by HIx(—), hy(P) = 0; so by assumption, h,(P) = 0; so by
HIx(=), hy(-P) = 1.

(ii) Suppose hy(A) = 1; then hy,(=P) = 1; so by HIx(-),
hy(P) = 0; so by assumption, h;(P) = 0; so by HIx(-),
hy(—P) = 1.
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(A) Suppose A is P/\Q (i) Suppose hy(A) = 1; then h,(PAQ) =
1; so by HIx(A), hy(P) = 1 and h;(Q) = 1; so by assumption,
hy(P) = 1 and hy(Q) = 1; so by HIx(A), hy(P A Q) = 1; so

hy(A) = 1.

(ii) Suppose hy(A) = 1; then hy(P A Q) = 1; so by HIx(A),
hy(P) =1 and hy(Q) = 1; so by assumption, h,(P) = 1 and
h.(Q) = 1; so by HIX(/\), he(PAQ) = 1;s0 hy(A) = 1.

(V)

(3J) Suppose A is P 3 Q. (i) Suppose h;(A) =1 but hy(A) = 0;
then h, (P 3 Q) = 1but hy(P 3 Q) = 0. From the former, by
HIx(3), any w such that 2 Rw has h,(P) = 0 or h,(Q) = 1.
From the latter, by HIx(0), there is some z € W such that
yRz where h,(P) =1 and h,(Q) = 0. But 2Ry and yRz; so
by 7, zRz; so hy(P) = 0 or h,(Q) = 1. This is impossible;
reject the assumption: if h,(A) =1, then hy(A) = 1.

(ii) Suppose hy(A) = 1; then hy(P 3 Q) = 1; so by HIx(D),
hy(P) = 0 or hy(@) = 1; so by assumption, h,(P) = 0 or

h.(Q) = 1; so by HIx(1), k(P 3 Q) = 1; so hy(A) = 1.

(D)w Suppose A is P 3 Q. (i) Suppose hz(A) = 1 but hy(A) = 0;

then h, (P 3 Q) =1 but hy(P 3 Q) = 0. From the former, by
HIx(O)w, any w such that z Rw has hy,(P) = 0 or hy,(Q) = 1.
From the latter, by HIx(3J)w, there is some z € W such that
yRz where h,(P) =1 and h,(Q) = 0. But xRy and yRz; so
by 7, xRz; so hy(P) = 0 or h,(Q) = 1. This is impossible;
reject the assumption: if h;(A) = 1, then hy(A) = 1.
(ii) Suppose hy(A) = 1 but hy(A) = 0; then hy(P 31Q) =1
but hy(P 3Q) = 0. From the former, by HIx(DJ)w, there is
some w € W such that yRw and h,(P) = 1 and hy,(Q) = 0.
But Ry and yRw; so by 7, xRw; so there is some w €
W such that xRw and h,(P) = 1 and h,(Q) = 0; but
since h,(P 3 Q) = 0, by HIx(J)w, any z such that zRz
has h.(P) = 0 or h,(Q) = 1; so since zRw, hy(P) = 0 or
hy(Q) = 1. This is impossible; reject the assumption: if
hy(A) =1, then hy(A) = 1.

For any such A, if h;(A) = 1, then hy(A) = 1, and if h,(A) = 1, then
he(A) = 1.

So, returning to the left-hand case for (Hi), hy,,4)(A) = 1. This

142



is impossible; reject the assumption: T'y |5 Ay, which is to say,
'y B Pk. And similarly in the right-hand case.

If Py, arises by D, then the picture is like this,

i|As

k| As

where i < k and Py, is A;. Where this rule is included in Nz, Iz has
condition ezc, so no interpretation has hz(p) = {1,0}. By assump-
tion, I'; % As; but by the nature of access, I'; C I'y; so by L7.1a,
[y 5% As. Suppose I'y A% Ag; then by VIX*, there is an Iz inter-
pretation (W, R, h),, such that hpy(L'y) = 1 but Ay, (A4) = 0; since
h(Tx) = 1, by VIX*, hy,(5(A) = 1. But for these interpretations, for

any A, if hy(A) =1 then hy(A4) = 1.

Assp: For any i, 0 < i < k, if A has i operators, and h;(A) = 1, then
h.(A) = 1.

Show: Tf A has k operators, and h;(A) = 1, then h,(A4) = 1.
If A has k operators, then A is of the form, =P, PAQ, PV Q,
or P 1@, where P and @ have < k operators.

(=) Ais =P. Suppose hy(A) = 1; then hy(=P) = 1; so by HIx(—),
h.(P) = 0; so by assumption, h,(P) = 0; so by HIx(-),
he(—=P) = 1, which is to say, hy(A) = 1.

(A) Ais PAQ. Suppose hy(A) = 1; then hy(P A Q) = 1; so
by HIx(A), hy(P) = 1 and h;(Q) = 1; so by assumption,

(V)

() Ais P 1Q. Suppose hy(A) = 1; then hy(P 3 Q) = 1; so by
HIx(3), for any w such that xRw, h,(P) = 0 or h,(Q) = 1;
but by p, zRx; so hy(P) =0 or h,(Q) = 1; so by assumption,
he(P) = 0 or h,(Q) = 1; so by HIx(2), h,(P 3 Q) = 1, which
is to say h.(A4) = 1.

For any A, if hy(A) =1, then h,(4) = 1.
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So, returning to the case for (D), hy,(s)(A) = 1. This is impossible;

reject the assumption: I'y 5% A, which is to say, I'y |5 Pk.
If P, arises by 1, then the picture is like this,

As

i| | Bs
k| (A3 B)s

where i < k and Py is (A 3 B)s. By assumption, I'; 5% Bs; and by
the nature of access, I'; C Ty, U{A}; so by L7.1a, Ty U{4s} i Bs.
Suppose 'y 5% (A O B)s; then by VIX*, there is some Iz interpre-
tation (W, R, h)p, such that hy,,(I'y) = 1 but hy,s)(A 3 B) = 0; from
the latter, by HIX(3), hs)(A) = 1 and hy, 5 (B) = 0; 50 hyy () = 1
and R, () (A) = 15 80 hy (D U {As}) = 1; s0 by VIX*, Ry (B) = 1.
This is impossible; reject the assumption: T'y 5% (A O B)s, which is
to say, I'y 5% Pk.

If P, arises by JE, then the picture is like this,

J|As

ol

k

s

where i,j < k and Py is Bs. By assumption, I'; 5% (A O B)s and
I'; Kt As; but by the nature of access, I C I'y and I'j C T'y;
so by L7.1a, Ty 5% (A2JB)s and Ty 5% A,. Suppose I'y A&
Bg; then by VIX*, there is some Iz interpretation (W, R, h),, such
that h,,(T'x) = 1 but hm(s)(g) = 0; since h,,(T'x) = 1, by VIX*,
Pm(s)(A 3 B) = 1 and hp,5)(A) = 1; from the former, by HIx(J),
Pn(s)(A) = 0 0 hyy(s)(B) = 1; 80 hyy(q)(B) = 1. This is impossible;
reject the assumption: I'y ¥ Bs, which is to say, ['y 5* Pk.

(OTw) If Py arises by J1y, then the picture is like this,

h|s.t
1| Ag
J| Bt
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where h,i,j < k and Py is (A O B)s. By assumption, I'y 5% s.t,
I'; Bt Ay and I'; 5% —By; but by the nature of access, I'y, C Ty,
I CTyand I'; CT'y; s0 by L7.1a, T'y |55 s.t, Tk 55 Ay, and T'y, |57
—B;. Suppose I'y 5" (A 3 B)s; then by VIx*, there is some Iz
interpretation (W, R, h), such that h,,(I'y) = 1 but Ay, (A 3 B) =
0; since hp,(I'y) = 1, by VIX*, (m(s),m(t)) € R, hp)(A) = 1 and
R (—B) = 1; from the last of these, by HIX (=), hy,(B) = 0; so
there is some m(t) € W such that m(s)Rm(t) and h,,)(A) = 1 and
Rty (B) = 0; s0 by HIX(D)w, hyy(s)(A 3 B) = 1. This is impossible;
reject the assumption: I'y |5* (A 3 B),, which is to say, I'y 5% Pk.

(ﬁw) If Py, arises by JEyy, then the picture is like this,

i| (A3 B),
s.t
Ay
-B;

il |Cu

k| Cy

where i,j < k, t does not appear in any member of I'y (in any
undischarged premise or assumption) and is not u, and Py is C,.
By assumption, I'; 5% (A 3 B)s and I'; 5% Cy; but by the na-
ture of access, I'; C I'y, and T'; C T'y U {s.t, A;, ~B;}; so by L7.1a,
' 5% (AOJB)s and T'y U {s.t, A;,mB;} 5% Cu. Suppose I'y &
Cy; then by VIX* there is an Iz interpretation (W, R, h),, such
that hp,(T'x) = 1 but hm(u)(C) = 0; since h,,(T'x) = 1, by VIx*,
Pon(s)(A 3 B) = 1; so, by HIx(O)w, there is some w € W such that
m(s)Rw and hy,(A) = 1 and h,(B) = 0. Now consider a map m/
like m except that m/(t) = w, and consider (W, R, h),,/; since t does
not appear in Iy, it remains that h,, (T'x) = 1; and since m’(t) = w,
m(s)Rm/(t) and h, ) (A) = 1 and hy, ) (B) = 0; from the last of
these, by HIX(=), hpyy(=B) = 1; s0 hy (Cy U {s.t, Ay, 2 B}) = 1;
so by VIX*, Ry (C) = 1. But since ¢t # u, m/(u) = m(u); so
Pm(u)(C) = 1. This is impossible; reject the assumption: T'y 5% Cy,
which is to say, I'y 5% Pp.

For any i, I'; 5" P;.
THEOREM 7.4 NIz is complete: if I' |5, A then 'k, A.
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Suppose I' |5, A; then T'g |* Ap; we show that 'y K, Ap. As usual, this
reduces to the standard notion. For the following, fix on some particular Ix.
Then definitions of consistency etc. are relative to it.

CoN TI' is CONSISTENT iff there is no A, such that I' Iy, /A/s and T'
\—A\g.

L7.2a If s is 0 or appears in I', and I' (4, \=P\s, then T' U {/P/s} is
consistent.

Reasoning as in L7.2.

L7.3a There is an enumeration of all the subscripted formulas, P1 P ...
with access relations s.t.

Proof by construction as usual.
Max I'is s-MAXIMAL iff for any Ay either I' b, /A/s or T k5, \—A\s.

SGT I' is a SCAPEGOAT set for (J)r,, iff for every formula of the form
-(A 3 B),, if I' i, =(A O B), then there is some ¢ such that I' K,
S.t, T ";Iz At and I '_N*Iz @t.

I' is a SCAPEGOAT set for (10)p,, iff for every formula of the form

(A3 B),, if I' iy, =(A O B), then there is some t such that I' I,

s NIx S

sit, D By, Ay and T Ry, —By; and if I 1), (A O B), then there is
some t such that I' =y, s.t, ', Ay and I' 5, B4

NIx

C(I") For I' with unsubscripted formulas and the corresponding I'y, we con-
struct I'" as follows. Set Q¢ = I'yg. By L7.3a, there is an enumeration,
P1, Py ... of all the formulas, together with all the access relations s.t;
let €y be this enumeration. Then for the first expression P in &;_;
such that all its subscripts are 0 or introduced in £2;_1, let &; be like
€i_1 but without P, and set,
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Q=0 if Qg B A=A,

Qix =Q;_1 U {/A/S} if Q;_1 b/;“ \—A\,
and
Isa: Q= Qe if A, is not of the form —(P 1 Q),
Q; = Q- U{s.t, P, =Q,} if Ay is of the form (P 7 Q),
Iy: Q= Q- if A, is not of the form —~(P 3 Q),
or (P3Q)s
Q= Q- U{s.t, P, —Q,} if As is of the form =(P 1 Q),
Q; = QU {s.t, P,,mQ:} if As is of the form (P 1 Q)
-where t is the first subscript not included in €2;+
then

I = Uizo Q;

Note that there is always sure to be a subscript ¢ not in €2;+ insofar
as there are infinitely many subscripts, and at any stage only finitely
many formulas are added — the only subscripts in the initial {2y being
0. Suppose s appears in I'; then there is some ; in which it is first
appears; and any formula P; in the original enumeration that has
subscript s is sure to be “considered” for inclusion at a subsequent
stage.

L7.4a For any s included in IV, T is s-maximal.

Reasoning as in L7.4.

L7.5a If Iy is consistent, then each €; is consistent.

Suppose I'y is consistent.

Basis: g =Ty and I’y is consistent; so {2 is consistent.
Assp: For any 4,0 < i < k, €; is consistent.
Show: €y, is consistent.
Q. is eithier (1) Qp_1, (11) O = Q1 U {/A/s}, (111) Qi U
{s.t,P;,=Q,} in I3 4 or Iy, or (iv) Q- U {s.t, P;, ~Q:} in Iyy.
(i) Suppose Qy is Qx_1. By assumption, Q1 is consistent; so {2
is consistent.
(ii) Suppose 2 is Qp+ = Q1 U{/A/s}. Then by construction, s is
0 orin Q1 and Qi1 1A, \2A\; so by L7.2a, Q1 U{/A/}
is consistent; so {2 is consistent.
(iii) Suppose Q is Q= U {s.t, P, =Q,} in I34 or Iyy. In this case,
as above, (), is consistent and by construction, =(P J Q), €
Qp+«. Suppose ) is inconsistent. Then there is some A, such
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that Qg U{s.t, P, =Q,} b, /Al and Qg U{s.t, P, ~Q,} .
\=A\,. So reason as follows,

1| Qpx

2| | s.t A (g, O0)

3 ;Pt A (97 :ll)

4 -Q, A (¢, —E)

5 /Ay from Qp+ U {s.t, P, —Q,}
6 \=A\, from Q= U {s.t, Pt,@t}
71| Qt 4-6 —E

8| (P3Q)s 2-7 11

where, by construction, ¢ is not in Qg«. So Qi+ K5, (P O
Q)s; but =(P 3Q), € Q=5 50 Q= b, ~(P 3 Q)5 50 Q= s
inconsistent. This is impossible; reject the assumption: 2y is
consistent.

Suppose Qj is Qg+ U {s.t, P,,~Q;} in Iyy. In this case, as
above, (i, is consistent and by construction, (P 3 Q)s € Qpx.
Suppose 2 is inconsistent. Then there is some A, such that
Qk* {S t Pt, ﬁQt} NI:c /A/u and Qk* {S t Pt, _'Qt} Nlac
\—=A\,. So reason as follows,

1| Qg

2 iP Q) A (¢, 1I)

3 s.t A (g, jEw)

5 :Qt A (g, jEW)

6 /Ay from Q= U {s.t, P, ~Q:}

T |/A/y 2,3-6 JEw

8 s.t A (g, OEw)

9 Pt A (g, ﬁw)
11 \=A\, from Qg+ U {s.t, Pr, 7Q:}
12| [\=A\, 2,8-11 JEw
13|-(P2Q)s 2121

where, by construction, ¢ is not in Q. So Qp+ K, (P 3
Q)s; but (P 3Q)s € Q; so Qe B (P 3Q)s; so Qs is
inconsistent. This is impossible; reject the assumption: g is
consistent.

For any i, §2; is consistent.
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L7.6a

L7.7a

L7.8a

If Ty is consistent, then I" is consistent.

Reasoning parallel to L.2.6 and L6.6.

If 'y is consistent, then I is a scapegoat set for (3J)r,, and (3)r,, .

For ()15, and (3)ry, . Suppose I is consistent and I ;. =(P 3 Q),.
By L7.6a, I' is consistent; and by the constraints on subscripts, s is
included in IV. Since I" is consistent, I tA;,. ——(P 3 Q)s; so there is
a stage in the construction process where Q;+ = Q;_1 U {~(P JQ),}
and Q; = O« U {s.t, P, ~Q,}; so by construction, s.t € I, P, € T"
and ~Q, € I"; so IV B, s, IV By, Prand TV K, —Q,. SoI”is a
scapegoat set for (3J)r, .

Furthermore for (7)r,, . Suppose I'g is consistent and I ;. (P 3 Q)s.
By L7.6a, I is consistent; and by the constraints on subscripts, s is
included in I”. Since I" is consistent, I tA4,. —(P 3 Q)s; so there is
a stage in the construction process where Q;» = Q;_1 U{(P 2 Q)s}
and Q; = Q« U {s.t, P;, ~Q:}; so by construction, s.t € IV, P, € T”
and =Q; € T; so IV B, sit, IV B, Prand TV B —Q¢. So I is a

scapegoat set for (J)y,, .

We construct an interpretation I = (W, R, h) based on I'" as follows.
Let W have a member w; corresponding to each subscript s included
in IV. Then set (ws,wy) € R iff I K, s.t and hy,(/p/) = 1 iff
B, /p/s.

If Ty is consistent then for (W, R, h) constructed as above, and for
any s included in IV, hy, (/A/) =1 if TV B /A/s.

Suppose Iy is consistent and s is included in IV. By L7.4a, IV is
s-maximal. By L7.6a and L7.7a, I is consistent and a scapegoat
set for the different conditionals. Now by induction on the number
of operators in /A/,

Basis: If /A/s has no operators, then it is a parameter /p/s and by
construction, hy, (/p/) =1 iff TV &, /p/s. So hy, (/A/) = 1 iff
Iy /Al

Assp: For any i, 0 <1i < k, if / A/ has i operators, then h,, (/A/) =1
it TV 5, /A

Show: If /A/s has k operators, then h, (/A/) =1if IV, /Al

If /A/s has k operators, then it is of the form /—P/s, /PAQ/,
/PN Q/sor /P 1Q/s, where P and @ have < k operators.
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—

)
N)
V)
1) /A/sis /P 3 Q/s. (i) Suppose hy, (/A/) =1 but TV 1A /A/;
then h,,, (/P 3Q/) =1, but IVt /P 3 Q/s.
Is4: () /P 3Q/sis (P 3Q)s. Then hy (P 3Q) =1, but
I A, (P 3 Q)s. From the latter, by s-maximality,
I By, ~(P 3Q),; but since I is a scapegoat set for
() 15,4, there is some ¢ such that TV 5 s.t, TV By, P
and I I, =Q,; from the last of these, by consistency,
IV 1A Q¢; so by assumption, hy, (P) = 1 and hy, (Q) =
0; and since IV |} s.t, by construction, (ws,w;) € R;
so there is some y € W such that wsRy and hy(P) =1
but hy(Q) = 0; so by HIx(3), hy, (P 3 Q) =0. This is
impossible.
(b) /P 3Q/sis (P 3Q)s. Then hy (P 3Q) =1, but
I 1A, (P 3Q)s. From the latter, by s-maximality,
I'" By, =(P 3 Q)s. From the former, by HIx(J),
hyw,(P) = 0 or hy (Q) = 1. Suppose the first; so
hyw,(P) = 0; then by assumption, I t4, Ps; so by
s-maximality, I I, —Ps; so by reasoning as follows,

(
(
(
(

1|=P, from T/

2 P‘ A (97 ﬁ)
3 ﬁQS A (C, ﬁE)
4 Py 2R

5 =P, 1R

6 @5 3-5 -E
7TI(P3Q)s 2-6 O1

"B, (P3Q)s; so IV By, (P3Q)s and TV B
—(P O Q)s; so I'" is inconsistent. Suppose the sec-
ond; 80 hy, (Q) = 1; then by assumption, I I, Q.; so
by reasoning as follows,

110Q. from T’
2| | P, A (g,30)
3| Q. 1R

4(P3Q)s 2371
I By (POQ)s; so IV By (POQ)s and TV K.
—(P 3 Q)s; so I is inconsistent. In either case, I" is
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inconsistent. This is impossible; reject the assumption:
if hy,(/A/) =1, then IV ¥ /A/s.
Iy: (a) /P 3Q/sis (P 3 Q)s. Same reasoning as in I3 4.

(b) /P 3Q/sis (P 3Q)s. Then hy (P 3Q) =1, but
I . (P 3Q)s. From the latter, by s-maximality,
I'" By, —(P 3 Q)s. From the former, by HIx(O)w,
there is some wy € W such that wsRw; and hy, (P) =1
and hy, (Q) = 0; so by construction and by assumption,
[V 1, st and TV . Py but TV B4 Q,; from the last
of these, by s-maximality, IV | —Q¢; so by reasoning

as follows,

1|s.t from I
2| P from I
3| Q: from T

4 (P3Q)s 1,2,3 Olw

"B, (P3Q)s; so IV By, (P3OQ)s and TV B

—(P 3@Q)s; so I is inconsistent. This is impossible; re-

ject the assumption: if hy, (/A/) =1, then IV 1, /A/s.
So in both these cases, if hy, (/A/) =1 then IV ¥ /A/s.

(ii) Suppose I'" K, /A/g but hy, (/A/) = 0; then IV ¥ /P 3
Q/s but hy, (/P 3Q/) =0.

I3 (a) /P 3Q/sis (P 3Q)s. Then I" K, (P 3 Q)s but
hyw,(P 3 Q) = 0. From the latter, by HIx(Z), there
is some wy € W such that wsRw; and hy, (P) = 1 but
hu, (Q) = 0; so by assumption, IV B, s.t and TV B, P,
but TV 1A Qy; from the last of these, by s-maximality,
Iy, —Q,. So by reasoning as follows,

1T from I
2| [(P3Q)s A (¢, 1)
3 |s.t from I
4| | P from I’
5010 2,3,4 IE
6| | -Q, from T’
ISP 3Q). 261

I 5, —(P 3 Q)s; so by consistency, IV 1A, (P 3 Q)s.
This is impossible.

(b) /P O Q/s is (P 3Q)s. Then I K, (P JQ)s
but hy, (P 3Q) = 0. From the latter, by HIx(D),
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hyw,(P) = 1 but hy, (Q) = 0; so by assumption, IV

P, but TV 1%, Q,; so by s-maximality, I I, ~Qs. So
by reasoning as follows,

1T from I
2 |(P2Q)s A D)
3| | Ps from I’
4| 1Q. 2,3 3E
51| -Qs from I
6-(P3Q)s 2-5 -1

I, —(P 3 Q)s; so by consistency, IV 1A, (P 3 Q)s.
This is impossible; reject the assumption: if TV H¥
/Alg, then hy, (/A/) = 1.

Iy: (a) /P 3Q/sis (P 3 Q)s. Same reasoning as in I3 4.
(b) /P O Q/s is (P 3Q)s. Then I' K}, (P JQ)s
but hy, (P 3Q) = 0. From the former, since IV is a
scapegoat set for (3J)r,, , there is some ¢ such that I K,

st, "By Prand TV B, —Q,. Since hy, (P 3Q) =0,

by HIx(J)w, for any y € W such that wsRy, hy(P) =0

or hy(Q) = 1; so if wsRw; then either hy,, (P) = 0
or hy, (Q) = 1; so by construction and assumption, if
[V . st then either TV 14, P, or IV K. Qy; so,
since IV k¥ s.t, either TV b4 P or TV K. Qy; so,
since IV Ry, P, TV By, Q. But IV . —Q,; so, by
consistency I P4 @Q,. This is impossible; reject the
assumption: if IV B /A/g, then hy, (/A7) = 1.

So in both these cases, if IV K, /A/s then hy (/A/) = 1. So
ha, (JA/) = 1ifE TV 15, /A,

For any Ay, hy,(/A)) =11 TV, /A,
L7.9a If Ty is consistent, then (W, R, h) constructed as above is an Iz in-
terpretation.

For this, we need to show that the interpretation meets the p, 7 and
h conditions.

(p) Suppose ws € W. Then by construction, s is a subscript in

I'; so by (AMp), IV 1, s.s; so by construction, (ws, ws) € R
and p is satisfied.
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(1)

(h) Suppose wsRwy, vy, (p) = 1, and vy, (p) = 1. Then by con-
struction, IV Hf,_ s.t, TV BY_ ps, and TV B, p,; so by (H),
I B pe and TV B Ps; so by construction, vy, (p) = 1 and

Uy, (P) = 1 and h is satisfied.
MAP For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.

L7.10a If Ty is consistent, then h,,(I'g) = 1.
Reasoning parallel to L.2.10 and L6.9.

Main result: Suppose I' 5, A but T' A, A. Then I'y |5 Ap but T'g t4,. Ao.
By (DN), if o 7. ——Ag, then I'y [y Ag; so Ty |7[le *]ﬁﬁAo; so by L7.2a,
o U {—Ap} is consistent; so by L7.9a and L7.10a, there is an Iz interpre-
tation (W, R, h),, constructed as above such that h,,(T'g U {=Ap}) = 1; so
hun(0)(mA) = 15 so by Hu(), hun(0)(A) = 05 80 hyp (Do) = 1 and Ay o) (4) =
0; so by VIxX* T'g &% Ap. This is impossible; reject the assumption: if
I's, A, then ', A.

8 Mainstream Relevant Logics: Bz (ch. 10,11)

The treatment here for Priest’s chapter 11 is minimal: there are only re-
sources for CK with applications in chapter 11, as well as chapter 10. 1
follow Priest in developing the star-semantics on its own terms, and pick up
the four-valued semantics again in the next section.

8.1 Language / Semantic Notions

LBxX The VOCABULARY consists of propositional parameters pg, p; ... with
the operators, =, A, V, —, (and >). Each propositional parameter is
a FORMULA; if A and B are formulas, so are =A, (AA B), (AV B),
(A — B) and (A > B). A D B abbreviates “AV B, and A = B
abbreviates (A D B) A (B D A).

IBrx Without ‘>’ in the language, an INTERPRETATION is (W, N, R, %, <, v)
where W is a set of worlds; N is a subset of W; R is a subset of
W3 = W x W x W; % is a function from worlds to worlds such
that w™* = w; and v is a function such that for any w € W and p,
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IBcx

TB

vy(p) = 1 or vy (p) = 0. < is a reflexive and transitive relation on W
such that if a < b then a < b and b* < a*, where,

if vy (p) =1 then vp(p) =1
a<b=< if bRzy and a € N, then aRxy
if bRzy and a € N then x <y

As a constraint on interpretations, we require also,
NC For any w € N, wRzy iff x =y

Where x is empty or indicates some combination of the following
constraints,

(C8) If Rabc, then Rac*b*

(C9) If there is an x such that Rabx and Rxcd then there is a y
such that Racy and Rbyd

(C10) If there is an x such that Rabx and Rzcd then there is a y
such that Rbcy and Rayd

(C11) If Rabc then there is an x such that Rabxr and Rzbe

(C12) If Rabc then there is an x such that @ < = and Rbzc

(C13) If z € N, z* < .

(C14) For any z, if x € N, 2* <z, and if z € N, xRx*x.

(C15) If Rabc then a < c.

(C16) If Rabc then a < corb <c.

(W, N, R, %, <,v) is a Bz interpretation when it meets the constraints

from z. System B has none of the extra constraints; other systems
add from the extra constraints as described in Priest. In particular,

Bpr is Bog—c12.

When ‘>’ is in the language, an interpretation is (W, N, R,{Rs| A €
3}, #,v), where S is the set of all formulas and R4 is a subset of W?2.
Condition NC remains in place, but none of C8 - C16. That is all for
B¢ (what Priest calls Cp). Where fa(w) = {x € W | wRaz}, and
[A] = {x € W |vy(A) =1}, Bo+ adds the constraints,

(1) For any w € N, fa(w) C [A]

(2) For any w € N, if w € [A], then w € fa(w)

For complex expressions,

154



For a set I

(
vw(ANA B) =11if v,(A) =1 and v, (B) = 1, and 0 otherwise.
vw(AV B) =11if v,(A) =1 or v, (B) = 1, and 0 otherwise.
Uy (A

— B) = 1 iff there are no x,y € W such that wRzy and
=1 but v,(B) = 0.

of formulas, v, (I') = 1 iff v,,(A) = 1 for each A € T'; then,

VBx T |5, Aiff there is no Bz interpretation (W, N, R, x,C,v) / (W, N, R,
{Ra| A € 3}, %,v) and w € N such that v, (I') = 1 and v,,(4) = 0.

8.2 Natural Derivations: NBzx

Allow subscripts of the sort i and i#. Where s is a subscript i or i#, 5 is the
other. Say s is “introduced” as a subscript when either s or s is a subscript.
For subscripts s, ¢, u allow also expressions of the sort s ~ ¢, s.t.u and A, ;.
Let P(s) be any expression in which s appears, and P(t) the same expression
with one or more instances of s replaced by t.

R|P, -1||Ps -E| |-Ps
i Q+ Q1
—Qz —Qz
_‘PS Ps
AL | P AE | (PAQ)s AE | (PAQ)s
Qs
Py Qs
(PAQ)s
VI | P;s VI | P;s VE [ (PV Q)s
P
(PVQ)s @V P), B
R;
oI | Ps DE| (P D Q)s
Ps | Qs
Qs
(P> Q). @ i
R;
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=I| | Ps =E|(P=Q)s =E|(P=Q)s
P§ Q§
9 Qs P
Qs
P
(P=Q)s
—I| |s.tu —E|s.tu AL|5.tu AE|[-(P— Q)s
By (P —Q)s P ERAT
Pt _'Qﬂ Pt
Qu Qu —\(P — Q)S _‘Qﬁ
(P = Q)s
where t and wu are not Rv
introduced in any undis-
chtargcd prcmiscyor as- Rv

sumption
P where ¢t and u are not

introduced in any undis-
charged premise or as-
sumption or by v

0I|s~t OE | 0.s.t ~I ~E|s~t s~t
P(s) P(s)
0.s.t s~ t S~ s
P(t) ?(t)

These are the rules of NB, where DI, DE, =I, =F and, as we shall see, A1
and AE are derived. With s ~ ¢, we can introduce s ~ s by ~I, and then
get t ~ s by ~E; so informally, we let ~E include also a derived rule that
reverses order around ‘~’ — using s ~ t to replace some instance(s) of t (%)
with s (5). As usual, subscripts are 0 or introduced in an assumption that
requires new subscripts (and similarly for the following). To make things
easier to follow, cite lines for —E only in the order listed above: first access,
then the conditional, then the antecedent.

For relevant systems N B,,, allow expressions of the sort, s <t and s % t.
The latter contradicts s ~ ¢ in —I and —E.” Then include rules from the
following as appropriate.

"We might allow a generic subscript z such that any s ~ t is (s ~t). and s % t is
—(s ~t),#. Then the negation rules apply as stated.
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AMS |s.t.x AMI10| s.t.x AM11|s.t.u AM12|s.t.u
T.u.v T.u.v s.t.y sy
sy t.u.y y.t.u t.y.u
t.y.v S.Y.v
Ru RU
Pw Pw Pw Pw
P, P,
AM13 AM14| |s~0 AM15 | s.t.u AM16 | s.t.u
=< s<Xu
#
07 <0 P, s=<u P,
s#£0 t<u
8.5.8
P,
P, P,
Py,
AMS |s.t.u <E|s=<t <*|s=<t <Bls20 s~0
Ps S j t S j t
t.u.v t.u.v
sa.t P, t<3s
S. UV u=v

For AM9, AM10, AM11 and AM12, y is not introduced in any undischarged
premise or assumption, or by w. Rules for < are always included with any
of AM12 - AM16.%

Conditional systems. For the systems N B¢, revert to the rules of NB.
Then add >I and >E. As we show just below, #I and #E are derived.

>I| | Py SE| (P> Q)s #1| Ps), PE | (P> Q)s
Py —Qz Ps)y
Q. —Qf
(P > Q)g Qt _‘(P > Q).s
where ) t s nqt intro- Ru
premise of nssumption R,

where ¢ is mnot intro-
duced in any undischarged
premise or assumption, or
by w

8There are also rules, <* according to which - s < s and <7 according to which s < t,
t < ut s <X u. But these do not normally play a role in derivations.
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As before, corresponding to constraints (1) and (2) for the CT system, are
AMP1 and AMP2, now restricted to apply just at the normal world 0.

AMp1 PO/t AMp2 P
P, Py o

Where I is a set of unsubscripted formulas, let I'g be those same formu-
las, each with subscript 0. Then,

NBz I' k, A iff there is an NBz derivation of A from the members of
Tp.

Derived rules carry over much as one would expect. Thus, e.g.,

MT | (P> Q)s NB| (P =Q); (P=Q)s DS |(PVQ)s (PVQ)s
—Qs —-Ps —Qs —-Ps Qs
—Ps _‘Qs —Ps Qs P

Impl (PDQ)s 4> (mPVQ)s
(=P > Q)s a> (PVQ)s

Examples. First, A1, AE, #I and #E are derived rules in NB, and

NBcy.
A1 7B
1|5.tu P =P = @Q)s P
2 Pt P 2 _|Ru (Cv _‘E)
3| Qw p B
. 3 |5.tu A (g, =0)
4 (P — Q)? (C, jI) 4 Py
5010w 1,42 5B
e 5 Qa A c, —-BE
6| Q= 3R ¢ ( )
7| ~(P = Q) 4-6 —I : with 1,3,4,5
6 R, as for AE
7 - Ry 2R
8 Qu 5-7 —E
9| (P = Q) 3-8 -1
10| |~(P = Q)s 1R
11| R, 2-10 —-E
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Ps/y

%
(P>Q)s
Q¢
—Qz

(P >Q)s

S TR W N

Note the way overlines work (much the way slashes worked before). For
4FE, note that the application of —I depends on the restriction that ¢ and u
are not introduced by v; and similarly, for #E the application of >I depends

A (¢, 1I)

1,3 >E
2R
3-5 -l

»E
1 (P> Q).
2| | =Rz
3 Ps)y
4 -Qx
5 R,
6 -Rz
7 Q+
8|1 | (P>Q)s
91 | ~(P>Q)s
10 | Ry

on the restriction that ¢ is not introduced by u.

As further examples, here are a few key results that parallel ones from

Priest’s text.

A3 Fum (AAB) — A

0.1.2

Ar
1~2
As

S Ok W [ SR

(A A B)l

[(AAB) — Ao
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A (g, =I)

2 AE
1 0E
3,4 ~E
1-5 =1

P

A (¢, —E)
A (g, >1)
A (¢, —E)

with 1,3,4
as for ¥E
2R

4-6 -E
3-7>1
1R

2-9 -E



A5 g (A= B)A(A—=CO)] = [A—= (BAQO)]

— =
= O © 00 g O Ot = W N

— =
W N

— &
3t

© 00 O Ut e WN

—_ =
== O

0.1.2
(A= B)A(A—=CO)s

2.3.4
As

1~2

1.3.4

(A—)B)l

(A—) 0)1

By

Cy

(BAC)a

[A—= (BAQO)2
((A=B)ANA=C)—=[A= (BAO))o

(A — —\B) }—NBm (B — —\A)
(A — —\B)o

0.1.2
B
Ags

2% ~ 2%
0.2% 2%
—B,x
1~2
By
Yy

(B — ﬁA)o
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A (g, =T)

A (g, =)

1 0E

3,0 ~E

2 NE

2 NE
6,7,4 —-E
6,8,4 —E
9,10 AI
3-11 —I
1-12 —I

P
A (g, =)

A (e, 1I)

~I

5 01
6,1,4 —E
2 0E

3,8 ~E
4-9 -1
2-10 —I



A9 Ky (A= B)—=[(B—=C)— (A= C)]

© 0 S Ot =W [NR

—
o

= = e
Tt = W N =

16

0.1.2
(A — B)l

2.3.4
(B — 0)3

4.5.6

As

1~2

(A — B)Q
2.5.7
3.7.6

B

Cs
Cs
(A= C)a

Feg (A= A)— A

=

© 00 O T W N

e e e e e
0 O U W N = O

0.1.2
(ﬁA — A)l

0.2% 1%
0.2%.3
3.2% 1%

3.1.2
3=<4

1.4.2
| Az

2% ~ 3
y

— Ay

A

—Ax
Ao
A
As
[(FA— A) = Ao

[(B—=C)—= (A= Q)
(A=B)=[(B—=C)—= (A= O))o
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A (g, =T)

A (g, =)

A (g, =I)

1 0E
2,7 ~E
A (g, 3,5 AM9)

9,8,6 >E
10,4,11 »E
3,5,9-12 AM9
513 -1

3-14 —I

1-15 =1

A (g, 1)

1 AMS
A (g, 3 AM11)

5 AMS
A (g, 6 AM12)

A (¢, -E)

4 0E

9,10 ~E
7,11 <E
8,2,12 SE
IR

9-14 -E
6,7-15 AM12
3,4-16 AM11
1-17 —I



Al4d Fyp, (A= -A) = -A

1]/1]0.1.2
2 (A — —‘A)l
3l [1>~2
4 2~0
5 2% <2
6 | Aye
7 1~0
8 (A — ﬁA)O
9 Ao
10 Ay
11 —As
12 Ay
13 —As
14 220
15 2.9% 2
16 Ay
17 (A — —A),
18 —-As
19 Ags
20 —As
21| | —A>
22| [(A— —-A) = -Ao

8.3 Soundness and Completeness

A (g, =I)

1 0E
A (g, AM14)

A (¢, 1)
3,4 ~E
2,7 ~E
5,6 <E
9,3 ~E
1,8,10 —-E
6R

6-12 —I

A (g, AM14)

A (e, —I)

2.3 ~F

15,17,16 —F

16 R

16-19 —I
4-13,14-20 AM14
1-21 =1

Preliminaries: Begin with generalized notions of validity. For a model
(W,N,R,*,=<,v) or (W,N,R,{Ra|A € 3}, *,v), let m be a map from sub-
scripts into W such that m(0) € N and m(s) = m(s)*. Say (W, N, R, %, <
,V)ym and (W, N, R, {Ra|A € S}, %,v), are(W, N, R, x, <, v) and (W, N, R, { R 4|
A € 3}, %, v) with map m. Then, where I is a set of expressions of our lan-
guage for derivations, vy, (I') = 1 iff for each As € T, vy,(5)(A) = 1, for each
s~tel, m(s) =m(t), for each s.t.u € T, (m(s),m(t),m(u)) € R, for each
s 2t e, (m(s),m(t)) € X, and for each A, € T, (m(s),m(t)) € Ra.
Unless otherwise noted, reasoning is meant to be neutral between inter-
pretations of the different types. Now expand notions of validity to include
subscripted formulas, and alternate expressions as indicated in double brack-

ets.

VBx* T' =}, As [s~t/stu/s 2t/ Ag,] iff there is no Bz interpretation



with map m such that v,,(T') = 1 but vy, (A) = 0 [m(s) # m(t) /
(m(s), m(t),m(u)) & R/ (m(s),m(t)) & = [(m(s), m(t)) & Ra].

NBx* T, As [s~t/stu/s 2t/ Ayl iff there is an NBx derivation
of Ag [s~t/stu/s =t/ Ayl from the members of T

These notions reduce to the standard ones when all the members of I' and A
have subscript 0 (and so are not of the sort s ~ ¢, s.t.u, s X ¢, or Ay);). For
the following, cases omitted are like ones worked, and so left to the reader.

THEOREM 8.1 NBz is sound: If ', A then T =, A.

L81 UT CTIMand T |, Ps [s~t/stu/s 2t/ Ayl then T 55 P
[s~t/stu/s=t] A

Suppose I' C I" and T' |55, Ps [s ~ t/stu/s 2t/ Ay, but
I a5, Ps [s~t/stu/s 2t/ A,,]. From the latter, by VBX*, there
is some Bz interpretation with v and m such that v, (I") = 1 but
Um(s)(P) = 0 [m(s) # m(t) / (m(s), m(t), m(u)) & R/ (m(s), m(t)) &
=< /{m(s),m(t)) & Ra]. But since v,,(I") = land I' C IV, v,,(T) = 1;
50 U (I') = 1 but vy ) (P) = 0 [m(s) # m(t) / (m(s), m(t), m(u)) &
R/ (m(s),m(®) ¢ = /(m(s),m(t)) & Ral; so by VBX*, T J&% P,
[s~t/stu/s =t/ A,;]. Thisis impossible; reject the assumption:
T CTIMand T |5, Ps[s~t/stu/s 2t/ Ayl then I’ |55 P
[s~t/stu/s =t/ A

Main result: For each line in a derivation let P; be the expression on line 7
and I'; be the set of all premises and assumptions whose scope includes line
i. We set out to show “generalized” soundness: if I' ¥, P then I' 55 P. As
above, this reduces to the standard result when P and all the members of "
are formulas with subscript 0. Suppose I' F;, P. Then there is a derivation
of P from premises in I' where P appears under the scope of the premises
alone. By induction on line number of this derivation, we show that for
each line i of this derivation, I'; |55 P;. The case when P; = P is the desired
result.

Basis: Py is a premise or an assumption A [s ~t /stu /s 2t/ Agyl

Then Ty = {As} [{s =t} /{stu} /{s 2 t} / {As;}]; so for any
Bz interpretation with its v and m, v, (1) = 1 iff v, (A) =1
[m(s) =m(t) / (m(s),m(t),m(u)) € R/{m(s),m(t)) € Ra]; so there
is no Bz interpretation with v and m such that v,,(I';) = 1 but

Um(s)(A) = 0 [m(s) # m(t) / (m(s), m(t), m(u)) & R/ (m(s), m(t)) &
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Assp:
Show:

(—E)

= /(m(s),m(t)) & Ra]. So by VBx* T'1 55 As [s ~t/stu/s =
t/ Agy, where this is just to say, I'1 =5, P1.

For any i,1 <i < k,T'; |55 Ps.
Ty 5 Pr.

P}, is either a premise, an assumption, or arises from previous lines by
R, AL, AE, VI, VE, -1, =E, =1, —E, ~I, ~E, 0L, OE or, depending on
the system, AMS&, AM9, AM10, AM11, AM12, AM13, AM14, AM15,
AM16, <E, <#, <E >I >E, AMp1, or AMp2. If P;, is a premise or
an assumption, then as in the basis, 'y |55 Pr. So suppose Py arises
by one of the rules.

If Py, arises by —I, then the picture is like this,

A
1| | By
J||—~Be
k|-As

where 4,7 < k and Py, is = A,. By assumption, I'; |55 By and I'; =5
—By; but by the nature of access, I'; C I'y U{As} and I'; C T'y, U{As};
so by L8.1, I'y U{A4s} |5s Bt and I'y U {As} =5 —B;. Suppose
Ty & —Ag; then by VBX*, there is a Bz interpretation with v and m
such that vy, (L) = 1 but vy, (-A) = 0; so by TB(=), vpe)«(A) =
1; so by the construction of m, v, (A) = 1; so v,(I'y) = 1 and
Uz (A) = 1; 50 v (I, U {As}) = 1; so by VBX*, v,,)(B) = 1
and v,,)(—B) = 1; from the latter, by TB(=), v,,)(B) = 0; so by
the construction of m, vy, (B) = 0. This is impossible; reject the
assumption: 'y 5% —A,, which is to say, Ty 5 Pk.
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(=1)

If P arises by —1, then the picture is like this,

s.t.u
At
i| | By
k|(A— B)s

where i < k, t,u are not introduced in any member of I’y (in any
undischarged premise or assumption), and Py is (A — B)s;. By
assumption, I'; |55 B,; but by the nature of access, I'; C TI'y U
{s.tu, A}; so by L8.1, T'y U {s.t.u, Ay} B By. Suppose Iy F5h
(A — B)s; then by VBX*, there is a Bz interpretation with W,
R, v and m such that v,,(T'x) = 1 but vy,»(A — B) = 0; so by
TB(—), there are xz,y € W such that Rm(s)ry and vy(A) = 1 but
vy(B) = 0. Now consider a map m' like m except that m/(t) = =,
m/(t) = z*, m'(u) = y, and m/(u) = y*; since t and u (along with
t and u) do not appear in Iy, it remains that v, (I'y) = 1; since
ve(A) = 1, vy ) (A) = 1; and since Rm(s)zy, with m(s) = m/(s),
we have (m/(s),m'(t),m'(u)) € R; so vy (T U {s.t.u, As}) = 1; so
by VBX*, vp(y)(B) = 1. But m/(u) = y; so v,(B) = 1. This is
impossible; reject the assumption: T'y |55 (A — B)s, which is to say,

If P, arises by —E, then the picture is like this,

h|s.tu
i| (A— B)s
J| At

k| By

where h,i,j < k and Py is B,. By assumption, I', 55 s.tu, I'; 55
(A — B)s and I'; =5 Ay; but by the nature of access, I', C I'y,
I'y C I and Fj - Fk; SO by L8.1, Iy ):1;; s.t.u, Iy }_j?; (A — B)S
and T'y =5 Ai. Suppose I'y F5i By; then by VBXx*, there is some
Bz interpretation with W, R, v and m such that v,,(I'y) = 1 but
Um(u)(B) = 05 since vy, (I'x) = 1, by VBX*, (m(s),m(t),m(u)) € R,
Up(s)(A — B) = 1 and vp,4)(A) = 1; since v, (A — B) = 1, by
TB(—), there are no =,y € W such that Rm(s)zy and v,(A) = 1
but v, (B) = 0; so since (m(s), m(t),m(u)) € R, it is not the case
that vy, (A) = 1 and vy,(,)(B) = 0. This is impossible; reject the
assumption: I'y i B, which is to say, I'y |55 Pr.
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(1)

(01)

If Py arises by ~I, then the picture is like this,

kls~s

where Py is s ~ s. Suppose I'y, &5 s ~ s; then by VBX*] there is a Bz
interpretation with v and m such that v,,(T'x) = 1 but m(s) # m(s).
This is impossible; reject the assumption: I'y i s ~ s, which is to
say, T, &, Ps.

If A, arises by ~E, then the picture is like this,
i|s>~t or i|s>~t

J|A(s Jj|A®s)

k|A(%) k|AG)

where i,j < k and Py, is A(t) or A(t). By assumption, I'; |55 s ~ ¢
and I'; =5 A(s) / A(3); but by the nature of access, I'; C I'y, and
I' C Tk soby L81, I'y = s ~ t and I'y |55 A(s) / A(B). In
the right-hand case, A(3) is of the sort, Ay, u ~ v, v.v.w or A/,
where one of u, v, or w is 5. Suppose A(3) is As and T’y 5 A;.
Then by VBX*, there is some Bz interpretation with v and m such
that vy, (I'y) = 1 but v, (A4) = 0. Since vy (I'y) = 1, by VBx*,
m(s) = m(t) and vy, (A) = 1; since m(s) = m(t), m(s)* = m(t)";
but by the construction of m, m(s)* = m(s) and m(t)* = m(t);
so m(s) = m(t); so v,,3(A) = 1. This is impossible; reject the
assumption: I'y |55 Az, which is to say, 'y |55 Pr. And similarly in
the other cases.

If Py arises by O0I, then the picture is like this,

i|ls~t

k|0.s.t

where i < k and Py is 0.s.t. By assumption, I'; 55 s ~ ¢; but by
the nature of access, I'; C I'y; so by L8.1, T'y 55 s ~ t. Suppose
Iy & 0.s.t; then by VBX*, there is a Bz interpretation with W, N,
R, v and m such that v,,,(I'y) = 1 but (m(0),m(s), m(t)) € R; since
vm(I'k) = 1, by VBX*, m(s) = m(t); and by the construction of m,
m(0) € N; so by NC, (m(0),m(s),m(t)) € R. This is impossible;
reject the assumption: I'y 55 0.s.t, which is to say, 'y 5, Pk.
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(OE) If Py arises by OE, then the picture is like this,

i|0.s.t

k|ls~t

where i < k and Py is s ~ ¢. By assumption, I'; |55 0.s.t; but by
the nature of access, I'; C T'y; so by L8.1, 'y i 0.s.t. Suppose
Ty & s ~ t; then by VBx*, there is a Bz interpretation with W, N,
R, v and m such that v,,,(I'y) = 1 but m(s) # m(t); since v, (T'x) = 1,
by VBx*, (m(0),m(s),m(t)) € R; and by the construction of m,
m(0) € N; so by NC, m(s) = m(t). This is impossible; reject the
assumption: I'y 55 s~ t, which is to say, I'y 55, Pk.

(AMS) If Py, arises by AMS, then the picture is like this,

i|s.tu
k|su.t

where i < k and Py, is s.u.t. Where this rule is included in NBz, Bx
includes condition C8. By assumption, I'; |55 s.t.u; but by the nature
of access, I'; C T'; so by L8.1, T'y B% s.t.u. Suppose 'y 5% s..t;
then by VBX*, there is a Bz interpretation with R, v and m such that
Um(Tg) = 1 but (m(s), m(u),m(t)) ¢ R; since v, (T'x) = 1, by VBx*,
(m(s),m(t),m(u)) € R; so by C8, (m(s),m(u)*,m(t)*) € R; so by
the construction of m, (m(s), m(w),m(t)) € R. This is impossible;
reject the assumption: T'y 5% s.w.t, which is to say, I'y 55 Py.

(AM9) If Py arises by AM9, then the picture is like this,

h|s.tx
i | Tuv
ERTRY
t.y.v

7| | Aw
k| Aw

where h,i,j < k, y is not introduced in any member of 'y (in any
undischarged premise or assumption) or by w, and Py, is A,,. Where
this rule is included in NBz, Bz includes condition C9. By assump-
tion, I'y, =5, s.t.x, I'; =5 x.uv and T |55 Ay but by the nature of
access, I', C I'y, I C 'y and I'; C I'y, U {s.w.y,t.y.v}; so by L8.1,
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Ty By sty Ty 5 zww and Ty U {s.u.y, t.yv} 5i Ay. Suppose
I 55 Ay; then by VBX*| there is a Bz interpretation with W, R,
v and m such that v, (L) = 1 but v, (A) = 0; since v, (Tg) = 1,
by VBx*, (m(s), m(t),m(z)) € R and (m(z), m(u), m(v)) € R; so
by C9, there is some z € W such that (m(s),m(u),z) € R and
(m(t),z,m(v)) € R. Now consider a map m' like m except that
m/(y) = z and m/(y) = 2*; since y (along with 7) does not appear
in Tk, it remains that v,/ (T'x) = 1; and since m(s) = m/(s), and
similarly for ¢, u and v, (m/(s),m’(u),m'(y)) € R and (m/(t), m'(y),
m'(v)) € R; 80 Uy (T U{s.u.y,t.y.v}) = 1; s0 by VBX*, v (A) =
1. But since y is not introduced by w, m/(w) = m(w); $0 vy, () (A) =
1. This is impossible; reject the assumption: 'y 55 A, which is to
say, Fk ):);; fpk.

(AM10)
(AM11) If Py arises by AM11, then the picture is like this,

1| s.t.u
sty
y.t.u

J| | Aw
k| Aw

where i,j < k, y is not introduced in any member of T'y (in any
undischarged premise or assumption) or by w, and Py is A,. Where
this rule is included in NBz, Bz includes condition C11. By as-
sumption, I'; i s.t.u and I'; |55 Ay; but by the nature of access,
I €Ty and I'; C T'y U {s.t.y,y.t.u}; so by L8.1, 'y |55 s.t.u and
Iy U{s.t.y,y.tu} 55 Ay. Suppose 'y 55 Ay; then by VBx*, there
is a Bz interpretation with W, R, v and m such that v,,(I'y) = 1 but
Um(w)(A) = 0; since vy, (I'y) = 1, by VBxX*, (m(s), m(t), m(u)) € R;
so by C11, there is some z € W such that (m(s),m(t),z) € R and
(z,m(t),m(u)) € R. Now consider a map m’ like m except that
m/(y) = z and m/(y) = z*; since y (along with 7) does not appear in
[k, it remains that v,/ (I'x) = 1; and since m(s) = m/(s), and simi-
larly for ¢ and w, (m/(s),m/(t),m/(y)) € R and (m/(y), m'(t),m’ (u))
€ R; 50 vy (T'y U {s.t.y,y.tu}) = 1; so by VBX*, v, (A) = 1.
But since y is not introduced by w, m’(w) = m(w); s0 vy (A4) = 1.
This is impossible; reject the assumption: I'y =5 A,,, which is to say,
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(AM12) If Py, arises by AM12, then the picture is like this,

i|s.tu
s2y
t.y.u

J| | Aw
k| Aw

where i,j < k, y is not introduced in any member of I'j, (in any
undischarged premise or assumption) or by w, and Py is A,,. Where
this rule is included in NBz, Bz includes condition C12. By as-
sumption, I'; =5 s.tw and I'; =5 Ay; but by the nature of ac-
cess, I' C I'y and I'; C I'y U {s = y,t.y.u}; so by L8.1, I'y K5
st and Ty U {s = y,tyu} 5y Aw. Suppose 'y F5r Ay then
by VBXx*, there is a Bz interpretation with W, R, <, v and m
such that vy, (I'y) = 1 but vy, (A4) = 0; since v, ([y) = 1, by
VBx*, (m(s),m(t),m(u)) € R; so by C12, there is some z such
that (m(s),z) € < and (m(t),z,m(u)) € R. Now consider a map
m’ like m except that m/(y) = z and m/(y) = z*; since y (along
with 7) does not appear in Iy, it remains that v,/ (I'y) = 1; and
since m(s) = m/(s), and similarly for ¢ and w, (m/(s),m'(y)) € =<
and (m/(t),m'(y),m'(u)) € R; 80 v,y (T U{s =2 y,t.yu}) = 1; so
by VBX*, v0,)(A) = 1. But since y is not introduced by w,
m'(w) = m(w); 80 Up)(A) = 1. This is impossible; reject the
assumption: T'y 5% A, which is to say, T'x 5 Pr.

(AM13) If Py arises by AM13, then the picture is like this,

El0* <0

where Pj, is 0% < 0. Where this rule is included in NBz, Bz includes
condition C13. Suppose I}, 5% 0% < 0; then by VBX*, there is a Bz
interpretation with W, N, R, <, v and m such that v,,(T'x) = 1 but
(m(0)*,m(0)) ¢ <. But by the construction of m, m(0) € N; so by
C13, (m(0)*,m(0)) € <. This is impossible; reject the assumption:
I B 0% <0, which is to say, ['y 5L Pr.

(AM14) If Py, arises by AM14, then the picture is like this,
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| | Aw
k| Aw

where i,j < k and Py is A,. Where this rule is included in NBz,
Bz includes condition C14. By assumption, I'; |55 A, and T'; |55
Aw; but by the nature of access, I C I'y U {s ~ 0,5 < s} and
I' CTyU{s#0,s.5.5};s0 by L81, I', U{s ~ 0,5 =< s} |55 A, and
TrU{s #£0,s.35.s} 55 Ay,. Suppose T'y 55 Ay; then by VBX*, there
is a Bz interpretation with W, N, R, <, v and m such that v,,(I'y) = 1
but vy, () (A) = 0. Consider world m(s) € W; either m(s) € N or
m(s) ¢ N. Suppose m(s) € N; then by the construction of m,
m(s) = m(0), and by C14, (m(s)*,m(s)) € =<; so by the construction
of m, (m(s),m(s)) € =; so vy, (I'x U{s ~ 0,5 < s}) = 1; so by
VBX*, () (A) = 1. Suppose m(s) ¢ N; then by the construction
of m, m(s) # m(0), and by C14, (m(s), m(s)*,m(s)) € R; so by the
construction of m, (m(s), m(s), m(s)) € R; so 'y U{s #0,s.35.s} =1,
so by VBX*, v,,(4)(A) = 1; so in either case, v,(,)(A) = 1. This
is impossible; reject the assumption: I'y |55 Ay, which is to say,

Ty 5 P
(AM15)
(AM16)
(=XE) If Py arises by <E, then the picture is like this,

i|s =Xt
J|As

k| A

where i,j < k and Py is A;. By assumption, I'; 5f s < t and
I'; 55 As; but by the nature of access, I'; C I'y and I'; C I'y; so
by L8.1, 'y s s = t and T'y 5 As. Suppose 'y A5 Ay then
by VBX*, there is a Bz interpretation with W, N, R, <, v and m
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such that v, (T'x) = 1 but v,,;)(A) = 0; since v, (I'y) = 1, by VBX*,
(m(s),m(t)) € < and Um(s) (A4) =1

Now, by induction on the number of operators in A, we show that
for any xz, y € W, if x <y, then (i) if v, (A) = 1 then v, (A) =1 and
(i) if vy« (A) =1 then v, (A4) = 1.

Basis:

Assp:

Show:

(V)

(=)

A is a parameter p. Suppose x < y. Then z <y and y* < z*.
(i) Suppose v;(A) = 1; then v,(p) = 1; and since x <y,
vy(p) = 1, which is to say v, (A) = 1. (ii) Suppose vy«(A) = 1;
then vy=(p) = 1; and since y* < x*, v,=(p) = 1, which is to say
v+ (A) = 1.

For any i, 0 < i < k, if A has ¢ operators, then for any x, y €
W, if x <y, then (i) if v,(A) = 1 then vy(A) = 1 and (ii) if
vy (A) = 1 then vy« (A) = 1.

If A has k operators, then for any z, y € W, if z < y, then
(i) if vz(A) = 1 then vy(A) = 1 and (ii) if vy=(A) = 1 then
Vg (A) = 1.

If A has k operators, then A is of the form, =P, PAQ, PV Q,
or P — @, where P and @) have < k operators. Suppose
x =y. Then x <y and y* < x*.

Ais =P. (i) Suppose vy(A) = 1; then v,(—P) = 1; so by
HBx(—), vg=(P) = 0; so by assumption, v,«(P) = 0; so by
HBx(—), vy(—P) = 1, which is to say, v,(A) = 1. (ii) Suppose
vy« (A) = 1; then v« (—P) = 1; so by HBx(—), v,(P) = 0; so
by assumption, v, (P) = 0; so by HBx(—), vz« (—P) = 1, which
is to say, vy« (A4) = 1.

Ais PAQ. (i) Suppose vgz(A) = 1; then v, (P A Q) = 1;
so by HBx(A), vz(P) = 1 and v,(Q) = 1; so by assumption,
vy(P) = 1 and v,(Q) = 1; so by HBx(A), vy(P A Q) = 1,
which is to say vy(A) = 1. (ii) Suppose vy=(A) = 1; then
vy (P A Q) = 1; so by HBx(A), vy«(P) = 1 and vy«(Q) = 1;
so by assumption, vz« (P) = 1 and v,+(Q) = 1; so by HBx(A),
vg+ (P A Q) = 1, which is to say v,+(A) = 1.

Ais P — Q. (i) Suppose v;(A) = 1 but v,(A) = 0; then
(P — @) = 1 and vy (P — @) = 0; then by HBx(—),
there are some w, z € W such that yRwz and v, (P) =1 but
v2(Q) = 0. We consider this in two cases: (1) z € N; then since
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x <4y and yRwz, xRwz; so since v, (P) = 1, v,(P — Q) =
1, and xRwz, by HBx(—), v,(Q) = 1. This is impossible.
Case (2): = € N; then since z <y and yRwz, w < z; so
since z € N and w = w, by NC, x Rww; so since v, (P) = 1,
vz (P — Q) = 1, and z Rww, by HBx(—), v, (Q) = 1; but since
w = z, by assumption, v,(Q) = 1. This is impossible; reject
the assumption: vy (P — Q) = 1, which is to say vy(A) = 1.
And similarly for (ii).

For any A and any xz,y € W, if x < y, then (i) if v,(A) = 1 then
vy(A) =1 and (ii) if vy=(A) = 1 then v, (A4) = 1.

So, returning to the case for (XE), v,,,(;)(A) = 1. This is impossible;
reject the assumption: T'y 55 Ay, which is to say, Ty 5L Pi.

If P}, arises by <%, then the picture is like this,

1ls =<t

k|t=<3

where i < k and Py is t < 5. By assumption, I'; |55 s < ¢; but by
the nature of access, I'; C I'y; so by L8.1, 'y =5 s < t. Suppose
'y A t < 5; then by VBx*, there is an Bz interpretation with
W, <, v and m such that v,,(T'y) = 1 but (m(t), m(3s)) € =; so by
the construction of m, (m(t)*,m(s)*) ¢ =<; since v, (I'y) = 1, by
VBx*, (m(s),m(t)) € =<; so (m(s),m(t)) € < and (m(t)*,m(s)*) €
<; but since m(s)*™* = m(s) and m(t)** = m(t), (m(s)™, m(t)**) €
<5 s0 (m(t)*,m(s)*) € <. This is impossible; reject the assumption:
Tk 55 ¢ =5, which is to say, Ty 55 Pk.

If P arises by >E, then the picture is like this,

i|(A> B)s
j As/t

k| By

where i,j < k and Py is B;. By assumption, I'; |55 (A > B)s and
['j k5 As/e; but by the nature of access, I'; C Ty and I'; C T'y; so by
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L8.1, 'y =, (A > B)s and 'y, =5, Agy. Suppose I'y A5 By then
by VBx*, there is some Bz interpretation with W, {R4 | A € 3}, v
and m such that v, (T'x) = 1 but vy, (B) = 0; since v, (L) = 1, by
VBX*, Upy5)(A > B) = 1 and (m(s),m(t)) € Ra; from the former,
by TB(>), any w € W such that m(s)Raw has v,(B) = 1; so
Um(t)(B) = 1. This is impossible; reject the assumption: I'y =5 B,
which is to say, I'x 55 Pr.

(AMP1) If Py arises by AMP1, then the picture is like this,

| Aose

k| A

where i < k and Py is A;. Where this rule is in NBz, Bz includes
condition (1). By assumption, I'; 5} Ags; but by the nature of
access, I'; C T'y; so by L8.1, Ty 5, Aoy Suppose 'y, |4}, Ay then
by VBX*, there is some Bz interpretation with N, {R4| A € 3}, v
and m such that vy, (I'y) = 1 but vy, (A) = 0; since v, (I'y) = 1, by
VBx*, m(t) € fa(m(0)); but by the construction of m, m(0) € N,
so by condition (1), m(t) € [A]; so vy, )(A) = 1. This is impossible;
reject the assumption: I'y 55 Ay, which is to say, Ty 5L Pg.

(AMp2) If Py arises by AMP2, then the picture is like this,
i| Ao
k| Aojo

where i < k and Py is Agj9. Where this rule is in NBz, Bz includes
condition (2). By assumption, I'; |55 Ao; but by the nature of access,
[ € I'y; so by L8.1, Ty ;. Ao. Suppose I'y, |5, Agjo; then by
VBx*, there is some Bz interpretation with N, {R4 | A € S}, v and
m such that v, (I'y) = 1 but m(0) & fa(m(0)); since vy, (T'x) = 1, by
VOX*, vp(0)(A) = 1; so m(0) € [A]; and by the construction of m,
m(0) € N; so by condition (2), m(0) € fa(m(0)). This is impossible;
reject the assumption: 'y =5 Ag /o, which is to say, I'y =, P

For any i, I'; |55 P.

THEOREM 8.2 NBuz is complete: if I |5, A then T b, A.
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Suppose I' |5, A; then Ty i Ag; we show that I'g K, Ao. As usual, this
reduces to the standard notion. For the following, fix on some particular
constraint(s) x. Then definitions of consistency etc. are relative to it.

CoN

L8.2

L8.3

MAXx

SGT

I is CONSISTENT iff there is no Ag such that I' I, As and I' k5, —As.

If s is 0 or introduced in ', and T' A4, = Ps, then TU{ Ps} is consistent.

Suppose s is 0 or introduced in I' and T' 4, —Ps but I' U {P,} is
inconsistent. Then there is some A; such that I' U {Ps} 5, Ar and
I U{Ps} s ~Az. But then we can argue,

1|

2| | P, A (¢, -I)

3| | As from I' U {P:}
41 | Az from I' U { P}
5|-PFs 2-4 -1

where the assumption is allowed insofar as s is either 0 or introduced
in I'; so I' K5, —Ps. But this is impossible; reject the assumption: if
s is 0 or introduced in I" and T 1A, —Ps, then T'U { P} is consistent.

There is an enumeration of all the subscripted formulas, Py Po...
In addition, there is an enumeration of these formulas with access
relations s.t.u and with pairs of the sort s.t.u / u.v.w.

Proof by construction.
I' is s-MAXIMAL iff for any Ay either I' I, As or I' . —As.

I' is a SCAPEGOAT set for — iff for every formula of the form —(A —
B)s, if T' 1, =(A — B)s then there are y and z such that ' ¥,
59.2, 'Ky Ay and I' By, —Bs.

I' is a SCAPEGOAT set for > iff for every formula of the form —(A >
B)s, if T' Kz, =(A > B)s then there is some y such that I' 7, Az,
and I' /5, —By.

" is a SCAPEGOAT set for C9/C10 iff for any access pair s.t.u/u.v.w, if
I' 555, s.t.u and I' ), wov.w, then there is a y such that I' ., s.v.y
and I' I, t.y.w, and a z such that I' =, t.v.z and I' I, s.z.w.

I' is a SCAPEGOAT set for C12 iff for any access relation s.t.u, if
I' B, s.t.u, then there is a y such that I' i, s.t.y and I' 55, v.t.u.
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C(1)

L8.4

L8.5

For I with unsubscripted formulas and the corresponding I'g, we con-
struct T as follows. Set Q¢ = I'g. By L8.3, there is an enumeration,
P1, Py ... of all the subscripted formulas, together with all the access
relations s.t.u if C12 is in Bz, and pairs s.t.u / u.v.w if C9 and C10
are in Bz; let &y be this enumeration. Then for the first expression
P in €;_1 such that all its subscripts are 0 or introduced in €2;_1, let
&; be like €;_1 but without P, and set,

Q=91 if Q;_1 U{P} is inconsistent
Qi = Q1 U{P} if Q;_1 U {P} is consistent
and
Q; = Qy» if P is not of the form —(P —
Q)s, (P> Q)s, st.u/uvw,
or s.t.u
Q; = Qi U{5.y.2, P,~Qz} if P is of the form —(P — Q)
Q; = Qi U{P5y, ~Qy} if P is of the form —(P > @),
Q; = Q» U{swvy, tyw,tu.z, szw} if Pisof the form s.t.u/u.v.w
Q; = Qi U{s.ty,y.t.u} if P is of the form s.t.u
-where y and z are the first subscripts not introduced in £2;+
then

I = Ui

Note that there are always sure to be subscripts y and z not in 2;«
insofar as there are infinitely many subscripts, and at any stage only
finitely many expressions are added — the only subscripts in the initial
Qo being 0. Suppose s is introduced in I"; then there is some €); in
which it is first introduced; and any expression P; in the original
enumeration that introduces subscript s is sure to be “considered”
for inclusion at a subsequent stage.

For any s introduced in I, TV is s-maximal.

Suppose s is introduced in IV but I is not s-maximal. Then there
is some Ag such that IV 1A, As and IV b4, —As. For any i, each
member of ;1 is in IV; so if Q;_1 K, —As then IV K, —As; but
IV 1A, —Asg; so Q1 KA, —As; so since s is introduced in TV, by 1.8.2,
I U {As} is consistent; so there is a stage in the construction that
sets Q» = Q;_1 U {A}; so by construction, As; € I'; so I B, As.
This is impossible; reject the assumption: I is s-maximal.

If T’y is consistent, then each €2; is consistent.

Suppose I'y is consistent.

Basis: Qg =T'g and I'y is consistent; so )y is consistent.
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Assp:
Show:

(i)
(iii)

For any 4,0 <1 < k, ); is consistent.

;. is consistent.

Q is either (i) Qp—1, (1) Q=+ = Q1 U {P}, (iii) Q- U
{8.y.2, Py, =Qz}, (iv) Qi U{ Psy, Qg }, (V) Qg+ U{s.0.y, t.y.w,
t.w.z,s.z.w}, or (vi) Q- U {s.t.y,y.t.u}.

Suppose €, is Qx_1. By assumption, €2;_q is consistent; so {2
is consistent.

Suppose Qy, is Qg+ = Q1 U{P}. Then by construction, ;U
{P} is consistent; so {2 is consistent.

Suppose Q, is Q= U {5.y.2, Py, ~Qz}. In this case, as above,
Q. is consistent and by construction, =(P — Q)s € Q. Sup-
pose {2, is inconsistent. Then there are A, and —Az such that
Q= U {5.y.2, Py, 7Qz} bg, Az and Qi+ U {5.y.2, Py, 7Qz} Hig,
—Az. So reason as follows,

1| Qp~

2| |5y.2 A (g, —1)

3| | Py

4 _\Qz A (07 _|E)

5 A, from Qg U {5.y.2, Py, ~Qz}
6 Az from Qi+ U {3.y.2, Py, ~Qz}
7| Q= 4-6 -E

8| (P — Q)s 2-7 -1

where, by construction, y and z are not introduced Qg«. So
Qo l_N*Bu: (P — Q)g; but ﬁ(P — Q)s € Qpx; s0 Qpx l_N*Bm
—(P — Q)s; so Q- is inconsistent. This is impossible; reject
the assumption: {2 is consistent.

Suppose O is Q- U {P5/y, ~Qy}. In this case, as above, Q.
is consistent and by construction, =(P > Q)s € Q. Suppose
) is inconsistent. Then there are A, and —Az such that
Qpr U {Pg/y,—!Qg} l_likaz A, and Qp« U {Pg/z’”_‘Qy} F;BI —Az.
So reason as follows,

1] Q=

20 | Py, A (g, >])

3 —\Qg A (C, _‘E)

4 A, from Qg U {Ps/y, "Qy}
5 —-Az from Qe+ U {Ps/y, ~Qy}
6| |Q, 3-5 —F

8| (P>Q) 261
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L8.6

where, by construction, y is not introduced Qp«. So Qp« s,
(P> Q)s; but =(P > Q)s € Qp+; s0 Qe B (P > Q)s; s0
Qg+ is inconsistent. This is impossible; reject the assumption:
(). is consistent.

(v) Suppose Qi is Qg+ U {s.v.y,t.y.w,t.v.z,s.z.w}. In this case,
as above, Q. is consistent and by construction, s.t.u, u.v.w €
Qp«. Suppose 2, is inconsistent. Then there are A, and —Az
such that Q-+ U {s.v.y,t.yw,tv.z, s.zw} By Ay and Qg U
{swy, t.yw, tv.z, s.zw} iy Az So reason as follows,

1| Q=

2|s.tu member of Q=+

3| u.v.w member of Q=

4| |sw.y A (g, AM9)

51 [t.yw

6 tu.z A (g, AM10)

7 S.z.w

8 (A— A)o A (¢, —1)

9 Ay from Qg+ U {s.v.y, t.y.w,t.v.z,s.z.w}
10 Az from Qg+ U {s.v.y, t.y.w,t.v.z,s.z.w}
11 —|(A — A)O# 8-10 —I
12| [ (A = A)gx 2,3,6-11 AMI10
13| (A > A)gs 2,3,4-12 AM9

where, by construction, y and z are not introduced Qg«. So
Qi g (A — A)gg; but i, (A — A)o; so Qg+ is in-
consistent. This is impossible; reject the assumption: € is
consistent.

(vi) Similarly.

For any ¢, §; is consistent.

If T’y is consistent, then I is consistent.

Suppose I’y is consistent, but I' is not; from the latter, there is some
P, such that IV 1, Ps and IV 1, —P5. Consider derivations D1 and
D2 of these results, and the premises P; ... P; of these derivations. By
construction, there is an {2 with each of these premises as a member;
so D1 and D2 are derivations from €2;; so {2 is not consistent. But
since I'y is consistent, by L8.5, € is consistent. This is impossible;
reject the assumption: if I'y is consistent then I is consistent.
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L8.7 If Ty is consistent, then I" is a scapegoat set for —, > and, in the

appropriate systems, for C9/C10 and C12.

For —. Suppose Ty is consistent and IV K}, —(P — Q). By L8.6,
I is consistent; and by the constraints on subscripts, s is introduced
in IV, Since IV K, 7(P — @)s, I has just the same consequences
as IV U {~(P = Q)s}; so VU {~(P — Q)s} is consistent, and for
any Q;, Q; U{=(P — @)} is consistent. So there is a stage in the
construction process where Q;+ = Q,_1 U {—=(P — Q)s} and Q; =
Qi+ U {5.y.2, Py, —~Qz}; so by construction, s.y.z, P, —Qz € I"; so
IV beg 5.y.2, TV g, Py and IV B, —~Qz. So I' is a scapegoat set for
—.

For >. Suppose Iy is consistent and IV ¥, —(P > @),. By L8.6, I
is consistent; and by the constraints on subscripts, s is introduced in
IV, Since I K¥,. —(P > @)s, I has just the same consequences as
I"U{=(P > Q)s}; soI"U{=(P > Q),} is consistent, and for any €,
Q;U{—(P > @)} is consistent. So there is a stage in the construction
process where Q;+ = Q;_1U{=(P > Q)s} and Q; = Q= U{ P/, ~Qy};
so by construction, Ps/,, ~Qy € I'; so I K, Py, and TV 5, —Qy.
So I is a scapegoat set for >.

For C9/C10. Suppose I'y is consistent, IV F¥, s.t.u and IV i, w.v.w.
By L8.6, I'V is consistent; and by the constraints on subscripts, s, t,
u, v and w are introduced in I". Since IV K, s.t.u, and TV B,
w.v.w, I has just the same consequences as I'" U {s.t.u,u.v.w}; so
I U {s.t.u,u.v.w} is consistent, and for any Q;, Q; U {s.t.u,u.v.w}
is consistent. So there is a stage in the construction process where
Qi» = Q1 U{stu,uvw} and Q; = Q= U {sv.y, t.yw, tv.z, s.z.w};
so by construction, s.v.y,t.y.w,t.v.z,s.z.w € I''; so there is a y such
that TV ¥, s.w.y and IV B, t.y.w, and there is a z such that I B,
tw.z and IV By, s.zaw. So I is a scapegoat set for C9/C10. And
similarly for C12.

We construct an interpretation Ip, = (W, N, R, *,v) or (W,N,R,
{Ra | A € S}, *,v) based on I as follows. Let W have a member
w, corresponding to each subscript s introduced in I, except that
if TV Ky, s ~ t then wy = w; and ws = wy (we might do this, in
the usual way, by beginning with equivalence classes on subscripts).
Then set N = {wo}; (ws, wy,wy,) € R T Ky, s.tow; (ws, wy) € Ra
iff T Hip, Agpes * = {(ws, ws) | s is introduced in T'}; and vy, (p) = 1
iff TV BY,, ps.
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L8.8

Note that the specification is consistent: Suppose ws = wy; then by
construction, IV ¥, s ~ t; so by ~E, I" F¥, ps iff TV 5, pi; so
U, (P) = vw,(p); and similarly in other cases. Also, the x-function
has the right form, as s, s are introduced in pairs, and (ws, wyx) € *
iff (wyp, ws) € *.

If I'y is consistent then for I, constructed as above, and for any s
introduced in I, v, (A) = 1 iff TV K, As.

Suppose T’y is consistent and s is introduced in I'. By L8.4, I is
s-maximal. By L&8.6 and L8.7, I'" is consistent and a scapegoat set
for — and >. Now by induction on the number of operators in Ag,

Basis: If A; has no operators, then it is a parameter ps; and by
construction, vy, (p) = 1 iff IV K, ps. So vy, (A) = 1 iff
IV R, As.

Assp: For any i, 0 < i < k, if A, has ¢ operators, then v, (A4) = 1 iff
IV, As.

Show: If Ag has k operators, then vy, (A) =1 iff IV B, As.
If Ag has k operators, then it is of the form —Ps, (P A Q)s,
(PVQ)s, (P—Q)s, or (P> Q)s where P and @) have < k
operators.

(m) Ag is =Ps. (i) Suppose vy, (A) = 1; then v, (-P) = 1; so
by TB(=), vy:(P) = 0; so by construction, v, (P) = 0; so
by assumption, IV 1A, Ps; so by s-maximality, I 5, — Pk,
where this is to say, IV i, As. (ii) Suppose IV ¥, Ag; then
I ¥, —Ps; so by consistency, IV FA.  Ps; so by assumption,
Vws(P) = 0; so by construction, vy,:(P) = 0; so by TB(—),
Uy, (mP) = 1, where this is to say, vy, (A) = 1. So vy, (4) =1
iff Iy, A

NBz S

—~~
>
~—

=

(=) Asis (P — Q)s. (i) Suppose vy, (A) =1 but I 1A, As; then
U, (P — Q) =1 but IV 4, (P — Q)s. From the latter, by
s-maximality, IV F¥, —(P — Q)s; so, since I" is a scapegoat
set for —, there are some y and z such that IV K}, s.y.z,
IV i Py and TV ), —Qz; from the latter, by consistency,
IV Fs Q=; so by assumption, vy, (P) = 1 and v,,(Q) = 0;
but since I K}, s.y.z, by construction, (ws, wy,w,) € R; so
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by TB(—), vy, (P — Q) = 0. This is impossible; reject the
assumption: if v, (A) =1 then IV ), As.

(ii) Suppose I K., As but v, (A) = 0; then I Hi,, (P — Q)s
but vy, (P — Q) = 0. From the latter, by TB(—), there are
some wy, w, € W such that (ws, wy, wy,) € R and vy, (P) = 1
but vy, (Q) = 0; so by assumption, IV 5, P and TV 14, Qu;
so by s-maximality, IV 5, —Qz. Since (ws,wy, wy,) € R, by
construction, IV ¥, s.t.u; so by reasoning as follows,

1|1’

2| [(P—Q)s A (¢, D)
3| |s.tu from I
4| | P from T

50| Qu 32,4 SE
6| | Q= from T
7

~(P—Q)s 26 -1

I" B, (P — Q)s; so by consistency, IV Hi,, (P — Q)s.
This is impossible; reject the assumption: if IV b, As then
Vw,(A) = 1. So vy, (A) = 1iIF TV K, As.

As is (P > Q)s. (i) Suppose vy, (A) =1 but I 1A, As; then
V(P > Q) =1but I"tA, (P> Q)s. From the latter, by s-
maximality, IV b, —(P > Q)s; so, since I is a scapegoat set
for >, there is some y such that T' 5, Py, and TV Hy) —Qy;
from the first of these, by construction, (ws,w,) € Rp; and
from the second, by consistency, IV I, Qy; so by assumption,
Uy, (@) = 0; so by TB(>), vy, (P > Q) = 0. This is impossi-
ble; reject the assumption: if v, (A) =1 then IV B, As.

(ii) Suppose IV K, Ag but vy, (A) = 0; then TV B, (P > Q)s
but vy, (P > Q) = 0. From the latter, by TB(>), there is a w;
such that (ws,w;) € Rp, and vy, (Q) = 0; so by assumption,
IVt Qi so by s-maximality, IV H, Q7. Since (ws,w;) €
Rp, by construction, IV F¥, P, /t; SO by reasoning as follows,

1T

2| | (P>Q)s A (¢, 1I)
3| | Psye from I
4| Q. 2.3 >E
5| | -Qf from I
6|-(P>Q) 25l

I" By, (P > Q)s so by consistency, IV A, (P > Q)s.
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This is impossible; reject the assumption: if IV, A then
Vw,(A) = 1. So vy, (A) = 1if TV K, As.

For any Ag, vy, (A) = 1iff TV 1, As.

L8.9 If I'y is consistent, then Ip, constructed as above is a Bz interpreta-

tion.

In each case, we need to show that relevant constraints are met.
Suppose T'g is consistent. By L8.7 I is a scapegoat set for C9/C10
and C12 in those systems.

(NC)

(C8)

Suppose (wg, ws,w) € R; then by construction, IV K, 0.s.t;
so by OE, I ¥, s ~ t; so by construction, ws = w;. Suppose
ws = wy; then by construction, IV . s ~t; so by 0I, IV K,
0.s.t; so by construction, (wg, ws, w¢) € R. So (wg, ws, wy) € R
iff ws = wy; and, since N = {wp}, NC is satisfied.

If C8 is in Bz, then AMS is in NBz. Suppose (wg, wy, wy,) €
R; then by construction, IV H!, s.t.u; so by AMS, TV B,
s.u.t; so by construction, (ws, wg, w;) € R; so by construction,
(ws, w,wi) € R. So C8 is satisfied.

(C9/10) Suppose there is a w, such that (ws, wy, wy,) € R and (w,,

(C12)
(C13)

Wy, Wy) € R; then by construction, IV Kf, s.tu and TV Ky,
w.v.aw; so, since IV is a C9/C10 scapegoat set, there is a y
such that TV . sw.y and IV B, t.y.w, and there is a z
such that IV B!, tw.z and TV K, s.z.w; so by construc-
tion, (ws, wy,wy) € R, (Wi, wy,wy) € R, (W, wy, w,) € R
and (ws, w,,w,) € R. So C9 and C10 are satisfied.

Similarly.

If C13 is in Bz, then AM13 is in NBz. Suppose (ws, wy, w,y,) €
R and (wy, wy, wy) € R; then by construction, IV K, s.t.u
and I Ky, w.v.aw; so by AM13, IV |, s.v.w; so by construc-
tion, (ws, Wy, wy) € R. So C13 is satisfied.

If (=) is in Bz, then AM= is in NBz. (i) Suppose (ws, wy, wy,) €
R and vy, (p) = 1; then by construction, IV 5, s.t.u and
IV B, ps; so by AM=, TV i, py; so by construction, vy, (p) =
1. (ii) Suppose (ws,wi, wy) € R and vyx(p) = 1; then by
construction, v, (p) = 1 so by construction again, I'' F¥, s.t.u
and TV !, pa; so by AM=<, TV B, ps; so by construction,
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Vws(p) = 1; and by construction again, vy:(p) = 1. So C13 is
satisfied.

(1) If condition (1) is in Bz, then AMP1 is in NBx. Suppose w; €
fa(wo); then (wo,ws) € Ra; so by construction, I B, Agy;
so by AMp1, IV B, Ay; so by L8.8, vy, (A) = 1; so wy € [4].
So fa(wp) C [A] and (1) is satisfied.

(2) If condition (2) is in Bz, then AMP2 is in NBxz. Suppose wgy €
[A]; then vy, (A) = 1; so by L8.8, IV K, Ao; so by AMPpz,
I His Aojo; so by construction, (wo,wo) € Ra; s0 wp €
fa(wp) and (2) is satisfied.

MAP For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.

L8.10 If 'y is consistent, then v, () = 1.
Reasoning parallel to that for 1.2.10 of NKa.

Main result: Suppose I' =, Abut I' 1A, A. Then ' |55 Ao but I'o Ay, Ao.
By (DN), if FO I_]\}ka —\—|A0, then FO I_]:;Bm Ao; SO FO VJ\th —|—|A0; SO by L82,
F'oU{—Ag} is consistent; so by L8.9 and L8.10, there is a Bz interpretation
with v and m constructed as above such that v,,(I'o U {-A45}) = 1; so
U (0)(mA) = 1; so by construction, vis(—A) = 1; so by TB(-), vy(0)(A) =
0; s0 vy, (I'g) = 1 and vy, )(A) = 0; so by VBX*, T'g A&;, Ao. This is
impossible; reject the assumption: if T' |5, A, then T' b, A.
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9 Four-Valued Relevant Logics: R4z (ch. 10,11)

Though Priest does not do so — and it has been suggested that it cannot
reasonably be done [4], relevant systems are capable of a four-valued treat-
ment. Thus, to make contact with what has gone before, and contact with
some of my own suggestions for the significance of relevant semantics [5], a
four-valued approach is developed. The discussion is restricted to (standard)
logics in the range DW - R — though it might be extended beyond.

9.1 Language / Semantic Notions

LR4 The VOCABULARY consists of propositional parameters pg, p; ... with
the operators -, A, V, and —. Each propositional parameter is a
FORMULA; if A and B are formulas, so are =A, (AA B), (AV B),
and (A — B). A D B abbreviates "A V B. In the extended case,
the language includes O; then if A is a formula, so is 0A; and ¢0A
abbreviates —0—-A. If A is a formula so formed, so is A.

Let /A/ and \A\ represent either A or A where what is represented
is constant in a given context, but /A/ and \A\ are opposite. And
similarly for other expressions with overlines as below.

IR4 Without O in the language, an INTERPRETATION is (W, N, N, R, R, =,
h) where W is a set of worlds; N, N C W are normal worlds for truth
and non-falsity respectively; R, R C W3 are access relations for truth
and non-falsity respectively; and h is a valuation which assigns to
each /p/ either 1 or 0 at each w € W. =< encompasses the inclusion
relations <, <* and <!, constrained so that,

(=) Each of the following obtain,

if he(p) = 1 then hy(p) = 1 and if hy(p) = 1 then he(p) =1
a <b= <{ if bRry then aRxy if a € N, otherwise if bRxy then x <y
if aRxy then bRxy if b ¢ N, otherwise if aRxy then z <y

if he(p) = 1 then hy(p) = 1 and if hy(p) =1 then h,(p) =1
a <* b= { if bRry then aRxy if a ¢ N, otherwise if bRzy then z < y
if aRxy then bRxy if b € N, otherwise if aRzy then x <y

if he(p) = 1 then hy(p) = 1 and if hy(p) = 1 then hy(p) =1
a <*b= { if bRxy then aRzy if a ¢ N, otherwise if bRzy then x < y
if aRxy then bRxy if b ¢ N, otherwise if aRxy then z <y

As additional constraints on interpretations, we may require any of,
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NC For any w € /N/, w/R/zxy iff x =y

Oy If a/R/bx and xRed then there is a y such that bRey and a/ R/yd,
and a z such that bRzd and a/R/cz. And if a/R/xb and zRed
then there is a y such that bRcy and a/R/yd, and a z such that
bRzd and a/R/cz.

C11 If a/R/bc then there is a y such that a/R/by and yRbc and a z
such that a/R/zc and zRbc.

C12 If aRbc then for some y > a, bRyc, and for some z >* a, cRbz.
And if aRbe then for some y >* a, bRyc, and for some z < a,
cRbz

CL () weNiffweN
(ii) for any w € N, hy(P) = hw(p).

Then the base standard relevant system is DW and includes just NC.
Other regular relevant systems add from C9 - C12 in the usual way
[8]; so TW has C{,, RW adds C12, and R all three. The 4A systems
from [5] drop NC (and, for that matter N, N and M) but may include
C9 - C12; the 4B systems from [5] include NC, and might include any
of the other constraints, including CL.

Where the language includes 0O, 4B interpretations may be extended
to be of the sort, (W, M, N, N, R, R,=<,h) where M C W is a modal
access relation. Interpretations are subject to,

MC If w € /N/ and wMx, then x € /N/

CM Where < is any of the three inclusion relations, require: If a < b
then (i) if bMc there is some y < ¢ such that aMy; and (ii) if
aMc then there is some y > ¢ such that bMy.

and optionally standard modal constraints of the sort,

k If a/R/bx and x M c then there is a y such that bMy and a/R/yc,
and if a/R/xb and xMec, there is a y such that bMy and a/R/cy.

p Reflexivity: for all x, xMx.
o Symmetry: for all x, y if My then yMzx.
7 Transitivity: for all x, y, z if e My and yMz then xM z.
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The last three give results we expect as T: 0A — A; B: A — 00A
and 4: 0A — 00A. Without constraint, A — B &, 0A — 0B;
(A — B) — (DA — 0OB) comes from (k); the K principle 0(A —
B) — (DA — 0OB) then comes together with reflexivity. It is possible
to obtain the K principle independently, but the required constraint
with conditions like, (k) if a/R/bx and xMc, then there are y, z such
that aMy, bMz and y/R/zc, is relatively difficult to motivate. For
discussion see [5] note 14.

In the absence of C12 it is simplest to omit inclusion relations (or
set them to the empty set); and similarly in the absence of modal
operators to omit modal access (or to set it to the empty set).

HR4 For complex expressions,

(=) hyw(/=P/)=1iff hy(\P\) =0
(A) h(/PANQ/)=11iff hy(/P/) =1 and hy,(/Q/) =1
(V) hp(/PVQ/)=11iff hy(/P/)=1o0r hy(/Q/) =1

) hy(/P — Q/) = 1 iff there are no z,y € W such that w/R/zy
and h;(P) =1 but hy(Q) =0, or hy(P) =1 but h,(Q) =0
(0) hyw(/OP/) = 1 iff there is no x € W such that wMx and
hy(/P/) =0

For a set I' of formulas, h,(I") = 1 iff h,,(/P/) = 1 for each /P/ € T; then,

VR4 T k5, P iff there is no R4x interpretation (W, M,N, N, R, R, <, h)
and w € N such that h,,(I') = 1 but hy,(P) = 0.

9.2 Natural Derivations: NRx

Allow subscripts and expressions of the sort s.t, /r.s.t/, s ~t, and s <t (for
each of the three inclusions). Allow also /n/[s] and —/n/[s] (with implicit
subscript s); to say that a world is or is not in /N/; where Pj is /n/[s] or
—/n/[s], let /P/s and \P\4 be the same expression, so that /n/[s] and —/n/[s]
contradict for —I.

R|/P/, 1| | /P, “E| |/-P/,
IP/s 1O/, 1O,
\-Q\, V=Q\,

\—P\, \P\,
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AL|/P/, AE|/PAQ/, AE|/PAQ/,
/Q/s
/P/, /Q/
/PAQ/S
VI|/P/s VI|/P/s VE |/PVQ/s
/P/s
/PV Qs /QV P/,
IR+
o1 | /P/s SE[\P > Q\,
/P/s | /Q/s
\Q\s
\P 5 Q\, \Q\s IR/
IR
—E | /s.t.u/ /s.tu/ —I| | /s.tu/ /s.tu/ CL | /n/[s] |/n/[s]
/P> Q/s |/P— Qs P, P. IP/,
Pt ﬁu
- A\VaA\W \n\[s
0 . Q. Q, i
“ ¢ /P = Qs /P — Qs
where t and u do not appear in any
undischarged premise or assumption
NI NE | /n/[a] /n/la] ~1 ~E|s~t
s~t /a.s.t/ P(s)
n[0] s~s
/a.s.t/ st P(t)

These are the rules for the base systems. DW takes all the rules but CL.
Roy’s 4A drops the NI, NE, ~I and ~E rules. Roy’s 4B is like DW except
that it may include CL. From these it is possible to add from the following

in the natural way.

ol |s.t oE | /0P/s oI | /P/
s.t s.t

[P /P/ JoP/

JOP/. t 05s

where t does not ap-
pear in any undis-
charged premise or
assumption
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OE | /0P/ MC | /n/[s]
s.t s.t
/P/¢
/n/[t]
N1QN
NQN

where t does not ap-
pear in any undis-
charged premise or
assumption and is
not u



AMk

/a.b.x/
zT.c

/a.y.c/
b.y

NP
NP

/a.z.b/
zT.c

la.c.y/
b.y

NPl
NPl

where y does not appear in an undischarged

premise or assumption and is not w

AMY,

AM11

AM12

/a.b.x/

z.c.d
b.c.y
/a.y.d/

NP
NP

/s.t.u/
/s.t.y/
y.t.u

NPl
NPl

a.b.c
y=>a
b.y.c

NP
NP

/a.b.x/

z.c.d
by.d
/a.c.y/

NP
NP

/s.t.u/
/s.y.u/

y.t.u

NP
NP

a.b.c
y>"a
c.by

NP
NPl

AMp

AMo | s.t

/a.x.b/

z.cd
bey
/a.y.d/

NPl
NP

a.b.c
y>'a
b.y.c

NPl
NPl

AMT | s.t

t.u

/a.x.b/

z.c.d
b.y.d
/a.c.y/

NPl
NP

8
< o

I
N
<

NP
NP

where y does not appear in any undischarged premise or assumption and is not w

01 and OFE are derived. Though they will not play a natural role in most
derivations, for systems with the inclusion relations (and so for systems like
R with AM12) we also allow also:

<grE:

<RE:

a<b, bxy, nlaFz<y;a<b, bry, ~nlaFazy

a<b azy nbkrz<y, a<b, azy, ~nb Fbry

a<*b, bzy, nlal -z <y;a<*b, bxy, ~nla|Fazxy

a<*b,azy, nbFz<y; a<*b azy, ~nb F bxy



S%E: a<tb bay nla bz <y a<tb by, ~aa - aT.y

a<tb axy nblFr<y a<tb, azy, ~ab - bry

<mME|a=b <mME|la=b
b.c a.c
y=c c2y
a.y by
/P/y /P/y
/P/y /P/y

where y does not appear in any undischarged premise or assumption and is not w

Every subscript is 0 or is introduced according to the rules in an assumption.
Where I' is a set of unsubscripted formulas, let I'g be those same formulas,
each with subscript 0. Then,

VNRA4 T by, A iff there is an NR4x derivation of A from the members
of Fo.

Examples. Here are some cases, with the first ones paired to illustrate
the match between derivations that do, and ones that do not, include the
NI, NE, ~I and ~E rules.

(A= B)AN(A— C) kg A— (BAC)

1 (A= B)A(A—=C)o P

2] 10.1.2 A (g, —I)
3 [ A

41| (A —= B)o 1 AE

5 (A — C)o 1 AE

6| | B 2,4,3 »E
70| Cs 2,53 >E
8| | (BAC)2 6,7 AL
9|A— (BAC) 2-8 =1
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(A5)

Fvripe [(A — B) A (A — C)] —

1(1]0.1.2
2| |(A=>B)AN(A—= O
3| | n[0]
4111 ~2
5 2.3.4
6] ||As
7 (A= B)A(A—C)2
8 (A — B)
9 By
10 (A= O)2
11| |cy
12 (BAC)4
13| |[[A—= (BAQ))2
14

A—-B FNR/,Az B — -A

0.1.2
By
Az
-B;
By
—As
(B — “A)D

o~ O Ul A W

[A—> (BAC)

(A= B)A(A—C)] = [A—= (BACO)o
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A (g, =I)

NI
1,3 NE
A (g, =I)

2,4 ~E
7 AE
5,8,6 >E
7 AE
5,10,6 —E
9,11 Al
5-12 —I
1-13 —I

A (g, =1)

A (e, —I)
2,1,4 -E
3R

4-6 -1
2-7 =1



(AS) FvryBe (A—-B)— (B — —A)

© 00 0 O Ul A W N =

=== =
W N = O

0.1.2
(A — _‘B)l

n[0]
1~2
2.34
Bs
Ay
(A— —B)
—Bs
Bs
—Ay
(B — —A)2

(A— =B) = (B — =A)

By (A — A) — A

© 00N TR W N

e e e =
EN B N G; S JURN ORI i )

0.1.2
(A — A)

n[0]
0.3.2
3.1.2

3~2
4>"3
1.4.2

A,

=43
—Ay
Az
— Az
Az
Az
Az
[(~A — A) = Ao

A (g, =I)

NT
3,1 NE
A (g, =I)

A (e, )
2,4 ~E
58,7 —-E
6 R

7-10 —I
5-11 —I1
1-12 —I

A (g, =I)

NI
A (g, 1 AM11)

3,4 NE
A (g, 5 AM12)

A (¢, -E)
9,6 ~E

7,10 <'E
8,2,11 »E
9R

9-13 -E
5,7-14 AM12
1,4-15 AM11
1-16 —I



A — B by DA — 0B

2] 10.1.2 A (g, =I)
3 DA1

4| | n0] NI

5| |1~2 2,4 NE

6 2.3 A (g, oI)
7 0Az 3,5 ~E

8 A3 6,7 OE

9 3~3 ~I
10 0.3.3 4,9 NE
11 B3 10,1,8 —E
12| | 0B2 6-11 oI
13| (A — oB)o 2-12 I

9.3 Soundness and Completeness: R4x

Preliminaries: Begin with generalized notions of validity. For a model
(W,M,N,N,R,R,=<,h), let m be a map from subscripts into W such that
m(0) is some member of N. Then say (W, M, N, N, R, R, =, h), is (W, M, N,
N,R,R,=,h) with map m. Let hyy)[/n/(s)] = 1 iff m(s) € /N/ and
hm(sy[m/n/ ()] = 1 M hyyq[/n/(s)] = 0. Then, where I' is a set of ex-
pressions of our language for derivations, hy,(I') = 1 iff for each /A,/ € T,
hm(s)(/A/) = 1, for each s.t € T, (m(s), m(t)) € M, for each /r.s.t/ € T,
(m(r),m(s),m(t)) € /R/, for each s ~ t in I, m(s) = m(t) and for each
s = tin T, (m(s),m(t)) € < (for each of <, <* and <! in <). Now ex-
pand notions of validity for subscripts, overlines, and alternate expressions
as indicated in double brackets as follows,

VR4x* I' |57, /A/s [s.t, /r.s.t/, s ~t, s = t] iff there is no R4x interpreta-
tion (W, M, N, N, R, R, X, h)y, such that h,,([') = 1 but hy,5)(/A/) =
0 [(m(s), m(t)) & M, (m(r),m(s),m(t)) & /R/, m(s) # m(t), (m(s),
m(t)) & =]

NR4x* T' by, /A/s [s.t, /r.s.t/, s ~t, s < t] iff there is an NR4x deriva-
tion of /A/g [s.t, /r.sit/, s ~t, s < t] from the members of T.

These notions reduce to the standard ones when all the members of I' and A
are without overlines and have subscript 0 (and so do not include expressions
of the sort s.t, /r.s.t/, or s < t). As usual, for the following, cases omitted
are like ones worked, and so left to the reader.
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THEOREM 9.1 NR4x is sound: IfT' b, A thenT |5, A.

L9.0 If (W,M,N,N,R,R,=,h) is an R4z interpretation, then there is
an Rjx interpretation (W, M,N,N,R,R, <, h) with w,w* € W corre-
sponding to each w € W such that for any /A/, (i) hy(/A/) = 1 iff
hw(/A/) =1 and (ii) hy«(/A/) = 1 iff hyy(\A\) = 1.

For R4z interpretation (W, M, N, N,R,R,=,h), consider (W, M,N,
N, R, R, <, h) such that corresponding to each w € W there are w, w* €
W such that, M = {{w,x), (W*,x*) | (w,z) € M}; w e /N/iff w e /N/,
and w* € /N/ iff w € \N\. Set,

/RI={{x,y,2), {x,2%,y") [ (/R/yz} U{{x",y,2), (x", 2",y") | (x\R\yz}
2={{y,2) ly <3 U{(y"2) |z <ytU{ly.2") |y < 2} U{y" 2) |y <F 2}
< ={ly,2) |y < 23U {ly",2) ly <F 23 U{{y,2%) [y < 23Uy 2) [2 <y}
<F={y.2) ly <P Uy 20 [y < 2pU{ly,20) |2 <y u{y"2) |y < 2}
And hy (/p/) = hy(/p/); but hy«(/p/) = hy(\D\).

(1) By induction on the length of A, for any w, (i) hy(/A/) = hy(/A/)
and (ii) hy«(/A/) = hy(\AN).

Basis: 1If A has no operator symbols then A is a parameter p. But
then by construction, hy, (/p/) = hy(/p/) and hy=(/p/) = hy,(\p\).

Assp: For any i, 0 < i < k if A has i operator symbols, then for any
w, both (i) and (ii) are met.

Show: If A has k operator symbols, (i) and (ii) are met. If A has k
operator symbols, it is of the form -P, PAQ, PV Q, P — Q
or OP where P and Q have < k operator symbols.

(=) /A/is /=P/. (i) By HR4(—), hy(/=P/) = 1 iff hy,(\P\) = 0; by
assumption iff h,,(\P\) = 0; by HR4(—), iff hy,(/=P/) = 1. (ii)
By HRA4(—), hy«(/=P/) = 1 iff hy«(\P\) = 0; by assumption
iff hy, (/P/) = 0; by HR4(=), iff hy(\-P\) = 1.

(N) /A is /PAQ/. (1) By HRA(A), hy(/PAQ/) = 1iff hy(/P/) =
1 and hy(/Q/) = 1; by assumption, iff h,(/P/) = 1 and
hw(/Q/) = 1; by HR4(A), iff hy (/PAQ/) = 1. (ii) By HR4(A),
hw« (/P AN Q/) = 1iff hy«(/P/) = 1 and hy«(/Q/) = 1; by as-
sumption, iff h,,(\P\) = 1 and h,,(\Q\) = 1; by HR4(A), iff
hw(\P A Q\) = 1.
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(o) /A/is /oP/. (i) By HR4(0) and the construction, hy, (/0P/) =
0 iff there is some x € W such that wMx and hy(/P/) = 0; but
by construction wMx iff wMz, and by assumption hy(/P/) =0
iff by (/P/) = 0; by HRA(D), iff hy(/0P/) = 0. (i) By HR4(0)
and the construction, hy«(/0P/) = 0 iff there is some x* € W
such that w*Mx* and hy«(/P/) = 0; but by construction w*Mx*
iff wMz, and by assumption hy«(/P/) = 0 iff h,(\P\) = 0; by
HRA4(D), iff hy,(\OP\) = 0.

(=) (a) By HR4(—) and construction, hy, (/A — B/) = 0 iff there
are either y,z € W such that w/R/yz and hy(A) = 1 but
h,(B) = 0 or h,(4) = 1 but hy(B) = 0, or there are z*,y* € W
such that w/R/z*y* and h,«(A) = 1 but hy«(B) = 0 or hy+(A) =
1 but hy«(B) = 0. In the first case, by construction w/R/yz
and by assumption hy(A) = 1 but h,(B) = 0 or h,(A) = 1
but hy(B) = 0. In the second case, by construction, w/R/yz
and by assumption h,(A4) = 1 but hy(B) = 0 or hy(A4) = 1
but h,(B) = 0. By HR4(—) either is so iff h, (/A — B/) =0.
(b) By HR4(—) and construction, hy«(/A — B/) = 0 iff
there are either y,z € W such that w*/R/yz and hy(4) =1
but h,(B) = 0 or h,(4) = 1 but hy(B) = 0, or there are
z*,y* € W such that w*/R/z*y* and h,«(A) = 1 but hy«(B) =0
or hy«(4) =1 but h,»(B) = 0. In the first case, by construc-
tion w\R\yz and by assumption hy(A) =1 but h,(B) =0 or
h.(A) = 1 but hy(B) = 0. In the second case, by construc-
tion, w\R\yz and by assumption h,(4) = 1 but hy(B) = 0
or hy(A) = 1 but h,(B) = 0. By HR4(—) either is so iff
hw(\A — B\) = 0.

For any w and A, (i) hy(/A/) = hy(/A/) and (ii) hy« (/A7) = hy(VA)).

2) If (

(2) 1 ,M,N,N,R,R,=,h) is an R4z interpretation then (W, M,
N7 N7 R7 R? 47

h) is an R4z interpretation.

(£) (i) Suppose a € b; then by construction a < b. (a) Suppose
ha(p) = 1; then by (1), ha(p) = 1; 50 by (<), hu(p) = 1; 50
by (1), hy(p) = 1. Suppose hy(p) = 1; then by (1), hs(p) = 1;
so by (<), he(p) = 1; so by (1), ha(p) = 1. (b.i) Suppose
bRxy and a ¢ N; then by construction, bRxy and a ¢ N;
so by (<), aRxy and by construction, aRxy. Suppose bRxy
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and a € N; then by construction, bRxy and a € N; so by
(<), z < y; so by construction x € y. (b.ii) Suppose bRy*x*
and a € N; then by construction, bRxy and a ¢ N; so by
(<), aRxy and by construction, aRy*x*. Suppose bRy*x* and
a € N; then by construction, bRxy and a € N; so by (<),
x < y; so by construction y* £ x*. (c.i) Suppose aRxy and
b & N; then by construction, aRxy and b ¢ N; so by (<),
bRxy and by construction, bRxy. Suppose aRxy and b € N;
then by construction, aRzy and b € N; so by (<), z < y;
so by construction x € y. (c.ii) Suppose aRy*x* and b ¢ N;
then by construction, aRzy and b € N; so by (<), bRry and
by construction, bRy*x*. Suppose aRy*x* and b € N; then
by construction, aRxy and b € N; so by (<), z < y; so by
construction y* € x*.

(ii) Suppose a* € b*; then by construction b < a. (a) Suppose
ha- (p) = 1; then by (1), ha(p) = 1; so by (<), hy(p) = 1; so by
(1), he+(p) = 1. Suppose hye (p) = 1; then by (1), hy(p) = 1;
so by (<), ha(p) = 1; so by (1), ha=(p) = 1. (b.i) Suppose
b*Rxy and a* & N; then by construction, bRxy and a ¢ N;
so by (<), aRxy and by construction, a*Rxy. Suppose b*Rxy
and a* € N; then by construction, bRxy and a € N; so by
(<), = < y; so by construction x € y. (b.ii) Suppose b*Ry*x*
and a* ¢ N; then by construction, bRxy and a ¢ N; so by
(<), aRxy and by construction, a*Ry*x*. Suppose b*Ry*x*
and a* € N; then by construction, bRxy and a € N; so by (<),
x < y; so by construction y* € x*. (c.i) Suppose a*Rxy and
b* ¢ N; then by construction, aRzy and b ¢ N; so by (<),
bRzy and by construction, b*Rxy. Suppose a*Rxy and b* € N;
then by construction, aRxy and b € N; so by (<), < y; so
by construction x € y. (c.ii) Suppose a*Ry*x* and b* ¢ N;
then by construction, aRzy and b ¢ N; so by (<), bRzy and
by construction, b*Ry*x*. Suppose a*Ry*x* and b* € N; then
by construction, aRzy and b € N; so by (<), z < y; so by

construction y* € x*.

(iii) Suppose a € b*; then by construction a <* b. (a) Suppose
ha(p) = 1; then by (1), ha(p) = 1; so by (<*), hs(p) = 1; so by
(1), hp«(p) = 1. Suppose hp-(p) = 1; then by (1), hy(p) = 1;
so by (<*), he(p) = 1; so by (1), ha(p) = 1. (b.i) Suppose
b*Rxy and a € N; then by construction, bRzy and a &€ N;
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so by (<*), aRzxy and by construction, aRxy. Suppose b*Rxy
and a € N; then by construction, bRy and a € N; so by
(<*), = < y; so by construction x € y. (b.ii) Suppose b*Ry*x*
and a ¢ N; then by construction, bRxy and a ¢ N; so by
(<*), aRzxy and by construction, aRy*x*. Suppose b*Ry*x*
and a € N; then by construction, bRxy and a € N; so by (<),
x < y; so by construction y* € x*. (c.i) Suppose aRxy and
b* & N; then by construction, aRzy and b ¢ N; so by (<*),
bRzxy and by construction, b*Rxy. Suppose aRxy and b* € N;
then by construction, aRzy and b € N; so by (<*), z < y;
so by construction x € y. (c.ii) Suppose aRy*x* and b* ¢ N;
then by construction, aRzy and b € N; so by (<*), bRxy and
by construction, b*Ry*x*. Suppose aRy*x* and b € N; then
by construction, aRry and b € N; so by (<*), < y; so by
construction y* € x*.

*

ANIVAN

(iv) Suppose a b; then by construction a <* b. (a) Suppose
e+ (p) = 1; then by (1), ha(p) = 1; so by (<F), hu(p) = 1; s0
by (1), hp(p) = 1. Suppose hy(p) = 1; then by (1), hy(p) = 1;
so by (<F), ha(p) = 1; so by (1), ha=(p) = 1. (b.i) Suppose
bRxy and a* ¢ N; then by construction, bRzy and a ¢ N;
so by (<%), aRzy and by construction, a*Rxy. Suppose bRxy
and a* € N; then by construction, bRzy and a € N; so by
(<"), z < y; so by construction x £ y. (b.ii) Suppose bRy*x*
and a* € N; then by construction, bRzy and a ¢ N; so by
(<%), aRzy and by construction, a*Ry*x*. Suppose bRy*x*
and a* € N; then by construction, bRzy and a € N; so by
(<%), z < y; so by construction y* € x*. (c.i) Suppose a*Rxy
and b ¢ N; then by construction, aRzy and b ¢ N; so by (<¥),
bRzy and by construction, bRxy. Suppose a*Rxy and b € N;
then by construction, aRzy and b € N; so by (<), z < y;
so by construction x € y. (c.ii) Suppose a*Ry*x* and b & N;
then by construction, aRzy and b ¢ N; so by (<*), bRzy and
by construction, bRy*x*. Suppose a*Ry*x* and b € N; then
by construction, aRzy and b € N; so by (<), 2 < y; so by

construction y* £ x*.

(NC) (i) Suppose w € /N/; then w € /N/. Say w/R/yz; then by
construction, w/R/yz; so by NC, y = z; so y = z; and similarly
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(CL)

(CM)

if w/R/z*y*. Say y =2z; then y = z so by NC, w/R/yz; so
w/R/yz; and similarly for y* and z*. (ii) Suppose w* € /N/;
then w € \N\. Say w*/R/yz; then by construction w\R\yz; so
by NC y = z; so y = z; and similarly if w*/R/z*y*. Say y = z;
then y = z so by NC, w\R\yz; so w*/R/yz; and similarly for
y* and z*.

(i) Suppose w € /N/; then by construction, w € /N/; so by
CL, w € \N\; so by construction, w € \N\. Suppose w* € /N/;
then by construction, w € \N\; so by CL, w € /N/; so by
construction, w* € \N\. (ii) Say w € N; then by construction,
w € N. By construction, hy(/p/) = 1 iff hy(/p/) = 1; by CL
iff hyy(\p\) = 1; by construction iff hy,(\p\) = 1. By construc-
tion, hy+(/p/) = 1 iff hy(\p\) = 1; by CL iff hy(/p/) = 1; by
construction iff hy-(\p\) = 1.

Suppose w € /N/ and wMx; then by construction, w € /N/

and wMx; so by MC, x € /N/; so by construction, x € /N/.

Suppose w* € /N/ and w*Mx*; then by construction, w € \IN\

and wMz; so by MC, x € \IV\; so by construction, x* € /N/.

So (W, M,N,N,R,R, <, h) satisfies MC.

(<)

(£*) (i) Suppose a €* b; then by construction a <* b. Sup-
pose bMc; then by construction, bMc¢; so by CM, there
is some y <* ¢ such that aMy; so by construction y €* ¢
and aMy. Suppose aMc then by construction aMc¢ so
by CM there is some y, ¢ <* y such that bMy; so by
construction, ¢ €* y and bMy.

(i) Suppose a* £* b*; then by construction a <* b.

Suppose b*Mc*; then by construction, bMc¢; so by CM,

there is some y <* ¢ such that aMy; so by construction

y* €% ¢* and a*My*. Suppose a*Mc* then by construc-
tion aMec so by CM there is some y, ¢ <! y such that
bMy; so by construction, c* €* y* and b*My*.

(iii) Suppose a* €* b; then by construction b < a. Sup-

pose bMc; then by construction, bMc¢; so by CM, there

is some y, ¢ < y such that aMy; so by construction,

y* €% c and a*My*. Suppose a*Mc* then by construction

aMc so by CM there is some y < ¢ such that bMy; so by

construction c* €* y and bMy.

(iv) Suppose a €* b*; then by construction a < b. Sup-
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(p)
(o)

(C11)
(C12)

pose b*Mc*; then by construction, bMc¢; so by CM, there
is some y < c¢ such that aMy; so by construction y €* c*
and aMy. Suppose aMc then by construction aMc¢ so
by CM there is some y, ¢ < y such that bMy; so by
construction, ¢ € y and bMy.

)

Suppose (x,y) € M; then by construction, (z,y) € M; so by o,
(y,x) € M; so by construction (y,x) € M. Suppose (x*,y*) € M;
then by construction, (x,y) € M; so by o, (y,x) € M; so by
construction (y*,x*) € M. So (W, M,N,N,R,R, <, h) satisfies
o.

Suppose a/R/bx and xRcd; then by construction, a/R/bx and
xRed; so by Cf there is a y such that bRey and a/R/yd and
a z such that bRzd and a/R/cz; so by construction, there is
a y such that bRcy and a/R/yd, and a z such that bRzd and
a/R/cz.

Suppose a/R/bx and xRc*d*; then by construction, a/R/bz and
wRdc; so by Cf, there is a y such that bRdy and a/R/yc and
a z such that bRzc and a/R/dz; so by construction, there is a
y* such that bRy*d* and a/R/c*y*, and a z* such that bRc*z*
and a/R/z*d*.

Suppose a/R/b*x* and x*Rcd; then by construction, a/R/xb
and zRed; so by C{, there is a y such that bRey and a/R/yd
and a z such that bRzd and a/R/cz; so by construction, there
is a y such that b*Rcy and a/R/yd, and a z such that b*Rzd
and a/R/cz.

Suppose a/R/b*x* and x*Rc*d*; then by construction, a/R/xb
and xRdc; so by Cf, there is a y such that bRdy and a/R/yc
and a z such that bRzc and a/R/dz; so by construction, there
is a y* such that b*Ry*d* and a/R/c*y*, and a z* such that
b*Rc*z* and a/R/z*d*. And similarly for the other cases.

Suppose a*Rbc; then by construction, aRbc; so by C12, there
is some y, a < y, bRyc and some z < a, cRbz; so by construc-
tion, a* €y, bRyc, a* £€* z and cRbz.
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Suppose aRb*c*; then by construction, aRcb; so by C12, there
is some 3, a < y, cRyb and some, z, a <* z, bRcz; so by
construction, a €* y*, ¢c*Rb*y*, a € z* and b*Rz*c*

Suppose a*Rb*c*; then by construction, aRcb; so by C12, there
is some y, a < vy, cRyb and some, z, a <* z, bRcz; so by
construction, y* € a*, c*Rb*y*, a* €% z* and b*Rz*c*.

And similarly in other cases.

L9.1 T CIMand I' |55, /P/s [s.t, /rsit/, s ~t, s < t] then I |5, /P/q
[s.t, /r.sit/, s ~t, s <t].

Suppose I' C IV and I' |5}, /P/s [s.t, /r.st/,s ~ t, s = t], but
IV W&y, /Pls [st, /r.sit/, s ~t, s < t]. From the latter, by VR4x*,
there is some R4z interpretation (W, M, N, N, R, R, <, h),, such that
hin(I") = 1 but hy,s)(/P/) = 0 [(m(s), m(t)) & M, (m(r),m(s),
m(t)) € /R/, m(s) # m(t), (m(s),m(t)) € <]. But since h,,(I") =
Land I' C T', hyp(T) = 1; s0 hy(T) = 1 but hy,)(/P/) = 0
[(m(s), m(t)) & M, (m(r),m(s),m(t)) & /R/, m(s) # m(t), (m(s),
m(t)) & =]; so by VR4X*, T' |53 /P/s [s.t, /r.st/, s ~t, s <X t].
This is impossible; reject the assumption: if I' C I and T' |57, /P/,
[s.t, /r.s.t/, s ~t, s = t], then IV |5, /P/s [s.t, /r.sit/, s ~t, s < t].

Main result: For each line in a derivation let P; be the expression on line ¢
and I'; be the set of all premises and assumptions whose scope includes line
i. We set out to show “generalized” soundness: if I i, , P then I' |5}, P.
As above, this reduces to the standard result when P and all the members
of I are without overlines and have subscript 0. Suppose I' Iy, P. Then
there is a derivation of P from premises in I' where P appears under the
scope of the premises alone. By induction on line number of this derivation,
we show that for each line i of this derivation, I'; |=},, P;. The case when
P; = P is the desired result.

Basis: P1 is a premise or an assumption /A/g [s.t, /r.s.t/, s ~ t, s <X t].
Then Ty = {/A/s} [s:t, /r.sit/, s ~t, s <t]; so for any (W, M, N, N,
R, R, =, h)m, hin(C1) = 1iff By (/A7) = 1 [(m(s), m(t)) € M, (m(r),
m(s),m(t)) € /R/, m(s) = m(t), (m(s),m(t)) € <]; so there is no
(W, M, N, N, R, R, =, h)ym such that i,y (T'1) = 1 but hy,q(/A/) = 0
[(m(s), m(t)) & M, (m(r),m(s),m(t)) & /R/, m(s) # m(t), (m(s),
m(t)) ¢ <]. So by VR4x*, I'1 |55, /A/s [s.t, /rsit/, s ~t, s <],
where this is just to say, I'1 |5}, P1
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Assp: For any i,1 <i < k,T; |, Ps.

Show: T'y F},, Pk

P is either a premise, an assumption, or arises from previous lines
by R, AL, AE, VI, VE, =1, =E, DI, DE, —I, —E or, depending on the
system, NI, NE, ~I, ~F CL, then ol, oE, MC, AMp, AMo, AMT,
and AM{,, AM11, AM12, <E, <*E, <!'E, <gE, <RE, S%E, or =y E.
If Py, is a premise or an assumption, then as in the basis, I'x, 7, Pk.
So suppose Py, arises by one of the rules.

(R)
(A
(AE)
(VI)
(VE)
(D)
(—E)
(1)
(DE)
(—=1I) If Py arises by —I, then the picture is like this,
/s.t.u/ /s.tau/
Ay Ay
or
i| | Bu i| | B
k|/A— B/ k|/A— B/g

where i < k, t and u do not appear in any member of I'y; (in any
undischarged premise or assumption), and Py is /A — B/,. In
the first case, by assumption, I'; |=;,, By; but by the nature of ac-
cess, I'; C 'y U {/s.t.u/, Ag}; so by L9.1, I'y U {/s.t.u/, A} |}, Bu.
Suppose Ty, |45, /A — B/, then by VR4x*, there is an R4z in-
terpretation (W, M, N, N, R, R, <,h),, such that h,,(I'x) = 1 but
Pn(s)(/A — B/) = 0. From the latter, by HR4(—), there are
x,y € W such that m(s)/R/zy and either hy(A) =1 and hy(B) =0,
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or hy(A) = 1 and h,(B) = 0. But then by L9.0, there is an R4z
interpretation, (W, M, N,N, R, R, %, h) with w,w* € W corresponding
to each w € W such that for any /A/, hy,(/A/) = 1iff hy, (/A/) =1 and
hw«(/A/) = 1 iff hyy(VA\) = 1. So, where m(s) = w iff m(s) = w (and
the construction retains other relations on those worlds), it remains
that hn(I'y) = 1. In addition, by construction, if m(s)/R/xy and
hz(A) = 1but hy(B) = 0, then m(s)/R/xy and hy(A) = 1 but hy(B) =
0. And if m(s)/R/zy and hy(A) = 1 but h,(B) = 0, then m(s)/R/y*x*
and hy«(A) = 1 but hy=(B) = 0. Either way, then, there are a,b € W
such that m(s)/R/ab where h,(A) =1 and hy(B) = 0. Now consider
a map m’ like m except that m’(t) = a and m’(u) = b, and con-
sider (W,M,N,N,R,R,=,h),; since ¢ and u do not appear in 'y, it
remains that hp/(I'y) = 1; since m’(t) = a, hyy)(A) = 1; and since
m(s)/R/ab, (m’(s), m’(t),m’(u)) € /R/; s0 hy (T U {Ay, /s.t.u/}) = 1;
so by VR4X*, hpy(,y(B) = 1; so hp(B) = 1. Reject the assumption:
L'y . /A — B/, which is to say, I'; |57, Px. And similarly in the
other case.

)

)

)

)

)

(CL) If Py arises by CL, then the picture is like this,

; %/{Z] ~ i| /s
k| VAN, Rl

where, for the first case, i,j < k and Py is VA\s;. Where this rule
is included in NR4z, R4x includes constraint CL along with NC. By
assumption, I'; |}, /n/[s] and T'; |, /A/s; but by the nature
of access, I't € I'y and T'; C T; so by L9.1, Ty |5}, /n/[s] and
L'y . 1Al Suppose I'y A7, \A\g; then by VR4x*, there is an
R4z interpretation (W, M, N, N, R, R, <, h),, such that h,,(T'x) = 1
but hyp, ) (VAN) = 05 since hp, (L) = 1, by VR4Xx*, m(s) € /N/ and
Pm(s) (1 AN) = 1.
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Now, by induction on the number of operators in A we show that for
any € /N/, hy(1A)) = hy(\A\).

Basis:

Assp:

Show:

(=)
(N)

(V)
(=)

1Al is a parameter /p/. Suppose r € /N/; then by CL,
ha(Ipl) = ha(\p\).

For any 4, 0 < i < k, if A has i operator symbols then for any
x € /N/, hy(1A)) = hy(VAN).

If A has k operator symbols then for any x € /N/, h,(/A/) =
hz(VAN).

If A has k operator symbols, then it is of the form —P, P A Q,
PVvQ@, P— @, or 0P where P and Q have < k operator
symbols. Suppose x € /N/.

Ais =P. By HR4(-), ha(/-P/) = 1 iff hy(\P\) = 0; by
assumption, iff hy(/P/) = 0; by HR4(=) iff h,(\=P\) = 1.

Ais PAQ. By HR4(A), ho(/PAQ/) = 1iff hy(/P/) =1 and
hy(7Q/) = 1; by assumption iff h,(\P\) =1 and h,(\Q\) =
1; by HRA(A), iff hy(\P A Q\) = 1.

Ais P — Q. Suppose hy(/P — Q/) =1 but hy(\P — Q\) =
0. From the latter, by HR4(—), there are y,z € W such
that 2\R\yz and hy(P) = 1 but h,(Q) = 0, or h,(P) = 1
but hy,(Q) = 0. Since z € /N/, by CL z € \N\; so that
z € /N/ and x € \N\; so with z\R\yz, by NC y = z, and
with NC again «/R/yz. So from h,(/P — Q/) = 1, it is not
the case that hy(P) = 1 but h,(Q) = 0, or h,(P) = 1 but
hy(Q) = 0. Reject the assumption: it is not the case that
hy(/P — Q/) =1 but hy(\P — Q\) = 0.

A is OP. Suppose h,(/0P/) = 1 but h,(\oP\) = 0. From
the latter, by HR4(O), there is some y € W such that xMy
and hy(\P\) = 0; but since z € /N/, by MC, y € /N/; so by
assumption, hy(/P/) = 0; so by HR4(0), hy(/0P/) = 0. This
is impossible; reject the assumption: it is not the case that

hy(/0P/) =1 but h,(\oP\) = 0.

For any A and = € /N/, hy(/1A)) = hy(\A\N)

So, returning to the main case, hy,)(\A\) = 1. This is impossible;
reject the assumption: I'y [, \A\,; which is to say, I'y =, Pk
The other case is straightforward.
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(aI)

(CE)
(MC)
(AMp)
(AMo)
(AMT)
(AM3)
(AM11) If Py arises by AM11, then the picture is like this,
©|/s.t.u/ or i) /s.t.u/
/s.t.y/ /s.y.u/
y.t.u y.t.u
Jl |7 AN J| [ 1A
k| 1A/ k| 1A/

where 4,5 < k and Py is /A/,. Where this rule is included in
NR4z, R4x includes constraint C11. By assumption, in both cases,
I &y, /stw/ and T'; |, /A/y; but, in the left-hand case, by
the nature of access, I'y € I'y and I'; C T’y U {/s.t.y/,y.t.u}; so
by L9.1, T &}, /s.taw/ and T'y U {/s.t.y/,y.t.u} &, /Al,. Sup-
pose I'y [}, /Alw; then by VR4X*, there is an R4z interpretation
(W, M,N,N, R, R, X, h)y, such that h, (L) = 1 but hy, ) (/AV) = 0;
since hy, (T'x) = 1, by VRAX*, (m(s), m(t),m(u)) € /R/; and by C11,
if a/R/bc then there is a y such that a/R/by and yRbc and a z such
that a/R/zc and zRbc; so there is a v € W such that m(s)/R/m(t)v
and vRm(t)m(u); consider a map m’ like m except that m/(y) = v,
and consider (W, M, N, N, R, R, =, h),; since y does not appear in
Tk, it remains that h,,(T'yx) = 1; and since m/(s) = m(s), m/(t) =
m(t), m'(y) = v and m/(u) = m(u), (m'(s),m'(t),m'(y)) € /R/ and
(m/(y), m'(t),m'(u)) € R; so hpy(Ty U{/s.t.y/,ytu}) = 1; so by
VRAX*, Ry (/A)) = 1. But since y # w, m/(w) = m(w); so
Bon(uw) (7 AV) = 1. This is impossible; reject the assumption: T'y =7,
I Al , which is to say, 'y |57, Px. And similarly for the right-hand
case.

(AM12)
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(<E) If Py arises by <E, then the picture is like this,

k| Ay

where 7,7 < k and Py is Ay. By assumption, I'; 5, a < b and
I'; 5. Aq; but by the nature of access, I'; C I'y and I'; C T'y; so
by L9.1, I'y 57, a < band I'y =/, Aq. Suppose I'y (A7, Ap; then
by VR4x*, there is an R4z interpretation (W, M, N, N, R, R, <, h)m,
such that h,,(I't) = 1 but hpe)(A) = 0; since hy(Iy) = 1, by
VR4x*, (m(a),m(b)) € < and hp,,)(A) = 1.

Now, by induction on the number of operators in A, we show that
for any z, y € W, if <y, then (i) if h;(A) = 1 then hy(A) =1, and

(ii) if hy(A) = 1 then hy(A) = 1.

Basis: A is a parameter p. Suppose x < y. (i) Suppose h,(A4) =
1; then hy;(p) = 1; but since < y, by (X), hy(p) = 1; so

hy(A) = 1. (ii) Suppose hy(A) = 1; then hy,(p) = 1; but since

r <y, by (), he(p) = 1; s0 hy(A) = 1.

Assp: For any i, 0 < i < k, if A has ¢ operators, then for any =z,
y € W, if ¢ <y, then if hy(A) = 1 then hy(A) = 1, and if

hy(A) =1 then h,(A) = 1.
Show: If A has k operators, then for any z, y € W, if x < y, then

(i) if hy(A) = 1 then hy(A) = 1, and (ii) if hy(A) = 1 then
he(A) = 1.

If A has k operators, then A is of the form, =P, PAQ, PV Q,
P — @, or 0P, where P and () have < k operators. Suppose

T <.

(=) Ais =P. (i) Suppose hgy(A) = 1; then hy(—P) = 1; so by
HR4x(—), hy(P) = 0; so by assumption, h,(P) = 0; so by
HR4x(=), hy(—P) = 1, which is to say, hy(A) = 1. (ii) Sup-
pose hy(A) = 1; then h,(=P) = 1; so by HR4x(=), hy(P) = 0;
so by assumption, hg(P) = 0; so by HR4x(—), hy(—-P) = 1,

which is to say, hy(A4) = 1.

(A) Ais PAQ. (i) Suppose hy(A) = 1; then hy(P A Q) = 1; so
by HR4x(A), hy(P) = 1 and h,(Q) = 1; so by assumption,
hy(P) =1 and hy(Q) = 1; so by HR4x(A), hy(P A Q) = 1,

which is to say hy(A) = 1. (ii) Suppose hy(A) = 1; then
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(V)

(=)

hy(PAQ) = 1; so by HR4x(A), hy(P) = 1 and hy(Q) = 1;
so by assumption, h,(P) =1 and h,(Q) = 1; so by HR4x(A),
he(P A Q) = 1, which is to say h,(A) = 1.

Ais P — Q. (i) Suppose h;(A) = 1 but hy(A) = 0; then
hy(P — Q) = 1 and hy(P — @) = 0; then by HR4x(—),
there are some w, z € W such that yRwz and (1) hy(P) =1
but h,(Q) =0, or (2) h,(P) =1 but hy,(Q) = 0. We consider
these in two cases: (a) x € N; then since yRwz and = < y,
by (=), xRwz. Suppose (1): hy(P) =1 but h,(Q) = 0; then
since hy(P) = 1, hy(P — Q) = 1, and xRwz, by HR4x(—),
h.(Q) = 1. This is impossible. Suppose (2): h.(P) = 1 but
hy(Q) = 0; then since h,(P) = 1, hy(P — Q) = 1, and 2 Rwz,
by HR4x(—), hy(Q) = 1. This is impossible. (b) x € N; then
since yRwz and x < y, by (<), w < z. Suppose (1): hy(P) =1
but h,(Q) = 0; then since z € N and w = w, by NC, z Rww; so
since hy(P) =1, hy(P — Q) = 1, and xRww, by HR4x(—),
hy(Q) = 1; but since w < z, by assumption, h,(Q) = 1. This
is impossible; reject the assumption: hy,(P — @) = 1, which
is to say hy(A) = 1. Suppose (2): h,(P) = 1 but hy(Q) = 0;

then since z € N and z = z, by NC, zRzz; so since h,(P) = 1,

hy(P — @) = 1, and zRzz, by HR4x(—), h.(Q) = 1; but
since w < z, by assumption, h,(Q) = 1. This is impossible;
reject the assumption: if h;(A) = 1, then hy(A) = 1.

And similarly for (ii).

Ais OP. (i) Suppose h;(A) = 1; then h,(OP) = 1. Suppose
hy(OP) = 0; then by HR4x(0), there is some w € W such that
yMw and h,,(P) = 0; since < y and yMw, by the constraint
on modal access (CM), there is some v < w such that xMwv;
since v < w and hy(P) = 0, by assumption, h,(P) = 0;
so by HR4x(O), hy(OP) = 0. This is impossible; reject the
assumption: hy,(0OP) = 1, which is to say hy(A) = 1.

(ii) Suppose hy,(A) = 1; then h,(OP) = 1; suppose hy(OP) =
0; then by H R4x(D), there is some w € W such that x Mw and
hy(P) = 0; since # < y and x Mw, by CM, there is some v > w
such that yMw; since w < v and hy,(P) = 0, by assumption,
hy(P) = 0; so by HR4x(0), hy(OP) = 0. This is impossible;

reject the assumption: h,(0P) = 1, which is to say h,(A) = 1.
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For any A and any z,y € W, if z < y, then (i) if hy(A4) = 1 then

hy(A) = 1, and (i) if hy(A) = 1 then hy(A) = 1.

So, returning to the case for (<E), hy,3)(A) = 1. This is impossible;
reject the assumption: I'y, |57, Ay, which is to say, I'y 57, Pk

(<*E)
(<*E)

(<RE) If Py arises by <gE, then the picture is like this,

hla<b hla<b hla<b hla<b
i|bxy i|azy i|bxy i|lazy
j| nla) j| e j| ~nlal j| ~alt)
klz<y klz<y klax.y k|bzx.y

where h,i,5 < k. In the third case Py is a.z.y. By assumption,
I'n B, a <b, Ty 5, bay and T'; 5, ~nla]; but by the nature of
access, I'y, C I'y, I € 'y and I'; € I'y; so by L9.1, Ty, |5, a < D,
Iy . bay and Ty |5, ~nla]. Suppose I'y &}, a.x.y; then
by VR4x*, there is an R4z interpretation (W, M, N, N, R, R, <, h)m,
such that h,,(T'x) = 1 but (m(a), m(x),m(y)) & R; since h,(T'x) = 1,
by VR4x*, (m(a), m(b)) € <, (m(b),m(x), m(y)) € Rand hy,(y)[~n(a)]
= 1, so that h,, g [n(a)] = 0 and m(a) € N; so with (=), (m(a), m(z),
m(y)) € R. This is impossible; reject the assumption. And similarly
in other the cases.

(<RE)
#
(<RE)
(2 E) If Py arises by <p/E, then the picture is like this,
hla=<b hla=<b
i|b.c ila.c
t=<c c=<t
a.t or b.t
gl /A w J| /A w
k|/A/w k|/A/w

where h,i,j < k, t does not appear in any member of I'; (in any
undischarged premise or assumption) and is not w, and Py is /A/y,.
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Where this rule is included in NR4z, R4x includes CM. In the first
case, by assumption, 'y =7, a 2 b, I'; i}, b.cand T'; |5}, /A/y;
but by the nature of access, I', € I'y, I'; € I'y, and I'; C I'y U
{t 2 c,at}; so by L9.1, T &), a 2 b, Iy |, bcand I'y U {t =
c,a.t} |55, /Aly. Suppose I'y |4, /A/y; then by VR4X*, there is an
R4z interpretation (W, M, N, N, R, R, <, h),, such that h,,(T'y) =
but A, ) (/A/) = 0. Since by, (T'y) = 1, by VR4AX*, (m(a), m(d)) €
and (m(b),m(c)) € M so by CM, there is some y such that (y, m(c))
=< and (m(a),y) € M. Consider a map m’ like m except that m/(¢)
y; since t does not appear in I'y, it remains that h,,(I'y) = 1; since
m/(t) = y and other values are unchanged, (m/(t), m'(c)) € < and
(m/(a),m'(t)) € M; s0 hyy (T U{t X ¢,a.t}) = 1; so by VR4x*,
Pt () (/A7) = 1; and since m'(w) = m(w), hyy ) (/A/) = 1. This is
impossible; reject the assumption: T'y |55, /A/4,, where this is to say,
Ty Hdz Py

||m\kr—t

For any i, I'; |5}, P

THEOREM 9.2 N R4x is complete: if I' |5,,, A then I' i

NR4z

A.

Suppose I' |5,,, 4; then I'g 7, Ao; we show that I'g ,,, Ao. As usual,
this reduces to the standard notion. For the following, fix on some particular
R4zx. Then definitions of consistency etc. are relative to it.

Con T'is cONSISTENT iff there is no Ay such that I' by, /A/s and T' Hy,
\—A\.

L9.2 If s is 0 or appears in I', and T' 7, \=P\s, then T' U {/P/s} is
consistent.
Reasoning as in L7.2.

1.9.3 There is an enumeration of all the subscripted formulas, Py P2... In
addition, there is an enumeration of these formulas with expressions

of the sort s.t and s.t.u and with pairs of the sort s.t.u,u.v.w and
s X t,u.v.

Proof by construction.

Max TI'is s-MAXIMAL iff for any A either I' by, /A/s or T' by, \=A\s.
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SaT T'is a SCAPEGOAT set for — iff for every formula of the form /—(A — B)/s,

if I' 7, /—(A — B)/s then there are some ¢, u such that I' b,
\s.ta\, Ty, Ay and T, =By

NRx
I' is a SCAPECOAT set for O iff for every formula of the form /—0A/q,
if I' Hy,,, /m0A/s then there is some t such that T'
I e 0 A

I" is a SCAPEGOAT set for C9/C10 iff (i) for every access pair /s.t.u/,
wv.aw, if T'H,, /stu/ and T by, w.v.w, then there is some y such
that T' k7, tw.y and I' by, /s.y.w/, and there is some z such
that I' by, t.z.w and T' I, /s.v.2/; and (ii) for every access pair
/saut/wvaw, if TR, /swut/ and I' B, w.v.w, then there is some

s.t and

NR4x NR/x
y such that I' b, tv.y and T' By, /s.y.w/, and there is some z such
that I' by, t.2.w and Ty, /s.v.2/.

I' is a SCAPEGOAT set for C11 iff for every access relation /s.t.u/,
if I' HJz,. /s.t.u/ then there is some y such that " by, /s.t.y/ and
I' Bz e y-t.u, and there is some 2z such that I' kg, /s.2.u/ and T B,
z.t.u.

I' is a SCAPEGOAT set for C12 iff for every access relation s.t.u, if
I' Bz . s-t.u then there is some y such that I' by, y > s and I' b,

NR4x NRjz
t.y.u, and there is some 2z such that I' by, 2z >* s and I' b7, w.t.2;
and if I' by, s.t.u then there is some y such that I' b7, v >t s
and I' b7, t.y.u, and there is some 2z such that I' b5, 2z < s and

[y utz

I is a SCAPEGOAT set for CM iff for every pair s X ¢, t.u, if I' b,
s 2t and I' b7, t.u there is some y such that I' 7,y =< u and
I' Hinye 8-y; and for every s < ¢, s, if 'k, s X tand I' b, s.u
there is some y such that I' 7, , v <y and I' kg, t.y.

For I with unsubscripted formulas and the corresponding I'g, we con-
struct T as follows. Set Qy = I'g. By L9.3, there is an enumeration,
P1, Py ... of all the formulas, together with all the access relations
s.t and s.t.u, and access pairs s.t.u, u.v.w if C9/C10 is in R4z and
s = t,u.w if CM is in R4x; let €y be this enumeration. Then for
the first expression P in &€;_; such that all its subscripts are 0 or
introduced in £;_1, let &; be like ;1 but without P, and set,
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L9.4

L9.5

Q=91 if Q;_1 U{P} is inconsistent

Qi = Q-1 U{P} if ;1 U{P} is consistent
and
= Q=0 U{\s.y.2\, P, —Q,} if P is of the form /—=(P — Q)/s
0 Q= Q4 U{sy,/mP/y} if P is of the form /—-0OP/,
Clo: Qi = Qi U{twy, /syw/, t.zaw,/sw.z/}  if P is of the form /s.t.u/, u.v.w
Q; = Qi U{twy, /syw/ t.zw,/sw.z/}  if Pis of the form /s.u.t/, wvw
Cl1: Q; = Q= U{/sty/,ytu,/szu/,ztu}  if Pis of the form /s.t.u/
C12: Q; =Q U{y > s, tyu,z >* s,ut.z} if P is of the form s.t.u
Q= Q- U{y >F s, tyu, 2 < s,ut.z} if P is of the form s.t.u
CM: Q; =94 U{y S u,sy} if P is of the form s <X ¢, t.u
Q; = Qi U{u <y, ty} if P is of the form s <t, s.u
-where y, z are the first subscripts not included in §2;+
and
Q; = Qs otherwise
then
I = Ui>0 Q

Note that there are always sure to be subscripts y, z not in {2;+ insofar
as there are infinitely many subscripts, and at any stage only finitely
many formulas are added — the only subscripts in the initial {2y being
0. Suppose s appears in I'; then there is some ; in which it is first
appears; and any formula P; in the original enumeration that has
subscript s is sure to be “considered” for inclusion at a subsequent
stage.

For any s included in IV, T is s-maximal.

Reasoning as in L7.4.

If I'y is consistent, then each €); is consistent.

Suppose I'y is consistent.

Basis: g =T’y and I'g is consistent; so {2y is consistent.

Assp: For any 4,0 < i < k, €; is consistent.

Show: €1, is consistent.
Q. is either7(1) Qi—1, (i) Qx = Qg UA{P}, (1ii) Qg+ U
{\s.y.2\, P, Q. }, (iv) Q= U {s.y,/~P/y}, (v.a) Q= U{t.v.y,
/syw/ t.zaw,/sw.z/}, (v.b) QeU{tvy, /syw/, t.z.w,/sv.2/},
(Vi) Qp=U{/s.t.y/, y.tu, /s.z.u/, z.tu}, (vila) QpU{y > s, t.y.u,
2z >* s, ut.z}, (viib) Qe U{y >F s, tyu, 2 < s,u.t.z}, (viii.a)
Qg+ U{y 2w, s.y} or (viil.b) Q- U{u <y, t.y}.
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(1)

Suppose € is Q1. By assumption, £2;_1 is consistent; so ()
is consistent.

Suppose Qy, is Qg+ = Qp_1U{P}. Then by construction, ;U
{P} is consistent; so {2 is consistent.

Suppose 2 is Qg+ U {\s.y.2\, P,, =@, }. In this case, as above,
Q. is consistent and by construction, /(P — Q)/s € Qpx.
Suppose € is inconsistent. Then there is some A, such that
Qe U{\s.y.2\, Py, =Q, } FHir,e /A7y and Qe U{\s.y.2\, P, ~Q., }
Frse \TAV. So reason as follows,

1| Qg

2| [\s.y.2\ A (g, —=1)

3| | Py A (g, —=1)

4 -Q, A (¢, —E)

5 1A/, from Qg+« U {\s.y.2\, Py, =Q,}
6 \= A\, from Qg+ U {\s.y.2\, P, ~Q_}
71 Q. 4.6 —E

8| \P — Q\s 2-7 —1

where, by construction, y and z are not in Qg«. So Qg+ Hj .
\P — Q\s; but /=(P — Q)/s € Qp+; 50 Qe Hi, /2(P — Q)3
so Q-+ is inconsistent. This is impossible; reject the assump-

tion: €2 is consistent.

Suppose €, is Q= U {s.y,/~P/,}. In this case, as above, Qp,
is consistent and by construction, /—0OP/s; € Q. Suppose
Q. is inconsistent. Then there is some A, such that Qp« U
{s.y,/=P/ly} Hin,e /AN and Qpx U {s.y, /=P/y} B, \0A\.
So reason as follows,

1| Qpx

2| | sy A (g, OI)

3 /=P/y A (¢, —E)

4 /Ay from Qg+ U {s.y,/=P/y}
5 \—A\, from Qp~ U {s.y,/—P/y}
6| [\P\, 3-5 —F

7 \OP\g 2-6 01

where, by construction, y is not in Qg«. So Qg+ H,,, \OP\;
but /=0P/s € Qg5 50 Q= By, /—0P/s; so Qe is inconsistent.
This is impossible; reject the assumption: {2 is consistent.

(a) Suppose Q is Q=+ U {t.v.y, /s.yw/,t.z.w,/s.w.z/}. In this
case, as above, (g, is consistent and by construction, /s.t.u/,
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L9.6

L9.7

w.v.w € Qpx. Suppose ) is inconsistent. Then there is some
Ag such that QpU{t.v.y, /s.yw/, t.z.w,/sv.2/} 5y, /Al and
Y U {tvy, /s.yw/ t.zw, /sv.z/} iy, \mA\;. So reason as

follows,

1| Qp~

2| /s.tu/ from Qp«

3| uw.v.w from Q=

4| [ty A (g, 2,3 AMY))

5| |/syw/

6 t.z.aw A (g, 2,3 AMY))

7 /sw.z/

8 %@ A (C, ‘!E)

9 \—A\, from Q= U {t.v.y, /s.y.w/,t.z.w,/sv.z/}
10 1A/ from Qg+ U {t.v.y, /s.yw/, t.zw,/sv.z/}
11 Bo 8-10 —-E
12| | Bo 2,3,6-11 AM,
13| By 2,3,4-12 AMY,

where, by construction, y and z are not in i« are not 0.
So Qg+ i, Bo; and similarly, Qg B, —Bg; so Q- is in-
consistent. This is impossible; reject the assumption: € is
consistent. And similarly for (b).

(vi) Similar to (v).
(vii) Similar to (v).
(viii) Similar to (v).

For any i, §; is consistent.

If I'y is consistent, then I is consistent.

Reasoning parallel to L.2.6 and L6.6.

If Ty is consistent, then I is a scapegoat set for —, 0, C9/C10, C11,
C12 and CM.

For —: Suppose I'q is consistent and I 5, /=(A — B)/s. By L9.6,
I is consistent; and by the constraints on subscripts, s is included in
I, Since I is consistent, I 147, \==(A — B)\,; so there is a stage
in the construction process where Q;+ = Q;_1 U {/=(A — B)/s} and
Q; = Q-U{\s.yz\, A, =B, }; so by construction, \s.y.z\ € I, A, € T"
and ~B, € I'; so I'" 5, \s.y.2\, TV B Ay and TV 5 —B.. So

I is a scapegoat set for —.
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L9.8

For 0: Suppose Ty is consistent and I ., = /-0A/s. By L9.6, IV
is consistent; and by the constraints on subscripts, s is included in
I'V. Since I' is consistent, IV tA5,, \=—D0A\s; so there is a stage in
the construction process where ;+ = Q,_1 U {/-0A4/s} and §; =
Qi+ U {s.y,/=A/,}; so by construction, s.y € I'' and /—=A/, € I'; so

I Higye sy and IV By /= A/, So TV is a scapegoat set for 0.

For C9/C10: Suppose I'g is consistent. (i) Suppose I' k., /s.t.u/
and T' K7, wovw. By L9.6, IV is consistent; and by the con-
straints on subscripts, s,t,u,v,w are included in I”. Since T' K}, ;"
/sta/ and Tk, wwv.w, T' has just the same consequences as
I'"u {/stu/,uvaw}; so I'" U {/s.t.u/,uv.w} is consistent, and for
any j, Q; U {/s.t.u/,u.v.w} is consistent. So there is a stage in
the construction process where Q+ = Q;_1 U {/s.t.u/,u.v.w} and
Q; = Q U {twy,/syw/,t.zw,/s.w.z/}; so by construction, t.v.y,
/s.y.w/, t.zaw, /sw.z/ € T; so there is some y such that T' H,, t.o.y

NR/a
and I' b7, . /s.y.w/, and there is some z such that I' ky,, t.z.w and
I Hirye /sv.2/. (ii) And similarly if I' b, /s.ut/ and T' by, w0,

And similarly in the other cases.

We construct an interpretation I = (W, M, N, N, R, R, <, h) based
on I as follows. Let W have a member wg corresponding to each
subscript s included in I", except that if I b, s ~ ¢ then w, =
w; (again, we might do this in the usual way by beginning with
equivalence classes on subscripts). Then set w, € /N/ iff T" 5, |
Inl[s]; (ws,w) € M i T" By, sty (ws,wy,wy) € /R/HET B
/staul; (ws,wy) € <HET By s <t (ws,wy) € <MD By, o5 <5t
(we,wy) € <FIFT K, 8 <Pt and he, (/p/) = 1 TV by, 0/
Note that the specification is consistent: Suppose ws = wy; then by
construction, I' k. s >~ t; so by ~E, IV b, ps iff TV By pe so
huw,(p) = hw,(p). And similarly in other cases.

If Ty is comsistent then for (W, M, N, N, R, R, =<, h) constructed as
above, for any s included in IV, hy, (/A/) = 1iff TV 5, /AL

Suppose I’y is consistent and s is included in IV. By L9.4, IV is s-
maximal. By L9.6 and L9.7, I is consistent and a scapegoat set for
— and 0. Now by induction on the number of operators in /A/,

Basis: If / A/, has no operators, then it is either /n/[s] or a parameter
/pls. But hy,[/n/(s)] =1 iff ws € /N/; and by construction,
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Assp:

Show:

ws € /N/ME T b, /n/(s); so hy,[/n/(s)] = 1iff TV by,
/n/(s). And by construction, h.,(/p/) = 1 fF TV 5., /p/s. So
hu,(/A/) = 1iff T 2, /AL

NR4x
For any i, 0 < i < k, if / A/, has i operators, then h,, (/A/) =1
iff IV . /A
If /A/s has k operators, then h, (/A/) = 1iff TV ., /A/s.
If /A/ has k operators, then it is of the form - P, PAQ, PVQ,
P — @, or 0P, where P and @ have < k operators.

/Alsis /P — Q/s. (i) Suppose hqy, (/A/) =1 but TV 47, /Al
then h,, (/P — Q/) = 1, but T W4, /P — Q/s. From
the latter, by s-maximality, I" K, ,, \=(P — Q)\s; but since
I is a scapegoat set for —, there are some y,z such that
I B /syzl, T by, Pyyoand TV B o =Q,; from the
last of these, by consistency, I' IA7,,  @Q.; so by assumption,
hw,(P) = 1 and hy,(Q) = 0; and since I by, . /s.y.2/, by
construction, (ws,wy,w,) € /R/; so there are some y,z € W
such that s/R/yz and hy, (P) = 1 but hy,(Q) = 0; so by
HR4x(—), hy, (/P — @Q/) = 0. This is impossible; reject the
assumption: if Ay, (/A/) = 1 then TV &, /A/,.

(ii) Suppose I kyy,, /A/s but hy, (/A/) = 0; then TV k.
/P — Q/s but hy, (/P — @/) = 0. From the latter, by
HR4X(—), there are some t,u € W such that s/R/tu and ei-
ther hy, (P) = 1 but hy, (Q) = 0 or hy, (P) = 1 but hy, (Q) =
0; so by construction, I'V 7, = /s.t.u/, and by assumption, ei-
ther (a) IV Ky, Py but IV A5, Qu or (b) I Ky, Py but
I A Q- Suppose (a); then I B, . P but I I, Qu.
From the latter, by s-maximality, IV Hy,,. —Q,; so I k.,
/stu/, T' i, /P — Q/s, and T" - Py So, by reasoning
as follows,

1| /s.t.u/ from I
2| /P — Qs from I
3| P from T/
4| Qu 1-3 —=E

I Hisje Qus then T is inconsistent. Suppose (b); then I' .
P, but IV 147 Q; from the latter, by s-maximality IV |
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L9.9

=Qy; so IV Hp,, /stu/, TV by, /P — Q/s, and TV b

NR{az NRz
So, by reasoning as follows,

P,.

1| /s.t.u/ from I
2(/P — Q/s from T/
3| P, from I
4|Q, 1-3 5E

so IV ke @y so I is inconsistent. In either case, then, I”
is inconsistent. This is impossible; reject the assumption: if
I Hinge /A5 then hy, (JA/) = 1.
S0 huy, (JA/) = 1iff TV b, 1A/

(o) /A/s is /OP/s. (i) Suppose hy, (/A/) = 1 but TV A5, /A/;
then h,, (/OP/) = 1, but IV ¥4, /0P/,. From the latter, by
s-maximality, I Hy., . \—OP\; so, since I" is a scapegoat set
for 0O, there is some y such that IV b, s.y and IV by, /= P/y;
from the former of these, by construction, (ws,w,) € M,
and from the latter, by consistency, I' A%, =~ /P/y; so by
assumption, hy, (/P/) = 0; but wsMw,; so by HR4x(0),
hw,(/OP/) = 0. This is impossible; reject the assumption:
if ho, (/A7) =1, then TV 5, /A/s.

(ii) Suppose I k., /A/s but hy, (/A/) = 0; then I k.
/OP/s but hy,, (/OP/) = 0. From the latter, by HR4X(0), there
is some wy; € W such that wsMw; and hy, (/P/) = 0; so by
assumption, I A 4o /P/t; but since wsMuwy, by construction,
I Higye 8-t 80 by (OE), IV Ky, /P/¢. This is impossible; reject
the assumption: if IV b, /A/, then hy, (/A/) = 1.

S0 hy, (JA/) = Vit TV 5y, 1A/

For any Ag, hy,(/A/) = 1iff IV B, 1A/
If T'g is consistent, then (W, M, N, N, R, R, <, h) constructed as above
is an R4x interpretation.

For this, we need to show that the interpretation meets the con-
straints for NC and =< along with C9/C10, C11, C12, CL and MC,
CM, p, o and 7.

Suppose 'y is consistent. By L9.7, T is a scapegoat set for C9/C10,
C11, C12 and CM.

(NC) Suppose ws € /N/; then by construction IV Hr. =~ /n/[s]. (i)

NRzx
Suppose ws/R/wiw,; then by construction IV k., /s.t.u/; so
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by NE, I'" k., t ~ u; so by construction w; = w,. (ii)
Suppose w; = wy; then by construction, I' k., t ~ u; so by
NE, I'" K, /s.t.u/; so by construction, ws/R/wiw,,.

(<) Suppose (ws,wy) € <; then IV k. s < t. (i) Suppose
hw,(p) = 1; then by construction, I'" Ky, = ps; so by <E,
I Hine Pt; 50 by construction hy, (p) = 1. Suppose hy, (p) = 1;
then by construction I' k7., P;; then,

1ls<t from I

2| p, from T’
3| | —ps A (g —E)
4l |=p.  13<E

5| |, 2R
6|7, 3.5 -F

IV Hyr, Ps; so by construction, he,(p) = 1. (ii) Suppose
wiRwzwy and ws ¢ N; then by construction I' . = t.x.y
and I 7., n(s) so that by s-maximality (with the washed out
overline for this expression) I'' 7, —n(s); so by <gE, I k7,
s.z.y; so by construction, wsRw,w,. Suppose wyRw,w, and
w,s € N; then by construction IV 7, t.z.y and I" by, n(s);
so by <gpE, I'" K,,, < y; so by construction, (wg,wy) €
<. (iii) Suppose wsRw,w, and w; ¢ N; then by construc-
tion T" by, 5.2y and I" I, 7a(t) so that by s-maximality,
I by () so by <gE, TV K., t.2.y; so by construction,
wiRw,w,. Suppose wsRw,w, and w; € N; then by construc-
tion IV 1, smy and TV 1, Ta(t); so by <gE, IV .z <y;

NRx NRx NRjz
so by construction, (wg,wy) € <.

(<)
(<)
(C9/C10) (i) Suppose there is a w,, such that (ws, wy, wy) € /R/ and
(wy, wy, wy) € R; then by construction, I' k. /s.t.u/ and
I Hige wv.w; so, since I is a C9/C10 scapegoat set, there is
a y such that I by, tv.y and IV b, /s.y.w/, and there is a
z such that I by, t.z.w and T 7, /s.v.2/; so by construc-
tion, (wg, Wy, wy) € R, (ws, wy, wy) € /R/, (W, w,, wy) € R
and (ws, wy, w,) € /R/. (ii) Suppose there is a w,, such that
(ws, wy,w) € /R/ and {wy,w,,w,) € R; then by construc-
tion, I ., /sw.t/ and TV &, woaw; so, since I' is a

NR4z

C9/C10 scapegoat set, there is a y such that I k., to.y
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and IV H,,. /s.y.w/, and there is a z such that I b, t.z.w
and T K., /s.w.z/; so by construction, (wg, wy,wy) € R,
(Ws, Wy, Wy) € /R/, (Wi, wz, wy) € R and (ws, wy, w;) € /R/.

So C9 and C10 are satisfied.

(CL) (i) Suppose ws € /N/; then by construction I H¥, = /n/(s);
so by CL, I 7., \n\(s); so by construction, ws € \N\. (ii)
Suppose ws € N; then by construction, IV k., /n/(s). Sup-
pose hy,(/p/) = 1; then by construction I' 7. = /p/s; so by
CL, T" Kz, \P\s; so by construction hy, (\p\) = 1. Suppose
hw,(/p/) = 0; then by construction I KA., /p/s; so by s-
maximality, IV F, . \=p\s; so by CL, I" k7, /—p/s; and with
consistency, I 145, \p\s; and by construction, A, (\p\) = 0.

(CM) (i) Suppose ws =< w; and wy Mw,,; then by construction, I' . .
s X tand IV by, t.u; so since IV is a scapegoat set for CM,
there is a y such that IV b,y = w and IV b, s.y; so by
construction (wy,w,) € = and (ws,w,) € M. (ii) Suppose
ws = wy and wsMw,; then by construction, IV K, . 8 = tand
I byg,. s-u; so since IV is a scapegoat set for CM, there is a
y such that IV By, w <y and I ., t.y; so by construction

(Wy, wy) € = and (wg, wy) € M.
(P)
(o)
(7)
MaPp For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.

L9.10 If I'g is consistent, then A, (T'g) = 1.
Reasoning parallel to .2.10 and L6.9.

Main result: Suppose I' |5,,, A but I' £, A. Then I'y |}, Ao but
Ty |7[1\’;R4I Ap. By (DN), if Ty l_I\y;Rm ——Ap, then I'y I—J\TR” Ag; so Ty }7/;1%41 ——Ap;
so by L9.2, T'g U {—Ap} is consistent; so by L9.9 and L9.10, there is an
RAx interpretation (W, M, N, Nﬁ, R, =, h) constructed as above such that
hin(Do U {=40}) = 1; 80 hyy(0)(mA) = 1; so by HR4(-), ) (A4) = 0; so
him(To) = 1 and hy,y(A) = 0; so by VR4Ax*, T'g |&;,, Ao. This is impossible;
reject the assumption: if I' |5, A, then I' I, A.
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10 Many-Valued Modal Logics: K, (appendix)

This section is developed again in terms as for section 7. This smooths
presentation, and applies to Priest as before.

10.1 Language / Semantic Notions

LK1, The VOCABULARY consists of propositional parameters pg, py ... with
the operators —, A, V, O, and ¢. Each propositional parameter is a
FORMULA; if A and B are formulas, so are =A, (AAB), (AV B), OA,
and 0A. A D B abbreviates =A V B. If A is a formula so formed, so
is A.

Let /A/ and \A\ represent either A or A where what is represented
is constant in a given context, but /A/ and \A\ are opposite.

IK;, An INTERPRETATION is (W, R, h) where W is a set of worlds; R C
R? is a modal access relation; and hy,(/p/) = 0 or hy(/p/) =
Optionally interpretations are subject to,

exc for no p are both hy(p) =1 and hy(p) =0
exh for any p either hy(p) =1 or hy(p) =0

p Reflexivity: for all x, xMx.
o Symmetry: for all x, y if My then yMzx.
7 Transitivity: for all x, y, z if e My and yMz then xM z.

We get Krp with exh, and Kg3 with exc. Kppg has neither of these
constraints. We recover classical K with both. These logics may add
p, o and 7 in the natural way.

HK;, For complex expressions,

he(/=P/) = 1 iff hy(\P\) =

(=)

(A) ho(/PANQ/)=1iff hy(/P/) =1 and h,(/1Q/) =1

(V) ho(/PVQ/)=1iff hy(/P/) =1 or hy(/Q/) =1

(O) hy(/OP/) 1 iff there is no € W such that wMx and

w(/0P/) = 1 iff there is some = € W such that wMx and

h
h
h p—
ha(/P/) =0
h
ha(/P/) =1
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For a set I of formulas, h(T") = 1 iff h,,(/P/) = 1 for each /P/ € T; then,

VKy, T' 5, P iff there is no Kj, interpretation (W, R, h) and w such that
hy(I') = 1 but hy(P) = 0.

10.2 Natural Derivations: NKj,

Derivations combine methods from modal and multi-valued logics in the

natural way. Allow subscripts to indicate worlds. (D) corresponds to exc
and (U) to ezh.

D|Ps R|/P/s -I| |/P/s -E | |/-P/s
P /P/ 1QU, 1QN
QN QN
\—P\g \P\g
U | P, NL|/P/ AE | /P A Q/s AE |/PAQ/s
/Q/ s
P, /P/s /Q/s
/P NQ/s
VI|/P/s VI|/P/s VE |/PV Q/s
/P/s
/PV Qs /QV P/
IR ¢
oI |/P/s DE|\P D Q\s
/P/s |/Q/s
\Q\s
\P D Q\s \Q IR
IR/
AMp AMo | s.t AMT |s.t
t.u
S.8 t.s S.U
ol| | s.t oE | /0P/s oI | /P/ OE | /0P/s
s.t s.t s.t
B /P/ /oP/ o
/P, i ot
where t does not appear in //Q//u
any undischarged premis
or);ussump:::iong ° ¢ //Q//u

where t does not appear in
any undischarged premise
or assumption and is not u
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Every subscript is 0, appears in a premise, or in the ¢ place of an assump-
tion for Ol or 0E. Where the members of I' and A are without overlines or
subscripts, let I'g be the members of I', each with subscript 0. Then,

NK, T I—NK[E A iff there is an NK, derivation of Ag from I'y.

We allow standard two-way derived rules (including MN) with overlines
and subscripts constant throughout. MT, NB and DS appear in the forms,

MT|/P > Q/, NB|/P = qQ/, /P=Q/s DS|/PVQ/, /PV Qs
\=Q\s \=P\, \—Q\, \-P\, \=Q\,
/=P/, /=Q/ /=P/, /Q/s /P/,

Examples. The first couple cases are matched to show an equivalent result
by different means.

OA A =0B hygpps ©(AN-B)

1 (DA A —\B)o P
21040 1 AE
3| —0Bg 1 AE
410-Boy 3 MN
5001 A (g 40E)
6| |—Bi
7 Ay 2,5 0E
8| |(AA-B) 7,6 AL
9| |o(AAN—-B)o 5,8 oI

10| 0(A A =B)o 4,5-9 0F

0A A -OB FNKFDE ﬁDﬁ(A A ﬁB)

1| (oA A-OB)o P
2 0Ag 1 AE
3| |[o~(AA=B), A (¢, 1)
411101 A (g, ol)
5 -B: A (¢, -E)
6 Aq 2,4 oE
7 (AA-B): 6,5 AL
8 —-(AA-B) 30E
9 B 5-8 -E
10| |0Bo 5-9 ol
11| | =0By 1 AE
12 | —-0-(A A =B)o 3-11 =1
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0A bk, ., OOA

1 ﬂo A (g7 DI)
21 (o1 A (g, 0
3 1.2 A (g, al)
4 0.2 2,3 AMr
5 A, 1,4 OF

6 Ao 5U

7 0A; 3-6 Ol

8| | ooAo 2-7 ol

9| (0A D ooA)o 1-8 DI

0(0A D B) Fvkppy,, (A D 0OB)

1 EI(()A D B)o P

2| [0.1 A (g, ol)
31| [4A A (g, DI)
4 1.2 A (g, 0I)
5 2.1 4 AMo
6 0As 3,5 ol

7 0.2 2,5 AMt
8 (0A D B)2 1,7 oE

9 Bs 8,6 OB
10 0B: 4-9 ol
11| | (ADoB) 3-10 DI
12| 0(A D oB)o 2-11 ol

10.3 Soundness and Completeness

Preliminaries: Begin with generalized notions of validity. For a model
(W, R,h), let m be a map from subscripts into W. Then say (W, R, h),
is (W, R, h) with map m. Then, where I' is a set of expressions of our lan-
guage for derivations, hy,(I') = 1 iff for each /As/ € ', hyy(5)(/A/) = 1, and
for each s.t € T, (m(s),m(t)) € R. Now expand notions of validity for sub-
scripts, overlines, and alternate expressions as indicated in double brackets
as follows,

VKL* T' ¢ /A/s [s.t] if there is no Kj, interpretation (W, R, h)y, such
that hp, (L) = 1 but hy,5)(/A/) = 0 [(m(s), m(t)) & R].

NKp* T'hyy, #]/A/s [s.t] iff there is an N K, derivation of /A/, [s.t] from
the members of T.
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These notions reduce to the standard ones when all the members of I and A
are without overlines and have subscript 0 (and so do not include expressions
of the sort s.t). As usual, for the following, cases omitted are like ones
worked, and so left to the reader.

THEOREM 10.1 NK, is sound: IfU' by, A then ' |5, ~A.

L10.1 T CTV and I' 7, /P/s [s:t] then I' |=5¢  /P/s [s.t].

Suppose I' C IV and I' |5f, /P/s [s.t], but IV &7 /P/s [s.t]. From
the latter, by VKp,*, there is some K, interpretation (W, R, h),, such
that hp,(I") = 1 but hp,s)(/P/) = 0 [(m(s), m(t)) ¢ R]. But since
hon () = 1and T C TV, hn(T) = 1; 50 hpy(T) = 1 but hyy (o) (/P/) = 0
[(m(s),m(t)) & R]; so by VKL*, I}, /P/s [s.t]. This is impos-
sible; reject the assumption: if I' C I and T' |5{ /P/s [s.t], then
It /P/s [sd].

Main result: For each line in a derivation let P; be the expression on line ¢
and I'; be the set of all premises and assumptions whose scope includes line
i. We set out to show “generalized” soundness: if I' g P then I ﬁm P.
As above, this reduces to the standard result when P and all the members
of I are without overlines and have subscript 0. Suppose I' l—;Km P. Then
there is a derivation of P from premises in I' where P appears under the
scope of the premises alone. By induction on line number of this derivation,
we show that for each line ¢ of this derivation, I'; %Iz P;. The case when
P; = P is the desired result.

Basis: P1 is a premise or an assumption /A/s [s.t]. Then I'y = {/A/s}
[{s.t}]; so for any (W, R, h)m, hm(L'1) = 1iff by, (/A7) = 1 [(m(s), m(t)) €
R]; so there is no (W, R, h),, such that iy, (T'1) = 1 but hy, (/A7) =0
[(m(s),m(t)) € R]. So by VKL*, I'l ¢ /A/s [s.t], where this is
just to say, I'q hj‘m Pq.

Assp: For any 1,1 <1i <k, T }5}*& P;.
Show: T'y, %LE P.

P}, is either a premise, an assumption, or arises from previous lines by
R, AL, AE, VI, VE, =1, —=E, 0I, OE, ¢I, OE or, depending on the system,
AMp, AMo, AMT, D, or U. If Py is a premise or an assumption, then
as in the basis, I'j, ﬁm Pi.. So suppose Py, arises by one of the rules.
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)
)
)
(VE)
)
)
)

(ol

(TE)

If Py, arises by 0Ol, then the picture is like this,

s.t

il l/Az
k| /0A/

where j < k, t does not appear in any member of I'y, (in any undis-
charged premise or assumption), and Py is /0A/s. By assumption,
I'; B, /Al but by the nature of access, I'; C I'y U {s.t}; so by
L10.1, Ty U{s.t} k5, /A/i. Suppose I'y [5{ /0A/g; then by VK *,
there is some Kp, interpretation (W, R, h),, such that h,(T'y) = 1
but hp,s)(/0A/) = 0; so by HKL(O), there is some w € W such
that m(s)Rw and h,(/A/) = 0. Now consider a map m’ like m
except that m/(t) = w, and consider (W, R, h),,; since t does not
appear in I'g, it remains that h,,/(Ty) = 1; and since m/(t) = w
and m/(s) = m(s), (m/(s),m'(t)) € R; 80 hyy (T U{s.t}) = 1; so
by VKL*, Ry (/A7) = 1. But m/(t) = w; so hy(/A/) = 1. This
is impossible; reject the assumption: I'y %Lm /0A/s, which is to say,
Te =5, Pk

If Py, arises by OE, then the picture is like this,

1| /0A/
7lst

k|/Al:

where i,j < k and Py is /A/;. By assumption, I'; —*Lt /0A/s and
I Hfm s.t; but by the nature of access, I'; C I'y, and I'; C I'y; so
by L10.1, I'x hj‘m /0A/s and T', '3;1“ s.t. Suppose I'; I;z%ju /Al

then by VKr*, there is some Kj, interpretation (W, R, h),, such
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that hp, (L) = 1 but Ay, (/A/) = 0; since hy,(I'x) = 1, by VKL¥,
Pon(s)(/OA/) = 1 and (m(s), m(t)) € R; from the first of these, by
HKy,(0), any w such that m(s) Rw has hy,(/A/) = 15 80 hy, ) (/A)) =
1. This is impossible; reject the assumption: I'y %[m / A/, which is
to say, 'y H"LT P.

(o1)
(0E) If Py arises by OE, then the picture is like this,

i|/0A/s
s.t
/Al

il 7B,
k| /B,

where i,j < k, t does not appear in any member of 'y (in any
undischarged premise or assumption) and is not u, and Py is /B/,,.
By assumption, T'; ):;m /0A/s and T )31‘& /B/; but by the na-
ture of access, I'; C I'y and I'; C I'y U {s.t,/A/;}; so by L10.1,
Iy )3;; /0A/s and Ty U{s.t,/Als} ﬁh /B/,. Suppose I'y, b%’jlw 1Bl y;
then by VKp*, there is some K, interpretation (W, R, h),, such
that hy,(I'x) = 1 but hy, ) (/B/) = 0; since hy,(T'y) = 1, by VKL,
Bon(s)(/0A/) = 1; so by HKp(¢), there is some w € W such that
m(s)Rw and h,,(/A/) = 1. Now consider a map m’ like m except that
m/(t) = w, and consider (W, R, h),; since t does not appear in Iy,
it remains that h,, (['y) = 1; and since m’(s) = m(s) and m/(t) = w,
Pons 1y (/A/) = 1 and (m/(s),m/(t)) € R; s0 hp (T U {s.t,/A/1}) = 1;
so by VKL*, hyy ) (/B/) = 1. But since t # u, m/(u) = m(u); so
Pm(u)(/B/) = 1. This is impossible; reject the assumption: I'y |57
/ B/, which is to say, I' ﬁm Pr.

(AMp)
(AMo)
(AMT)
(D) If Py arises by D, then the picture is like this,
i As
k| As
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where i < k and Py is A,. Where this rule is included in NK,,
Kj; has condition ezc, so no interpretation has h,(p) = {1,0}. By
assumption, I'; H;‘Lm Ag; but by the nature of access, I'; C I'y; so
by L10.1a, T'g ﬁlz Ag. Suppose T';, bé,fm Ay; then by VKi,*, there
is some K, interpretation (W, R, h),, such that h,,(I'y) = 1 but
Bn(s)(A) = 0; since h(I'y) = 1, by VKL*, hy,5)(4) = 1. But for
these interpretations, for any A and any x € W, if hy(A) = 1 then
h.(A) = 1.

Basis: A is a parameter p. Suppose hy(A) = 1; then h;(p) = 1; so

1 € hy(p); so by exc, 0 & hy(p); so hy(p) = 1; so hy(A) = 1.
Assp: For any i, 0 < i < k, if A has i operators, and h,(A) = 1, then
he(A) = 1.
Show: If A has k operators, and h,(A) = 1, then h,(A4) = 1.
If A has k operators, then A is of the form, =P, PAQ, PV Q,
0P, or 0P, where P and () have < k operators.

(=) Ais —P. Suppose hy(A) = 1; then hy(—P) = 1; so by HKy,(—),
he(P) = 0; so by assumption, h,(P) = 0; so by HKp,(-),
hy(=P) = 1, which is to say, h,(A4) = 1.

(A) Ais PAQ. Suppose hy(A) = 1; then hy(P A Q) = 1; so
by HKy,(A), he(P) = 1 and hy(Q) = 1; so by assumption,
he(P) = 1 and h,(Q) = 1 so by HKL(A), he(PAQ) = 1
which is to say h,(A) =

(V)

(o) AisoP. Suppose hy(A) = 1; then hy(OP) = 1; so by HKy,(0),
any w € W such that x Rw has h,(P) = 1; so by assumption,

any w € W such that xRw has h,(P) = 1; so by HKp, (D),
h.(OP) = 1, which is to say, h,(A) = 1.

(0)

) =1, then h (A) = 1.
Rn(s)(A) = 1. This is impossible;
which is to say, I' |7 Pr.

For any A and any x € W, if h

(A
So, returning to the case for (D),
reject the assumption: T’y )3{ A,

(U)

For any i, T'; ﬁm_ P;.
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THEOREM 10.2 NK7, is complete: if T' |5 A then T' b, A.

Suppose T' Hm A; then I'g ﬁh Ap; we show that I'g .~ Ao. As usual,
this reduces to the standard notion. For the following, fix on some particular
Kj,. Then definitions of consistency etc. are relative to it.

CoN

L10.2

L10.3

MAXx

SGT

I' is CONSISTENT iff there is no A such that I' b, /A/s and I' F,
\—A\,.

If s is 0 or appears in I, and I' B4, \=P\s, then T'U {/P/s} is
consistent.

Reasoning as in L7.2.

There is an enumeration of all the subscripted formulas, P1 Ps. ..
with access relations s.t.

Proof by construction as usual.
I' is s-MAXIMAL iff for any A; either I I—J\TKIE /A/g or T’ I—J\lez \—A\.

I' is a SCAPEGOAT set iff for every formula of the form /—-0A/,, if
I' Hi,, /—0OA/s then there is some ¢ such that I' by, s.t and T' g
/=Ay.

For I with unsubscripted formulas and the corresponding I'y, we con-
struct IV as follows. Set g = I'g. By L.10.3, there is an enumeration,
P1,Po ... of all the formulas, together with all the access relations s.t;
let €y be this enumeration. Then for the first expression P in &;_1
such that all its subscripts are 0 or introduced in £2;_1, let &; be like
€i_1 but without P, and set,

0 =0 4 i Qi F, \D A\

Qe = Qg U{ALY Qi \—A\,

and
Q; = Qs if /A/4 is not of the form /-0OP/,
0, = Q» U{s.t,/=P/} if /A/s is of the form /-0OP/,
-where t is the first subscript not included in §2;+

then

"= UiZO Q;

Note that there is always sure to be a subscript ¢ not in ;+ insofar
as there are infinitely many subscripts, and at any stage only finitely
many formulas are added — the only subscripts in the initial ¢ being
0. Suppose s appears in I'; then there is some ; in which it is first
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appears; and any formula P; in the original enumeration that has
subscript s is sure to be “considered” for inclusion at a subsequent

stage.

L10.4 For any s included in IV, T is s-maximal.

Reasoning as in L7.4.

L10.5 If Iy i

s consistent, then each 2; is consistent.

Suppose I'y is consistent.

Basis:
Assp:
Show:

(1)
(i)

(iii)

Qo =Ty and I'y is consistent; so )y is consistent.
For any 4,0 < i < k, €; is consistent.

). is consistent.
Q is either (i) Qp—1, or (ii) Qg = Q1 U {/A/s} or (iii)
Qg U {s.t,/=P/i}.

Suppose € is Q1. By assumption, £2;_1 is consistent; so ()
is consistent.

Suppose Qy, is Qg+ = Q_1U{/A/s}. Then by construction, s is
0orin Q1 and Qg1 A, \=A\s; so by L10.2, Qp_1U{/A/s}
is consistent; so {2 is consistent.

Suppose Q is Qp+ U {s.t,/=P/;}. In this case, as above, Q.
is consistent and by construction, /—0O0P/s € Qgx. Suppose Qi
is inconsistent. Then there are /A/, and \—A\, such that
Qg+ U {s.t,/—~P/,} Mk, /Al and Qe U {s.t,/—=P/} i,
\—A\,. So reason as follows,

1| Qg

2| |st A (g, oI)

3| ||/~P/e A (c,—E)

4 v from Q= U {s.t,/=P/¢}
5 N=AN, from Q= U {s.t,/=P/¢}
6] | \P\¢ 3-5 -E

7 \OP\s 2-6 Ol

where, by construction, ¢ is not in Qg«. So Qp« I—JQ',‘KM \OP\g;
but /—0OP/g € Qpx; SO Qe I—];*KIE /=0P/; so Q+ is inconsistent.
This is impossible; reject the assumption: {2 is consistent.

For any i, §2; is consistent.
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L10.6

L10.7

L10.8

If Ty is consistent, then I" is consistent.

Reasoning parallel to L2.6 and L6.6.

If T'y is consistent, then I" is a scapegoat set.

Suppose I'g is consistent and I' I, /=0P/s. By L10.6, I' is consis-
tent; and by the constraints on subscripts, s is included in IV. Since I
is comsistent, I I7, \==0P\;; so there is a stage in the construction
process where Q;« = ;1 U {/-0P/s} and Q; = Q;« U {s.t,/=P/¢};
so by construction, s.t € I' and /=P/; € I'; so I' K~ s.t and

I" R, /~P/t. SoI" is a scapegoat set.

We construct an interpretation I = (W, R, h) based on I as follows.
Let W have a member w; corresponding to each subscript s included
in I". Then set (ws,w) € R iff IV b st and hy, (/p/) = 1 iff
I’ Fk,, P/ s-

If Ty is consistent then for (W, R, h) constructed as above, and for
any s included in I', hy, (/A/) = 1 HE IV 3 /AL,

Suppose Ty is consistent and s is included in IV. By L10.4, TV is
s-maximal. By L10.6 and L10.7, I" is consistent and a scapegoat
set. Now by induction on the number of operators in /A/q,

Basis: 1If /A/s has no operators, then it is a parameter /p/s and by
construction, hy, (/p/) = 1iff I K5 /p/s. So hy, (/A/) =1
HE I 0, (A

Assp: For any i, 0 <i < k, if /A/s has i operators, then h,_ (/A/) =1
i I 5, /A5

Show: If /A/s has k operators, then hy, (/A/) = 1iff IV F5 /Al
If /A/4 has k operators, then it is of the form /—=P/,, /P ANQ/s,
/PVQ/s, /O0P/s, or /OP/s, where P and () have < k operators.

/Als is /OP/s. (i) Suppose hy, (/A/) =1 but IV b 1A/
then hy, (/OP/) = 1 but I' b /OP/s. From the latter, by
s-maximality, TV Mg, \OP\s; so, since I is a scapegoat set,

there is some ¢ such that I Fr,, -t and I F,, [P/t from
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the first, by construction, (ws,w;) € R; and from the second,
by consistency, I' 177, /P/; so by assumption, hy, (/P/) = 0;
but ws Rwy; so by HKy,(O), hy, (/0P/) = 0. This is impossible;
reject the assumption: if hy, (/A/) =1, then I' By /A
(i) Suppose I' I, /A/s but hy, (/A/) = 0; then I H
/OP/s but hy, (/OP/) = 0. From the latter, by HKy,(0O), there
is some w; € W such that wsRw; and hy, (/P/) = 0; so by
assumption, I sy, /P/; but since wsRwy, by construction,
I K, st; so by (OE), I K /P/t. This is impossible;
reject the assumption: if I' b, ~/A/s then hy, (/A/) = 1. So
ha, (/A)) = VI T b AL

(0)

For any Ag, hey, (/A/) = 1HE TV 5, /A/s.
L10.9 If Ty is consistent, then (W, R, h) constructed as above is an Kf,
interpretation.

Reasoning parallel to L'7.9a.
MaAp For any ws € W, set m(s) = ws; otherwise m(s) is arbitrary.

L10.10 If Ty is consistent, then Ay, (I'o) = 1.
Reasoning parallel to 1.2.10 and L6.9.

Main result: Suppose I' H{m A but I |7[NKLT A. Then Ty ﬁh Ay but
Fo VJKL@ Ao. By (DN), if FO l_N*K[m —|—|A0, then Fo }—JKM Ao; SO Fo |7ZNK[m
*|==Ap; so by L10.2, T'g U {=Ap} is consistent; so by L10.9 and L10.10,
there is an Kj, interpretation (W, R, h),, constructed as above such that
hm(FO U {ﬁAO}) = 1; so hm(O)(ﬁA) = 1; so by HKL(_‘)7 hm(O)(A) = 0; so
hm(To) = 1 and hyy,(0)(A) = 0; so by VKL*, I'g jA5¢, Ap. This is impossible;
reject the assumption: if I' |5 A, then I' by, A.
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